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Heat Transfer and Mean Structure
of a Turbulent Thermal Plume Along
a Vertical Isothermal Wall

This (neestigation considers a two-dimensional turbtdent thermal plume rising along a
smooth vertical wall which is cooled to the umbient temperature. Mean velocity and tem-
perature profiles within the plume, and the heat flux to the wall, were measured for vari-
aous plume strengths and distances above the source. Integral analysis suggested an ap-
proach to local similarity, based on the local values of the thermal energy flux in the
plume and the height above the source, at the limit of large Reynolds number where the
local skin friction coefficient and Stanton number can be assumed to be nearly constant.
The use of the local similarity hypothests provided correlations for profiles of mean quan-
tities, comparable to similarity correlations observed for other two-dimensional plumes.
The wall plume was found ta have greater velocities and temperatures than a free-line
plume, in spite of direct losses to the wall. The local similarity hypothesis also provided
a satisfactory correlation of wall heat transfer rates. The Nusselt number correlation is

Nuy = 1344 Ra, ¥018: 2 X 1019 < Ra,* < 6 X 1012

for Pr = 0.71. This expression is similar to correlations for turbulent natural convection
with uniform heat flux, in fact, the present values are within 20 percent of the values
found for natural convection with uniform heat flux for this range of Ra,*.

Introduction The study was limited to the weakly buoyant region of the plume,
where large property variations and radiation can be ignored. Profiles
of mean velocity and temperature, as well as the heat flux to the wall,
were measured for various source strengths and distances along the
wall. The source was provided by an array of carbon monoxide dif-
fusion flames, however, at the measuring positions the properties of
the plume were essentially equivalent to air. Similar to the earlier
plume investigations [1--3], integral analysis was undertaken in order
to suggest convenient forms for data correlation. The model also
provides a basis for determining plume entrainment, and estimating

The turbulent thermal plume resulting from a line source of heat
along a base of a vertical isothermal wall was investigated. This flow
is encountered during unwanted fires, where the flame on a vertical
burning surface serves as the heat source. Heat transfer to the surtace
from the plume over the fire, preheats the combustible material and
is an important factor in understanding the mechanism of fire spread.
Wall plumes are also found in other confined natural convection
processes, such as the flow above baseboard heating elements.

Wall plumes are similar in many respects to free-line plumes, which
have been studied by Rouse, et al. [1}? and Lee and Emmons 2],
among others, and the two tlows will be compared. Grella and Faeth
[3] studied the turbulent thermal wall plume along a vertical adiabatic
surface, measuring mean temperature and velocity profiles. The
present investigation extends the measurements to the case where
the wall temperature is equal to the ambient temperature, which is
representative of the early stages of wall heating by the plume.

! Present address: Department of Mechanical Engineering, Memphis State
University, Memphis, ‘Tenn.

2 Numbers in brackets designate References at end of paper.
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the effect of wall friction and heat loss on the characteristics of the
flow.

Experimental Apparatus and Procedure

The apparatus was located within an interior room having plan
dimensions of 4 X 6 m and a ceiling height of 4.5 m. The dimensions
and arrangment of the assembly are illustrated in Fig. 1.

Test Apparatus. The test wall had a smooth front surface and
was water-cooled through integral colls on its back surface (Dean
Products Panal Coil, embossing pattern 301, Type S-13, ground flat).
T'he flat, uncooled, side and floor panels helped to maintain a two-
dimensional flow pattern near the centerline of the test wall. The
cooling water was recirculated from a large storage tank located near
the test area. Controlling the flow of cold makeup water to the storage
tank, and the circulating flow itself, provided a means of maintaining
the wall temperature uniform and nearly equal to the ambient tem-
perature (within £0.3 K). Wall temperatures were monitored with
thermocouples, mounted in recesses dritled from the back side of the
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Sketch of the test wall

Fig. 1

wall, at the locations shown in Fig. 1.

The source of buoyancy was provided by an array of small carbon
monoxide diffusion flames, having the same arrangement as in the
earlier adiabatic wall plume study [3]. The heat source strength was
varied by adjusting the flow rate of carbon monoxide. Long-term fuel
flow rate stability was maintained by the use of critical flow orifi-
ces.

Instrumentation. Gas velocities were measured with a 5.08 X 1078
m diameter tungsten hot wire sensor, having a length to diameter ratio
of 200, coupled to a constant temperature anemometer [3]. The hot-
wire signal was not linearized in order to obtain maximum sensitivity
at low velocities. The sensors were calibrated over the complete
temperature, velocity, and overheat ratio range of the experiments.
The effect of temperature fluctuations on the mean velocity mea-
surements was negligible for the overheat ratios used during the tests,
since the maximum mean temperature difference was limited to 13.2

Nomenclature,

K, c.f. Table 1. This was verified by conducting tests using severg]
different overheat ratios. Errors due to velocity fluctuations are
considered in the Appendix. [t is estimated that velocity fluctuationg
caused less than a five percent error in the mean velocity measure.
ments for values of y/x less than 0.1, As usual, measurements near the
outer edge of the flow are less accurate due to fiow-reversal and high
turbulence intensities. In spite of reduced accuracy, the data obtained
in the outer region is presented here, in order to indicate qualitative
features of the flow.

Gias temperatures were measured using a chromel-alumel they.
mocouple probe, constructed from 25.4 X 10~¢ m diameter wires [3].
The ambient temperature was measured with a thermocouple syg.
pended 1 m from the wall, at the height of the measuring location,

Heat flux to the wall was measured at three heights above the source
(0.47,0.94, and 1.82 m), using heat flux gages mounted flush with the
front surface of the wall and centered on a coolant passage (Hy-Cal
Sensible Heat Flow Transducers, BI-2 Series, 12.7 X 5.1 mm).

Experimental Accuracy. All measurements were made by in-
tegrating the signals for one minute intervals using an integrating
digital voltmeter [3] in order to obtain proper averages. Measurements
are reported along the centerline of the wall, there was less than a one
percent temperature variation and a ten percent velocity variation,
for distances up to 0.14 m on either side of the centerline. The re-
peatability of the profile measurements was within 15 percent, the
wall heat flux measurement were reproducible within three percent,
The effect of reduced measurement accuracy at the outer edge of the
flow, introduced an error less than the repeatability level in the in-
tegrated quantities used to reduce the data, {,, etc., since mean values
are relatively low in this region.

Analysis

The objective of the analysis was to provide a simple basis for cor-
relating the data and interpreting the results. Therefore, detailed
numerical calculations with a turbulence model were not attempted;
the approach taken was an integral analysis, similar to earlier plume
studies [1-3]. The weakly buoyant region was considered where
property variations, under the Boussinesq approximation, and ra-
diation, can be ignored. The experimental results were obtained no
less than 0.47 m above a small, nonsooting fire source, where the
maximum temperature was no more than 13.2 K higher than the
ambient temperature. These conditions are properly representative
of the weakly buoyant region of a plume. The flow was assumed to be
two-dimensional and steady, with the wall and ambient temperatures
taken to be equal and constant.

Integral Analysis. Employing the previous assumptions, the
integral equations of conservation of mass, momentum, and energy
become:

k = thermal conductivity
k* = parameter, equations (19) and (21) a1, a2 = entrainment parameters, equation
m = fuel flow rate to source

Nu, = Nusselt number, hx/k
Pr = Prandtl number, Cpu/k AT = temperature defect, T' = 7.,
¢ = thermal energy flux in plume, equation

(s = skin friction coefficient, equation (7)
C, = specific heat at constant pressure

C, = buoyancy flux, equation (5)

E = entrainment, equation (1)

Yy = entrainment coefficient, equation (7)

v = distance normal to wall

(14)
i3 = coefficient of volumetric expansion

dimensionless distance, y/x

F = dimensionless velocity, equation (8) (5) w = viscosity
Fr = Froude number, equation (15) ¢ = heat flux to wall v = kinematic viscosity
(i = dimensionless temperature defect, Ra,* = modified Rayleigh number, Gr.*. p = density
equation (6) Pr o = characteristic plume width
Gr.* = modified Grashoff number, Re, = Reynolds number, punx/u 7 = shear stress
gi3x3Q fkv? St = Stanton number, h/pCpunm = g,/
g = acceleration of gravity pCplim AT, Subscripts

H = dimensionless shear stress, equation 1" = temperature

(6) u = mean velocity parallel to wall
v = mean velocity normal to wall
x = distance along wall from source

h = heat transfer coefficient, ¢,./AT,,
[; = profile integrals, equation (12)

178 / VOL 100, MAY 1978

m = maximum value
w = at the wall

0 = initial condition

@ = ambient condition
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Table 1

Summary of test conditions and flow parameters

x X108 Q. Upn AT Quw <pCpum3> 1/3 gB8xAT
Test (m) (kg/ms) (W/m) (m/s) (K) (W/m?) 268Q, (g,BQ,C/pCp)m Fr k* Re,
1 0.47 6.20 59.8 349 5.29 29.3 2.91 5.55 4.97 16.2 -9700
2 0.47 9.43 156.4 463 9.74 62.6 2.80 5.38 4.69 15.1 12900
3 0.47 12.40 283.8 575 13.20 99.7 2.86 4,91 4.82 14.0 16000
4 0.94 9.43 116.2 429 3.91 19.7 2.87 5.27 4.86 15.1 23900
5 0.94 12.40 239.2 520 6.38 34.2 2.73 5.31 4.52 14.5 28900
6 0.94 15.50 325.1 516 8.54 411 2.45 5.80 3.83 142 28700
7 1.82 12.40 160.4 490 2.568 9.9 2.94 5.43 5.05 16.0 52800
8 1.82 15.50 305.7 594 3.90 15.0 2.88 5.34 4.88 15.4 64000
Averages
Isothermal wall plume 2.81 5.37 4.70 15.1
standard deviations 0.16 0.25 0.39 0.8
Adiabatic wall plume [3] 3.09 7.91 542 244
standard deviations 0.07 0.25 0.20 1.4
Free-line plume [1] 2.27 4,12 3.42  9.36
Ambient conditions: 306K, 97.3 kN /m?
Properties: p = 1.11 kg/m3, g = 9.801 m/s?, C,, = 1.004 kJ/kgK, v = 16.9 X 1075 m?/s, Pr = 0.71
d = d
= f udy = —v. = E (1) L (0umATonls) = =Stum AT (10)
dx Jo dx
d w @ d
o purdy = [T gppaTdy ~ 7, (2) = (oum®a) = 2gBotnATls = um™s (11)
dx Jo 0 dx
_d_ j‘ “ puCpATdy = —qu @) where the [; are integrals of the profile functions
dx Jo w o
where K is the rate at which the plume entrains the ambient fluid. L= j(: Fdn I, = j:) Gdy
Morton, et al. [4] have proposed a relationship between plume ve- - -
lovities and entrainment. In the present study, however, an approach Iy = f Fidy Is= f FGdy (12)
0 0

discussed by Fox [5] and Narain and Uberoi [6] was utilized in order
to provide further information on the entrainment process of a wall
plume. This involves consideration of the integral equation for the
moment of momentum, which can be written as follows:

d = - S
j‘ puddy = f 2gpufATdy — j 27 —Lidy
0 0 0 oy

dx
The basic equations are completed by defining the plume thermal
energy flux, Q,, and buoyancy flux, C,, as follows:

4)

Qe = CpCu/gh = fo puCyATdy )

The assumption of dynamical similarity of mean quantities at large
distances from the source is widely accepted for free turbulent jets
and plumes. Dynamical similarity is less justified for wall jets and
plumes, since the wall layer and outer boundary of the flow have
slightly different growth rates [7-9]. The effect is not large, however,
and since the assumption of dynamical similarity was useful during
the adiabatic wall plume investigation [3], it was retained for the
present study.

Taking o(x) to represent a characteristic width of the flow, the
similarity variable 7 = y/o{(x), and the following profile functions are
detined

ufuy = Flg), AT/AT, = G(n), 2r/puy,? = H(n) (6)
assuming dynamical similarity of all mean quantities and the fluid
stress. Also define an entrainment coefficient [4], a local skin friction

coefficient, and a local Stanton number
E(} = E/Um, Cf = 27w/pllm2, St = Qzu/pcpumATm (7)

all based on the maximum velocity and temperature defect within the
plume.
Introducing equations (6) and (7) into equations (1)~(4) yields

(8)

d
E_’; (ouply) = Eoum

d
d—_ (UumZIZ) =gBoATpls— Cfum 2/2 9
X

Journal of Heat Transfer

13=fmF3dn Ie=wa’Hdn
Q 1]

For dynamical similarity, each of these integrals is a constant.
Equations (8)-(12) reduce to the adiabatic wall plume case when St
= (), implying no heat loss to the wall and to the free-line plume case
when both C; = St = 0, implying no heat loss or wall friction.

Following [5] and [6] equations (8)-(11) can be manipulated to
provide an expression for the entrainment coefficient

Eo = a1 + ag/Fr2 (13)
where
Y ) Bt (K ey
and Fr is the Froude number, defined as follows
Fr? = pCpltm 3/gBQ: (18)

Equations (13)—(15) indicate that the entrainment coefficient is not
strictly constant, to the extent that Fr and Cy vary. For arbitrary initial
conditions, the Froude number varies near the source, which modifies
the value of the entrainment coefficient, however, far from the source,
the Froude number approaches an asymptotic value for free-line
plumes [2] and Ej is nearly constant. Similarly, at large Reynolds
numbers Cy is constant for rough walls, and a slowly varying function
of Reynolds number for smooth walls, leading to a nearly constant
Ey for the adiabatic wall plume [3]. Through the Colburn analogy, St
would also be nearly constant, under these conditions, for the iso-
thermal wall plume.

Results at Large Reynolds Numbers. At the large Reynolds
number limit, where C;, St and Eg can be taken to be constant,
equations {8)~(10) yield a simple closed form solution. Only one initial
condition is required, which is obtained by specifying the plume
thermal energy flux as

Qr =@, x = Xp (16)

where xg is sufficiently removed from the source so that the flow
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corresponds to the weakly buoyant, high Reynolds number region,
defined earlier. This requirement on xo must be met in order to obtain
the subsequent variation of @, with x in a manner consistant with the
other assumptions of the analysis (in fact, the large Reynolds number
analysis leads to a singularity at xo = 0 for the isothermal wall plume,
c.f., equation (22)). Therefore, unlike the free-line plume or the adi-
abatic wall plume, where Q, is conserved and can be related directly
to the source strength [1-3], for the isothermal wall plume, Q. de-
pends upon poorly understood processes in the strongly-buoyant
region near the source (which may also involve regions of laminar flow,
or in the case of a fire-induced plume, regions of combustion) and is
only indirectly related to the initial source strength. Therefore,
pending the results of research on near source processes, @x, must be
estimated, even when the source strength is known precisely.
The solution of equations (8)-(10) and (16) is

) (”)
um (pCp/gBR)Y? = Fr?/3 (18)
gBx AT (pCp/ghRy )3 = R*Fr=2/3 (19)

where
Fr2 = 6I114/(8Eolols ~ 25tI115 + 3Cil4115) (20)
k* = 311/(BEl5 + [1St) @1

and

Qe/Qxq = (xo/x)k"St (22)

In equations (17)-(22), any effect of a virtual origin, which should be
small where these equations are appropriate, has been absorbed di-
rectly into the definition of x.

Equations (17)-(22) reduce to the forms appropriate for the adia-
batic wall plume and the free-line plume by setting St = 0, or St = C;
= (), respectively. For the free-line plume and adiabatic wall plume,
Q. is constant, implying a linear growth of the width of the plume, a
constant maximum velocity, and maximum temperature defect in-
versely proportional to distance above the source.

For the isothermal wall plume, @, varies, and equations (17)-(19)
imply local similarity based on the current values of @ and x. In this
case, the plume width still grows in a linear fashion; however, the
maximum velocity decreases and the maximum temperature defect
decreases somewhat more rapidly than x~1, due to the reduction of
Q. with height above the source. For constant values of St and Cy,
equations (13), (14), (20), and (21) imply constant Froude number,
k* and Ey, the latter finding being also consistent with the assump-
tions of the analysis.

Heat Transfer Correlation. Since the previous results involve
both skin friction coefficient and the Stanton number, the heat
transfer characteristics of the flow were treated through the use of the
Colburn analogy.

StPr2/3 = /2 (23)

where C is taken to be a function of Reynolds number. In the present
investigation the Reynolds number was based on the maximum ve-
locity, and the height above the source

Rey = Pumx/ﬂ (24)

Employing equation (18), a more convenient form based on the
thermal energy flux of the plume is obtained

Re, = px <S@i> va Fr2/3
N pCp
Substituting equations (7) and (19) into equation (23) yields the fol-

lowing expression for the heat flux to the wall

xqurQ/3/k*Qx = Cf/2

(25)

(26)

The heat flux data was correlated in terms of equation (26), and
plotted as a function of Reynolds number defined by equation (25).

180 / VOL 100, MAY 1978

Alternative forms for correlating the data will be considered later,

Experimental Results and Discussion

Test Conditions. Eight test conditions were studied involving
three heights above the source and four fuel flow rates to the burners
as summarized in Table 1. A virtual origin was not identified, ami
distances in the preceding correlations are taken as the height ahove
the base of the wall, similar to the earlier wall plume study [3]. The
thermal energy flux in the plume was determined by numerical in.
tegration of equation (5) using the property values given in Table 1,
The Froude number, £* and the Reynolds number were calculated
from equations (18), (19), and (25), respectively. There is no sys-
tematic variation of Fr and k* with Reynolds number, these param-
eters are nearly constant as suggested by the theory at the high
Reynolds number limit.

Several of the parameters describing the flow are compared with
measurements in free-line plumes [1], and adiabatic wall plumes 3]
in Table 1. In the case of the free-line plume, the results were corrected
so that Q; refers to the energy flux in half the width of the plume, in
order to provide a common basis for comparison. The maximum ve.
locity and temperature parameters, Fr and k* are seen to be relatively
independent of Re, for the present flow, similar to the results found
for other two-dimensional plumes. In general, the wall plumes have
higher values of u,,, and AT, for a given value of @, and x, than the
free-line plume, with the highest values occurring in a adiabatic wall
plume.

Mean Velocities and Temperatures. Taking ¢ = x, equations
(6), (18), and (19) suggest the velocity and temperature defect plots
shown in Fig. 2 and 3. Generally, these measurements exhibit local
similarity to about the same degree that similarity was observed for
the free-line plume [1] and the adiabatic wall plume [3]. Tests 2, 3,
4, and 5 were employed as test conditions for turbulence measure-
ments in this flow, and represent the most reliable data from thisin-
vestigation; these tests provide a good representation of local simi-
larity, except near the wall. Poorer behavior is expected near the wall
where the present high Reynolds number approximations, Cy, St, etc.,
constant, are least satisfactory. In addition, the wall layer in buoyant
flows does not generally scale in quite the same manner as the outer
portions of the flow [8, 9] and similarity of the complete profiles can
only be obtained over a narrow region.

Comparable results for the free-line plume and the adiabatic wall
plume are also shown in Figs. 2 and 3. Both wall plumes are narrower,
and have greater velocities and temperatures than the free-line plume.
There is considerable evidence for the presence of large scale mean-
dering of free-line plumes [10-12]. It appears that the presence of the
wall stabilizes the lateral motion and reduces the apparent spread of
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Fig. 2 Mean velocity profiles, compared with adiabatic wall plumes [3] and
free-line plumes [1]
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the flow. The isothermal wall plume is wider than the adiabatic wall
plume due to the fact that its point of maximum buoyancy is shifted
away from the wall.

Wall Heat Flux. The measurements of the heat flux to the wall
are plotted according to equations (25) and (26) in Fig. 4, values for
the skin friction coefficient are inferred from the Colburn analogy,
equation (23). A least squares fit of this data yields

quxPr23/k*Q, = 0.750Re, 045 (27)

for the Reynolds number range given in Table 1. From equations (23)
and (28), the left-hand side of equation (27) is also equal to StPr2/3
and C¢/2. The standard error of the power of the Reynolds number
in equation (27) is .05, with a correlation coefficient of 0.986 for the
fitted line. While the experimental values of k£* and Fr were used in
obtaining equation (27), the average values presented in Table 1 can
also be used with little error, since these factors are nearly constant

9 T T T T T T T T T T T T T
TEST SYMBOL

8k - = |
2 a

3 o —
4 @

7 ADIABATIC 5 8 h
““WALL PLUME 8 s

- 7 v .
8 X

SOME POINTS OMITTED B
FOR CLARITY

Fig. 3 Mean temperature profiles, compared with adiabatic wall plumes [3]
and free-line plumes [ 1]
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over the present test range.
Fquation (27) can be expressed in terms of the Nusselt number, as
follows

Nu, = 0.750Fr0.37pp—0.03R, *0.18 (28)

where Ra, * is a modified Rayleigh number based on the local thermal
energy flux in the plume and the height above the source. Employing
the average Froude number found from the present tests and evalu-
ating the separate Prandtl number term (Pr given in Table 1),
yields

Nu, = 1.344Ra, *%18, 2 X 100 < Ra, * < 6 X 1012 (29)

The present measurements can be directly compared with natural
convection studies, if it is noted that for natural convection with
constant heat flux the local thermal energy flux in the flow is given
by @, = xq,. Therefore, the modified Rayleigh number adopted by
Vliet and co-workers [9, 13 and 14}, for natural convection with uni-
form heat flux, has the same meaning as Ra, * for the isothermal wall
plume. Vliet [13] presents a correlation for turbulent natural con-
vection in water, on vertical or inclined (unstable) constant heat flux
surfaces as

Nu, = 0.302Ra, *0-* (30)

which extends into the present Ra,* range for inclined surfaces. Later
measurements by Vliet and Ross [14], in air, give results which are
15-30 percent lower than equation (30) for unstable and vertical wall
configurations. At Ra,* = 101, equation (29) gives a Nusselt number
approximately ten percent higher than equation (30); at Ra, * = 1012,
equation (29) is approximately 20 percent lower than equation (30).
While it might be expected that the Nusselt numbers for these two
processes should be similar, agreement to this degree is probably the
result of a fortuitous range of Ra,*, certainly the distribution of @,
within the boundary layer for the two flows is quite different.

For natural convection with uniform heat flux on vertical surfaces,
Vliet [9] observed transition for 3 X 1012 < Ra,* < 4 X 1013, by ob-
servation of variation in the heat transfer coefficient as the wall;
transition occurred at lower values of Ra,* for inclined surfaces
(unstable). The point of transition was not determined during the
present study, however, the hot-wire measurements indicated that
the flow was turbulent at the lowest value of Ra, * tested (Ra,* =
X 1019),

Variation of Plume Thermal Energy Flux. The local plume
thermal energy flux plays an important role in the processes of the
isothermal wall plume, since it controls the magnitude of tempera-
tures and velocities within the plume, as well as the heat flux to the
wall. Equation (22) provides one expression for the variation of @,
with distance, if appropriate constant values can be chosen for £* and
St.

Fig. 4 indicates that the Stanton number varies significantly over
the present test range. If the assumption of local similarity is main-
tained, as expressed by equations (17)-(19), an improved expression
over the present test range can be obtained by integrating equation
(3) directly, using data correlation of equation (27) for g, and taking
k* and Fr to be constants. This yields the following expression for

Q.

Qe/Qr = [1 — 0.250k*Fr=0-30Pr—037Ra, ~015[1 — (xq/x )0-45]]6.67
(31)

Using the average values of k* and Fr from Table 1, equation (31)
becomes

Qu/Qro = [1 = 2.36Pr~03TRa, ;0151 — (xo/x)045][567  (32)

Equations (22) and (32) were compared with the present data, using
measurements at several wall heights for a given source strength.
Initial conditions were determined by the lowest position and the
upper position were used to examine the accuracy of the equations.
The results are summarized in Table 2. Both predictions are within
experimental uncertainties; the more complete form given by equation
(32) provides only a slight improvement over equation (22).
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While equation (32) gives slightly better results than equation (22)
over the present test range, it has less desirable asymptotic properties
at large distances from the source, since

Qx--»m/on — [1 — 2.36Pr‘°~37Rax0”0-15]5'57 (33)

which provides a positive thermal energy flux in the plume at x — =,
rather than the expected value @y~ = 0, which is given by equation
(22). This behavior is due to the rapid decline of St with increasing
Re,, which was observed for the relatively low values of Re, consid-
ered during the present experiments. By analogy with forced con-
vection flows, this rate of decline should decrease at higher Reynolds
numbers, eventually approaching a constant Stanton number limit
for finite wall roughness. This behavior is represented more properly
by equation (22) and equation (32) should be used with caution out-
side the present test range.

Integral Constants and the Entrainment Coefficient. The
integrals defined in equation (12), and several other parameters
characteristic of the flow are summarized in Table 3, along with their
standard deviations for the eight tests. The table also includes results
for the adiabatic wall plume and the free-line plume, although stan-
dard deviations are not available for the latter flow.

The value of I; depends upon the arbitrary selection of the char-
acteristic width of the flow, the choice ¢ = x has been made in Table
3, which implies that ¢ is approximately 6-15 displacement thick-
nesses, depending upon the flow.

The quantities I; — I'5 were determined by numerical integration
of the data for the wall plumes, and calculated by integrating the
Gaussian correlations of the temperature and velocity profiles pro-
vided for the free-line plume [1]. The ratios I3/I3, etc., for the wall
plumes are similar to the free-line plume values, in spite of the fact
that the wall plume profiles are not Gaussian near the wall, with the
values for the isothermal wall plume falling between those of the other
two flows, In all cases, I4/]1 is less than unity, indicating slower growth
for the temperature scale than the velocity scale (put another way,
Table 3 indicates (AT /2) < 7 (um/2) in all cases).

Table 2 Measured and predicted variation of plume
thermal energy flux

mX10%  xq Q. x  Thea-
(kg/ms) (m) (W/m) (m) sured Eq.(32)* Eq.(22)°
9.43 047 1564 094 1162 1386 140.8
12.40 047 2838 094 239.2 2544 255.4
12.40 047 2838 1.82 1604 2354 231.6
1550 094 3251 1.82 3057  300.0 294.2
average error (%) 14 15
a Pr=4.70, k* = 15.1
bS8t = 0.01, k* = 15.1

Table 3 Comparison of flow parameters for wall
plumes and free plumes
Isothermal Adiabatic Free-line
wall wall plume

Parameter plume plume [3] [
148 0.101 £ 0.005 0.067 £ 0.004 0.157
/14 0,700 & 0.007 0.701 4+ 0.007 0.707
Ia/l; 0.556 4+ 0.010 0.518 £ 0.011 0.577
1414 0.901 + 0.076 0.937 £ 0.040 0.883
Is/1y 0.660 + 0.040 0.617 £ 0.040 0.662
I/l 0.48 +0.31b 0.43 +0.28b 0.46
E, 0.096 % 0.005P 0.067 & 0.004 0.157
ay 0.08 =+ 0.05b 0.05 + 0.03b 0.13
g 0.30 +0.67 047 +£0.78 0.31
N(tm) 0.022 & 0.002 0.020 + 0.002 0
7 (um/2) 0.107 £ 0.010 0.066 + 0.006 0.147
AT /2) 0.095 £ 0.009 0.055 + 0.002 0.130

2 Value for ¢ = x
b Value taking C; = 0.015, St = 0.009
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Several other parameters in Table 3 were calculated from the resyjtg
of the analysis, assuming that C; and 8t were constant for the wa|]
plumes. The values chosen for Cy and St represent average values for
the present test range, obtained from Fig. 4, although it will become
evident that the assumed magnitudes of these parameters do not have
a large effect on the results.

For the adiabatic wall plume and the free-line plume, the entrain.
ment coefficient is equal to [, for ¢ = x, from equation (17). For the
isothermal wall plume Ej is slightly less than I; for the present tegt
range, indicating a small effect of heat loss to the wall on the grogs
entrainment characteristics of the flow.

The parameter as was determined from equation (14), using the
measured profile integrals. Due to the uncertainties in the integrals,
this parameter cannot be determined very accurately. The parameter
ay was calculated from equation (13), using the computed values of
Eo and «g, and the average value of Fr given in Table 1. Comparison
of a1 and Eq indicates that the term involving the Froude number ip
equation (13) does not contribute greatly to the value of Eo. Therefore,
far from the source, where the asymptotic value of Fr is approached,
the entrainment process is dominated by shearing effects, similar to
nonbuoyant flows.

The integral of the local shear stress and velocity gradient corre-
lation across the flow, Ig, can be determined from equation (14) using
the calculated value of ay. The ratio Ig/1 is nearly identical tor the
three flows. Measurements of turbulence quantities in the isothermal
wall plume have been recently undertaken in this laboratory, as an
extension of the present investigation, which yield ¢ directly from
the Reynolds stress distribution. The direct evaluation yields (/4/I;)
= 0.53 + 0.07, which is in reasonably good agreement with the eval-
uation from the integral functions given in Table 3.

Influence of Wall Frietion. Equations (17)-(21) provide a means
of estimating the effects of wall friction and heat loss on the param-
eters describing the flow, if it is assumed that I; — I5 are independent,
of Reynolds number. Two cases were considered, the large Reynolds
number limit with Cy = St = 0 and a Reynolds number typical of the
present test range with C; = 0.015 and St = 0.009, from Fig. 4. The
results are presented in Table 4, along with the standard deviation
for the eight tests. The effect of Reynolds number, through the friction
factor, is only about five percent for the range given in the table and
is comparable to experimental accuracy represented by the standard
deviations. This suggests that the present tests, over a limited range
of Reynolds numbers, are reasonably representative of turbulent
flows, at least on smooth surfaces.

The values of the flow parameters computed from the integral ex-
pressions of equations (20) ‘and (21) in Table 4 are also in good
agreement with the direct observations listed in Table 1. This indi-
cates a reasonable degree of internal consistency for the results.

Concluding Remarks

The main results of the investigation are presented in Figs. 2-4.
Profiles of mean velocity and temperature exhibit local similarity to
about the same degree as similarity has been observed in previous
two-dimensional plume studies. Local similarity is based on the
current values of thermal energy flux in the plume and distance ahove
the source, as suggested by this simplified integral model. Therefore,
if Qx and x are known, estimates of velocities and temperatures within
the plume, and the heat flux to the wall, can readily be determined
from the figures. The results are only valid in the weakly buoyant
region of the plume, where radiation and variable property effects are
small.

Table 4 Computed variation of flow parameters with
skin friction coefficient?

umlpCp/  gBxAT
C; St Ey  gB9 ) (C,le8@¥  k* K
0 0 0.101 2.73 5.78 15.8 +4.01
(0.005) (0.19) (1.08) (1.8) (0.47)
0.015 0.009 0.096 2.67 5.64 15.1 £.37
(0.005) (0.19) (1.00) (1.6)  (0.45)

a Standard deviation in parenthesis
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The greatest uncertainty in determining plume properties involves
the estimation of @, at some point above the source. This value de-
pe_nds upon processes in the strongly buoyant region near the source,
which are only poorly understood at present, particularly in a fire
environment. Given an estimation of @, at some point, however,
equations (22) and (32) provide subsequent values as a function of
distance above the source. The use of equation (32) should be limited
to the present test range, since its asymptotic behavior at large
Reynolds numbers is not very satisfactory.

The wall plumes are narrower and have higher velocities and
temperatures than a free-line plume at comparable conditions. This
pehavior appears to be due to the wall stabilizing the large lateral
meandering observed with two-dimensional free plumes.

The heat transfer characteristics of the isothermal wall plume are
similar to natural convection with a uniform heat flux, at comparable
values of Ra,*. In the present case, the effect of the Prandtl number
has been inferred from the Colburn analogy and was not determined
experimentally. Therefore, use of the results for substances having
a Prandtl number substantially different than air should be ap-
proached with caution. Conditions for transition to turbulence were
not determined in this investigation, however, turbulent flow was
observed at lower Ra, * values for the wall plume than is the case for
natural convection with uniform heat flux on a vertical surface.

The entrainment coefficient of the isothermal wall plume lies be-
tween the values found for the adiabatic wall plume and the free-line
plume, suggesting that turbulent mixing is enhanced as the point of
maximum buoyancy moves away from the stabilizing effect of a wall.
The measurements indicate that major characteristics such as the
Froude number, E and k* are only weakly influenced by wall friction
and heat loss, through changes in Cy and St. Therefore, although the
Reynolds number range of the present investigation was limited, the
results may still be representative of turbulent wall plumes on smooth
walls, at other conditions.

The conclusions of this study are not strongly dependent upon the
simplified integral model which was used to suggest appropriate
methods of data correlation. Similar to other integral models, an
analysis of this type might be useful for treating flow development,
the effect of variable wall temperature, the effect of stratified ambient
conditions, etc., and the parameters given in Table 3 should be helpful
for such attempts. However, this aspect of the model was not tested
in the present investigation.
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APPENDIX

The effect of temperature fluctuations was reduced to a low level
by operating the hot wire so that the temperature difference between
the wire and the gas is large in comparison to the level of temperature
fluctuations. This presented few difficulties during the present tests
due to the relatively small temperature variation over the flow.

The major effect of turbulence on the present mean velocity mea-
surements involved the influence of velocity fluctuations. Continued
measurement of this flow has provided information on turbulence
characteristics (the methods and complete results will be reported
in the near future), which can be used to estimate the errors in the
mean velocity measurements.

The stream wise turbulent intensity is approximately 0.2 u,,, and
the turbulent intensity normal to the wall is approximately half this
value, relatively independent of position in the flow (except very near
the wall). From Hinze [15], for the present range of operating condi-
tions and wire characteristics, the ratio of the measured mean velocity
to the actual velocity is 1 + 3/16 (u’/u)?, where u’ is the longitudinal
turbulent intensity parallel to the wall (this estimate is representative
of the most adverse condition during these tests, but neglects terms
of higher order than (u’/u)? in the error expression). Noting the re-
lationship between u’ and u,, stated above, the error in the mean
velocity is less than five percent for u/um, < 0.5. The variation in u/un,
is given in Fig. 1; except for a small zone very near the wall, this region
lies in the range y/x <0.1.
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Development of Wall and Free
Plumes Above a Heated Vertical
Plate

An analysis has been made to determine the successive stages of development as the natu-
ral convection boundary layer on a steadily heated vertical plate evolves into a plume.
Both the wall plume and the free plume are investigated. The wall plume develops along
an adiabatic wall which is the vertical extension of the heated plate. The free plume is
created as the boundary layer streams away from the upper edge of the plate. Since the
plate is heated on only one of its faces, the free plume is initially unsymmetric. The devel-
opment of these plumes does not admit similarity-type boundary layer solutions, and nu-
merical techniques were, therefore, employed, with results being obtained for Prandtl
numbers of 0.7, 2, 5, and 10. It was found that at sufficient downstream distances both
plumes attain their respective fully developed behaviors (i.e., similar profiles at succes-
sive streamwise stations). For the wall plume, the development for all Prandt!l numbers
is completed at a position that is about five plate lengths above the leading edge of the
heated plate. The development length for the free plume for Pr = 0.7 is about the same
as that for the wall plume, but about 30 plate lengths are required for the development
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Unlversity of Minnesota,
HMinneapolls, Minn.

of the free plume when Pr = 10. The fully developed free plume is symmetric.

Introduction

The steady buoyancy-induced upflow above a steadily heated body
is commonly referred to as a natural convection plume. Among such
plumes, two general types may be identified—the free plume and the
wall plume. The free plume is typified by the buoyant flow above a
heated horizontal wire or cylinder. A typical wall plume is the flow
along an adiabatic vertical plate, with the flow being induced by a heat
source positioned adjacent to the lower edge of the plate. There is an
extensive literature on free plumes that has recently been surveyed
in [1].! Wall plumes have received substantially less attention (2,
3.

The published analyses for laminar plumes share a common set of
characteristics. In all cases, they are based on similarity-type solutions
of the laminar boundary layer equations and, therefore, pertain to
plumes that are fully developed in the sense that the velocity profiles
at successive streamwise stations are similar in shape. Solutions of
this type do not take account of the fluid flow and heat transfer pro-
cess adjacent to the heating surface which induces the plume. In ad-
dition, they do not describe the development of the similarity regime
as the flow moves farther and farther away from the heating surface.

1 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication in the JOURNAL
oF HEAT TRANSFER. Manuscript received by the Heat Transfer Division
August 4, 1977.
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In view of this lack of detail about the heating-surface flow and the
subsequent developmental stages through which it passes, the simi-
larity solutions are characterized as pertaining to a line (or point)
source of heat.

The present analysis is concerned with both wall and free plumes
which are induced by heating surfaces of finite extent. The primary
focus of the research is to determine the successive stages in the ev-
olution of the velocity and temperature distributions, starting at the
heating surface and proceeding to the fully developed (i.e., similarity)
regime.

The physical situations for which the wall and free plumes were
studied are respectively illustrated in the left and right-hand diagrams
of Fig. 1. The left-hand diagram shows a vertical plate whose lower
portion (0 < x < Lg) is maintained at a uniform temperature T, and
whose upper portion (x > Lg) is adiabatic. If T}, is greater than the
ambient temperature T, a conventional natural convection boundary
layer develops on the lower portion of the plate, with fluid moving
upward. As the boundary layer flow encounters the adiabatic part of
the plate, it becomes a wall plume. If the adiabatic section is suffi-
ciently long, the plume will attain the similarity regime corresponding
to a line heat source situated at the leading edge of an adiabatic plate.
The similarity regime was analyzed in [2, 3].

The right-hand diagram depicts a wall having a vertical face of
height Lo maintained at a uniform temperature T, > T=. When the
upward-moving boundary layer flow passes beyond the plate height,
it becomes a free plume and can entrain fluid from the surroundings
along both its flanks. At first, the free plume is unsymmetric because
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Fig. 1 The wall plume and free plume problems, diagrams (a) and (b), re-

spectively

of its boundary layer origins. However, at sufficient heights above the
plate, it becomes symmetric. The symmetric plume exhibits profile
similarity and is identical to the much-studied plume above a hori-
zontal line source of heat (surveyed in [1]).

T'he wall and free plume problems that were described in the
foregoing do not permit similarity solutions of the laminar boundary
layer equations. The solutions were, therefore, carried out using a
numerical finite-difference technique. Nondimensionalization of the
governing equations revealed that no new parameters are needed to
accommodate the heated length Ly, so that the Prandtl number is the
only prescribable parameter. It was assigned values of 0.7, 2, 5, and
10.

An interesting aspect of the solution for the free plume, to be
elaborated later, is that its transverse position at any height x cannot
be definitely related to the y coordinate of Fig. 1(b). This occurs be-
cause the boundary layer assumptions, in effect, banish the y-mo-
mentum equation, and without that equation the transverse position
of the plume cannot be established. Although it is not generally rec-
ognized, this same state of affairs also exists in the analysis of the
mixing of two parallel streams {4].

Analysis

The analysis to be performed here is based on the laminar boundary
layer equations appropriate to natural convection flows. The use of
the boundary layer equations for flow adjacent to a vertical plate is
widely accepted. They should continue to be applicable to the wall
plume problem of Fig. 1(a), especially since the temperature and
velocity fields are continuous at x = L.

FFor the free plume problem of Fig. 1(b), there is a sharp disconti-
nuity at x = Lg. Therefore, for the region adjacent to the discontinuity,

Nomenclature

sz

it appears that the complete conservation equations should be em-
ployed as a basis for the solution. There is, however, clear evidence
that the zone in which the complete equations are needed is relatively
small and that downstream of this zone the boundary layer solution
is valid. The most direct evidence comes from [5], where the sym-
metric buoyant wake just above an isothermal two-faced vertical plate
was investigated. Finite-difference calculations based on the complete
congervation equations were performed for values of x/Lg up to 1.35,
but it is implied that the boundary layer model is already valid before
that point. Since the development lengths of the free plumes studied
here are on the order of 10Ly, it is evident that the boundary layer
regime prevails throughout most of the development length. Fur-
thermore, had it been desired to use the complete equations
throughout the entire development length, the computer storage re-
quirements and the computation times would have been prohibitive.
In view of the foregoing considerations, it appeared reasonable to use
the boundary layer equations for the solution of the free plume
problem (as well as for the wall plume problem).

In the statement of the governing equations, it is convenient to
introduce the following dimensionless variables

X =x/Lo, Y = (gBAT/v2Lo) 4y 5))
U = u/(gBATLo)Y? V = v/(gBATv2/Lo}1/* 2
0= (T—T)/AT, AT=T, — Tw (3)

where T, refers to the uniform wall temperature that prevails over
the length of plate between x = 0 and x = L. In terms of these new
variables, the boundary layer form of the conservation equations can
be written as

U 9V
4= 0 (@)
ax  ay

U U 92U
Uot Vo= 04— ®)
0X oy ay?
90 a0 1%
Uset V= (6)

aX oY Prav?

It may be noted that these equations contain only one prescribable
parameter—the Prandtl number.

With regard to the boundary conditions, separate cognizance has
to be taken of the regions 0 < x < Ly and x > Ly, respectively corre-
sponding to the heated surface and to the plume. For both the wall
plume and free plume problems, the same boundary conditions are
applicable in the range 0 < x < Lg (0 < X < 1). At the wall, the ve-
locities vanish and the temperature is T, whereas in the surroundings
the streamwise velocity is zero and the temperature is T'.. In terms
of the transformed variables, these conditions become

U=V=0andf=1atY=0 7)
U=0andf=0as ¥ — = (8)

which are precisely those for the classical problem of the isothermal

equation (2)
4 = acceleration of gravity
Ly = length of heated plate
[)

r = Prandtl number wise station

1" = temperature V =
T'wo = local temperature on adiabatic wall equation (2)
Thex = maximum temperature at any v = transverse velocity

streamwise station
T, = wall temperature of heated plate
1. = ambient temperature
(! = dimensionless streamwise velocity,

x/Lo

Journal of Heatl Transfer

u = streamwise velocity
Umax = Maximum value of u at any stream-

dimensionless transverse velocity,

X = dimensionless streamwise coordinate,

x = streamwise coordinate, Fig. 1
Y = dimensionless transverse coordinate,

(8BAT/v2L o)y

Y’ = dimensionless v’ coordinate, (g8AT/
v2Lg) 4y’

y = transverse coordinate, Fig. 1

y’ = transverse coordinate with y’ = 0 when
u = umax

£ = thermal expansion coefficient

# = dimensionless temperature, (T' — T'x)/
(Tw - Tw)

v = kinematic viscosity
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plate.
In the range x > Lo (X > 1),the adiabaticcondition for the wall
plume problem takess the form

30/0Y =0atY =0 (9)

If equation (9) is substituted in lieu of 8 = 1 in equation (7), then both
(7) and (8) continue to apply for the wall plume for X > 1.

For the free plume, the boundary conditions for X > 1 reflect the
absence of solid boundaries. The streamwise velocity vanishes and
the temperature is T in the surroundings adjacent to the respective
flanks of the plume, so that

(10)
(11)

U=0andf=0as Y —> —w
U=0andf=0as Y —> o

For a symmetric plume, an additional boundary condition reflecting
the symmetry can be specified. However, for an unsymmetric plume,
such as that being treated here, equations (10) and (11) are the only
physically based conditions that are available for the boundary-
layer-type model.

1t is interesting to note that equations (10) and (11) contain a total
of four boundary conditions. On the other hand, equations (7) and
(8) encompass five conditions, as do those for the wall plume.
Therefore, it appears that there is a deficit of one boundary condition
in the specification of the free plume problem in the region X > 1.
Such a deficit is, in fact, encountered in the boundary layer analysis
of all unsymmetric free shear layers, regardless of whether or not they
admit similarity solutions.

In general, to enable solutions to be obtained for this class of
problems, an additional boundary condition has to be imposed, and
there is a degree of arbitrariness in what may be specified.? Fortu-
nately, the boundary condition may be chosen without affecting the
shape and magnitude of the velocity and temperature profiles at any
cross section x = constant, the only influence being in the value of the
transverse coordinate. Furthermore, the development of the succes-
sive profiles with x is unaffected. Therefore, such solutions, although
not strictly complete, convey valuable information. The specification
of the additional boundary condition used in the present problem will
be described shortly.

Examination of the dimensionless form of the governing differential
equations and boundary conditions indicates that there are no new
parameters, even though both of the problems being studied experi-
ence a change of boundary conditions at x = Lq. Thus, the dimen-
sionless results are universal in the sense that they do not depend
parametrically on the length Lo of the heated plate.

The solutions were carried out numerically by the use of the Pa-
tankar-Spalding method [8]. This solution procedure involves step-
by-step marching in the streamwise direction. In the present inves-
tigation, the marching was initiated adjacent to the leading edge of
the heated plate and was continued along the length of that plate and
into the plume region. The solutions were started at X = 0.001 by
making use of the velocity and temperature profiles from the well
known integral solution for the isothermal vertical plate ([9], pp.
312-315). The location of the starting point of the computations was
examined to make certain that X = 0,001 was sufficiently small so as
not to affect the velocity and temperature profiles at X = 1.

The Patankar-Spalding method operates in X, coordinates rather
than in X,Y coordinates, and the transformed conservation equations
are available in [8]. The transverse coordinate w is a dimensionless
stream function defined as w = (¥ — ¥;)/ (Yo — ¥;), in which ; and ¥y
are the values of the stream function at the inner and outer edges of
the boundary layer. The stream function values y; and g vary with
x as the boundary layer entrains more fluid, and the calculation of the
entrainment rates is also described in [8]. For the computations, 200

2 For example, in the analysis of the mixing of the two parallel streams, it is
common to assume that v = 0 along the downstream extension of the upstream
splitter plate which separates the streams [4, 6, 7].
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grid points were deployed over the range of w between zero and oneg,
with a greater concentration of points in the region of highest gradi.
ents. In the X direction, the computations were begun with a step size
AX of 0.001 near the leading edge of the plate. The step size wag
progressively increased along the length of the heated plate to 4
maximum value AX = 0.005 at a rate that was coupled to the ip.
creasing thickness of the boundary layer. In the range of X between
1 and 10, the step size AX varied from 0.005 to 0.05, again coupled tg
the thickness of the layer (i.e., breadth of the plume). For X > 10, AX
increased from 0.05 to a terminal value of 0.15. The adequacy of thege
step sizes was verified by auxiliary runs involving other step size
patterns.

It is interesting to note that the aforementioned boundary condition
deficit for the free plume problem for X > 1 is not directly felt by the
Patankar-Spalding method since it operates with the stream function
as the transverse coordinate rather than with Y. This is because the
deficit is suffered by the velocity V, and it can be verified (e.g., [4],
pp. 143-144 or [7], pp. 140-141) that the transformation from X,y
to X,¥ eliminates V from the x-momentum and energy equations,3
The deficit is felt, however, when it is desired to restate the results
from the solution coordinates into physical coordinates. To overcome
the resulting indeterminacy, we have elected to define a transverse
coordinate y’ such that at each streamwise station, y’ = 0 corresponds
to the position of the maximum velocity.

Solutions for both the wall plume and the free plume were carried
out for parametric values of the Prandt! number equal to 0.7, 2, 5, and
10. The final value of X was chosen sufficiently large so that the re-
spective similarity regimes for the wall and free plumes were at-
tained.

As a check on the finite-difference computations, the Nusselt
numbers at X = 1 were compared with literature values based on
similarity boundary layer solutions. The agreement was within 0.1
to 0.2 percent over the aforementioned range of Prandtl numbers,

Results and discussion

In the presentation that follows, results will first be given for the
wall plume and then for the free plume.

Wall Plume. For the wall plume problem pictured in Fig. 1(a),
the plume is bounded by an adiabatic plate whose temperature Ty,
(aw ~ adiabatic wall} will decrease in the flow direction as the plume
broadens and entrains more fluid. The variation of T}, with x is
presented in Fig. 2 for the four Prandtl numbers investigated. To
provide a dimensionless representation, the quantity (Tgy — T'w) is
ratioed with the temperature difference (T, ~ T.) of the heated plate
(0 < X <1). These results are referred to the left-hand ordinate.

In addition, there is a set of curves in Fig. 2 which slope upward to
the right and are referred to the right-hand ordinate. Each curve
shows, for a fixed Prandtl number, the x-dependence of the maximum
velocity in the plume at each streamwise station.

The abscissa range starts at x = L and extends to x = 100L. Re-
sults for x < Lg are not shown because they correspond to the con-
ventional isothermal plate problem.

It is seen from Fig. 2 that the adiabatic wall temperature drops off
rapidly just beyond x = L¢ and then settles down to a slower, regular
decrease which obeys a power law

(Taw - TW)/(Tw - Tw) ~ (JC/LO)_'B/5 (12)

The power-law regime is fully in effect for x/Lg > 8 to 10 (depending
on the Prandtl number) but, to within two percent, is already in effect
at X = 5. The —%; power dependence is identical to that of the simi-
larity solution for the laminar wall plume [2, 3]. Therefore, the x/Lo
value at which the power-law dependence takes hold can be regarded
as being a measure of where the wall plume becomes fully devel-
oped.

1t may also be noted from Fig. 2 that the adiabatic wall temperature

3 This transformation is often referred to as the von Mises transforma-
tion.
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Fig. 2 Sireamwise variations of the adiabatic wall ismperature and of the
maximum velocity for the wall plume

resulis are not very sensitive to Prandtl number. In particular, the
curves for Pr = b and 10 are coincident for most of the range of x. This
insensitivity may be made plausible by first noting that for a given
temperature difference (7, — T.) on the heated plate, the energy 08
carried into the plume region across the line x = Ly is different for
different Prandtl numbers. With increasing Prandtl number, there
is 2 smaller influx. Also, at higher Prandtl numbers, the fluid is less 0.6
effective in transporting energy from the wall toward the edge of the _u
plume. Thus, there is a match-up between energy-transporting ca- Umax
pability and the amount of energy to be transported, and this causes Q4
the aforementioned insensitivity.

Attention may now be turned to the results of Fig, 2 for the maxi-
mum velocity at each streamwise station. It is seen from the figure
that the maximum velocity increases as the plume rises, the increase
heing a consequence of the continuing action of buoyancy. The rate 1 . B
of increase of the velocity is somewhat more rapid near x = Ly than O ? 4 8 i0
at larger x where, ultimately, a power-law variation sets in \ 72 G

, ; . Fig. 3{a) VelocHy profiles for the wall plume, Pr = 0.7
Usmax/ (§BATLo)? ~ (x/Lo)1/? (13)

0.z

o i

The straight line variation represented by equation (13) holds for x/Lg
> 3 to b, with the larger x/Lg for the higher Prandtl numbers. The s
puwer variation corresponds to the similarity wall plume [2, 3]. By
taking note of the remarks following equation (12}, it appears that the
maximum velocity approaches its power-law asymptote somewhat
more rapidly than the adiabatic wall temperature approaches its as-
ymptote.

The appreciable Prandtl number influence which the um.x values
for the wall plume inherited from the upstream flat-plate boundary
laver is preserved with remarkable precision. The spacing between
the respective umax curves for the various Prandtl numbers is main-
tained over the entire range of x.

Another viewpoint on the development of the wall plume is given
hy the velocity and temperature profiles. In Figs. 3(a) and 3(b), tt/ttmax
is plotted as a function of Y/X2/5 respectively, for Pr = 0,7 and 10.
In terms of these variables, the velocity profiles at all stations in the
tully developed (i.e., similarity) regime fall together on a single line.
Similarly, in left-hand and right-hand portions of Fig. 4, temperature
profiles for Pr = 0.7 and 10 are plotted as (T — 7w )}/{Ty, — T'w) versus

e . . . . 10
Y/ X2/5 As with the velocity, the form of these variables is borrowed v/ %23
from the similarity solution.
S o o . Fig. Velogi il i , Pr =
Velocity profiles are presented in Figs. 3(a) and 3(b) for streamwise ig- 3(b)  Velocity profiles for the wall plume, Pr = 10
stations at X = 1, 2, 5, and 10. The X = 1 profile represents that for Fig. 3
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the isothermal-plate boundary layer. All profiles for X > 10 coincide
with that for X = 10, so that it may be regarded as the fully developed
wall plume profile. A dashed line is employed to enable the profile for
X = 5 to be distinguished from that for X = 10.

It is seen from these figures that there is not a great deal of differ-
ence between the velocity profiles for the isothermal-plate boundary
layer and the fully developed wall plume. The development of the
former into the latter follows an orderly progression. The profile at
X = 2is still in an intermediate stage of development, but that at X
= 5 is very nearly fully developed. Although there is some residual
development between 5 and 10, it appears reasonable to regard the
velocity profile shape at X = 5 as being effectively fully developed.
As further affirmation of this result, it may be recalled that when X
2 B, Umax Obeys the power law dependence for fully developed flow,
equation (13).

From a comparison of Figs. 3(a) and 3(b), no significant differences
are in evidence with regard to the effect of Prandtl number on the
approach to the fully developed velocity field.

As a final remark with regard to Fig. 3, mention may be made of a
comparison between the fully developed velocity profile calculated
here and that from the similarity solution of [2]. Profiles for Pr = 0.7
are available from both investigations. Values taken from a photo-
graphically enlarged version of Fig. 1 of [2] and plotted on Fig. 3(a)
were coincident with the profile for X = 10.

Turning next to Fig. 4, it should be noted that the profiles for X =
1 and X = 10 represent, respectively, the initial and final stages of the
temperature field development for the wall plume. In contrast to the
velocity profiles of Fig. 3, the temperature profiles undergo a signif-
icant change of shape as they progress from that for the isothermal
flat plate to that for the fully developed wall plume. A major part of
the adjustment in profile shape is accomplished between X = 1 and
X = 2. By X = 5, the profile is already grazing the fully developed
profile.

Thus, for practical purposes, the temperature field can be regarded
as being fully developed for X = 5, as can the velocity field.

Free Plume. The presentation of results for the free plume will
follow a pattern similar to that used for the wall plume results. There
will, however, be a change in the temperature parameter to be em-
ployed. Instead of the adiabatic wall temperature Ty, which was
relevant for the wall plume, attention is now focused on the maximum
temperature Thay at each streamwise station. Owing to plume
broadening and transverse conduction, Tnax will decrease with x.

The streamwise variation of the maximum velocity and the maxi-
mum temperature are presented in dimensionless terms in Fig. 5. As
is seen from the figure, the maximum velocity increases in the
streamwise direction, while the maximum temperature decreases.
These trends are the same as those for the wall plume.

Examination of the results in the neighborhood of x = Ly indicates
the dramatic changes that ensue as the boundary layer leaves the wall

and becomes a free flow. On the wall, just upstream of x = Lg, (1 max
—~ T )/ Ty — Tw) = 1,since Tmax = Tw. However, in the plume, jugy
downstream of x = Lo, values of (Tmax =~ T'«)/(Tw — T'+) are eq.
countered that are much less than one. Similarly, there is a sharp
change in the maximum velocity. To help identify the change, the
values of tmq/(gBATLg)Y? for the boundary layer flow just upstream
of x = Lg are plotted as open circles on the ordinate axis, with the
Prandtl number ordering being the same as for the curves. The oc.
currence of abrupt changes in the velccity and temperature fields hag
already been observed in [5], where the complete conservatioy
equations were used to study the near-wake region above a symmet.
rically heated vertical plate.

Downstream of the discontinuity, the further drop-off of the
maximum temperature tends to be rather slow at first, but then be.
comes more rapid and finally takes on a power-law dependence

(Tmax - Tm)/(Tw - Tw) ~ (x/LO)—a/5 (14}

which is similar to equation (12). The value of x/L¢ at which the power
law takes hold appears to increase with Prandtl number, varying from
about 6 for Pr = 0.7 to about 30 for Pr = 10. It may be noted that the
centerline temperature of a symmetric, fully developed free plume
also varies as x~3/5 [1].

The maximum velocity increases rapidly downstream of the dis.
continuity at x = Lg and then tends toward the more gradual but
steady power-law increase given by equation (13). The power-law
dependence is in force for values of x/Lg greater than 5 to 6. The x /4
variation of tmay is also characteristic of the centerline velocity of a
symmetric, fully developed free plume.

Velocity profiles for Pr = 0.7 and 10 are presented in Figs. 6(a) and
6(b). The ordinate for these figures is t/umax so that, as in Figs. 3(a)
and 3(b), all the profiles have a maximum value of one. The abscissa
variable is Y’/ X 2%/5 where

Y = (gBAT/v?Lo)Viy’ (15)

and y’is a transverse coordinate whose origin at any streamwise sta-
tion coincides with the location of the maximum velocity. The back-
ground for the choice of the y’ coordinate was discussed in detail in
the Analysis section.

For purposes of orientation, it may be noted that the flank of the
plume at positive Y’ is a continuation of the edge of the upstream
boundary layer. Owing to the discontinuity at X =1, the velocity
profile upstream of this point is, in effect, washed out, and therefore
is not shown in the figures.

It is seen from the figures that in the early stages of its development,
the plume is unsymmetric. Furthermore, its breadth is greater than

0.5 5.0
Lo 0.2 -2.0
A Pr=0.7 ;?] gﬁ
0.8~ 0.1 —H1.0 °
z — -
8 L 1 £
o ~ ~ N <
', osl X= 8005 -10.5 ?‘9
}—O b — ~
2 041 2 5 L \ 2
P | 0.02 \— 0.2
el \
0.2
0.0t —o.
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¢} 2 4 o 2 x/L
72 G Y/ x%? °
Fig. 5 Streamwise variations of the maximum temperature and maximum
Fig. 4 Temperalure profiles for the wall plume, Pr = 0.7 and 10 velocity for the free plume
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Fig. 6{a) Velocity profiles for the free plume, Pr = 0.7
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Fig. 6(b) Velocity profiles for the free plume, Pr = 10

Fig. 6

would be that of a fully developed plume at the same streamwise
station. With increasing downstream distance, the successive profiles
become more and more symmetric and tend to overlay one another.
For Pr = 0.7, all profiles for X > 5 coincide with that for X = 5,
whereas for Pr = 10 there is no further change in the profiles beyond
X = 50.

Further inspection of Fig. 6(a) shows that for Pr = 0.7, the final
developmental stage of the plume occurs between X = 2.5 and 5. Al-
though it would appear that the plume can be pronounced fully de-
veloped at X = 2.5, Fig. 5 indicates that Upnax has not quite attained
its fully developed (i.e., straight line) behavior at that X. Therefore,
X = 4 or 5 appears to be a better designation for the beginning of the
fully developed regime for Pr = 0.7.

The velocity profile for X = 5 has been compared with that from
the free-plume similarity solution of [10]. The two profiles were found
to be coincident.

It is evident from Fig. 6(b) that the development of the plume is
slower at higher Prandtl numbers. The final stage occurs between X
=10 and X = 50. A definite recommendation for the beginning of the
fully developed regime will be made shortly, when the temperature
brofiles are examined.

The development of the temperature profiles is shown in Figs. 7(a)

Journal of Heat Transfer

and 7(b), which pertain to Pr = 0.7 and 10, respectively. The ordinate
of these figures is a dimensionless temperature variable which takes
on a maximum value of one when 7' = T',4x. The abscissa variable is
the same as that of Fig. 6, with y’ defined to be zero at the transverse
location where u = tpax.

The temperature profiles for Pr = 0.7 develop quickly, so that the
symmetric fully developed shape is attained for X ~ 2. However, since
T'max has not yet achieved its fully developed behavior at X = 2 (see
Fig. 5), a development length of X = 4 or 5 appears appropriate, as
was the case for the velocity field.

For Pr = 10, the temperature field development is relatively slow,
and the final stages occur between 20 and 50. If account is taken of
Fig. 5, then X = 30 appears to be an appropriate measure of the de-
velopment length.

Concluding Bemarks

This investigation has examined the development of both wall and
free plumes above an isothermal, steadily heated vertical plate. The
wall plume develops along an adiabatic wall which is the vertical ex-
tension of the one-sided heated plate. The free plume is created as
the boundary layer from the heated plate streams away from the
ﬁpper edge of the plate. The development of these plumes does not

MAY 1978, VOL 100 / 18%
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vield similarity-type houndary layer solutions.

It was found that at sufficient downstream distances, both plumes
attain their respective fully developed hehaviors. That behavior is
characterized by velocity and temperature profiles that have similar
shapes at successive streamwise locations, Furthermore, in the simi-
larity regime, the maximum velocity at each streamwise station in-
creases monotonically as x1/5, while the maximum temperature de-
creases as x ~3/9,

Numerical solutions were carried out for Pr = 0.7, 2, 5, and 10 for
both plume problems. The wall plume attains its fully developed
behavior at a position that is about five plate lengths above the leading
edge of the heated plate. [ts development is not very sensitive to the
Prandtl number. For the free plume, the development length for Pr
= 0.7 is about the same as that for the wall plume. However, for Pr =
10, about 30 plate lengths are required for the attainment of fully
developed behavior.
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Introduction

The phenomenon of natural convection through porous media has
heen receiving increased attention due to its numerous applications,
primarily in geophysical problems and thermal insulation. Natural-
convection boundary layers in a porous medium have been extensively
investigated recently (see, for instance, Cheng [1]!). For natural
convection in confined porous layers, most published works deal with
the class of problems in which the heating and cooling are present on
the long boundaries delineating the porous medium. Citing a few
examples, the natural convection phenomenon in horizontal and
sloping porous layers was studied by Bories and Combarnous [2] and
Weber [3]. Natural convection in vertical porous layers was studied
by Chan, Ivey, and Barry [4] and, more recently, Burns, Chow, and
Tien [5]. Numerical estimates of the Nusselt number across moder-
ately shallow rectangular spaces filled with a porous medium have
heen reported by Burns, Chow, and Tien {5] and Bankvall [6].

‘T'he objective of the present work is to study analytically the natural
convection effect on heat transport through a porous layer confined
in a horizontal space with the two ends maintained at different tem-
peratures and the long horizontal walls adiabatic. Convection in this
basic geometry has received little attention. Moreover, efforts on the
corresponding natural convection problem in a horizontal enclosure
filled with an incompressible fluid are few and quite recent. In a
three-paper sequence, Cormack, et al. {7, 8] and Imberger [9] treated
the flow in a parallel-plate horizontal channel with an imposed end-
to-end temperature difference. The convection in horizontal tubes
with one end warm and the other cold was studied numerically by

'Numbers in brackets designate References at end of paper.
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Natural Convection in a Horizontal
Porous Medium Subjected to an
End-to-End Temperature Difference

Natural convection in a porous medium filling a slender horizontal space with an end-to-
end temperature difference is studied analytically. The end-to-end temperature differ-
ence gives rise to a horizontal counterflow pattern augmenting the heat transfer rate
through the porous medium. Two basic geometries are considered: horizontal layer con-
fined between two adiabatic and impermeable parallel plates, and horizontal cylinder
surrounded by an adiabatic and impermeable cylindrical surface. Nusselt number rela-
tions are derived in terms of the Rayleigh number and the cavity aspect ratio. The end-
wall permeability is shown to affect the heat transfer rate through the medium.

Hong [10] and analytically by Bejan and Tien [11].

The following work is presented in two parts. The first part con-
siders free convection in a horizontal parallel-plate space filled with
a porous medium shown in Fig. 1. The method of solution consists of
identifying the three major regions which, when combined, make up
the natural convective pattern: a core region situated in the middle
of the channel, plus two end regions. The temperature and velocity
field is then derived analytically for each region subject to simplifying
approximations characteristic to each region. As a conclusion to this
part, we combine the three local solutions to estimate the axial rate
of heat transfer (the Nusselt number) in horizontal layers with both

adiabatic & g¢ end region
impermeable

h - A \
Y'I é

core region

Fig. 1 Two-dimensional porous layer subjected to an end-to-end temperature
difference, velocity and temperature distributions In the core region
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ends impermeable, both ends permeable, and finally, in asymmetric
layers with one end permeable and the other end permeable. Finally,
we compare the present theoretical result for the Nusselt number in
a space with two impermeable end walls with the numerical results
of Burns, Chow, and Tien [5] and Bankvall {6] for free convection heat
transfer in moderately shallow cavities filled with a porous medi-
um.

In the second part, the analysis is repeated for natural convection
in horizontal cylinders with different end temperatures (see Fig. 5).
The cylindrical geometry can account for cases in which the width of
the parallel-plate space of Fig. 1 is of the same order of magnitude as
its vertical dimension h.

Two-Dimensional Horizontal Layer

The basic two-dimensional configuration is shown schematically
in Fig. 1. The two short vertical walls are kept at different tempera-
tures T'; and Ty, while the long horizontal walls are adiabatic and
impermeable. The rectangular space is filled with a porous medium.
Assuming that Darcy’s law applies, i.e., the Reynolds number based
on pore diameter is less than one [12], the continuity, momentum, and
energy equations are

0 0 oP
Zi%ap u=-= (1,2)
ox Oy ox
oP oT T 22T 22T
v=——FRaT, u—+pom=—et— (34
dy ox ay  ox%  oy?

Equations (1-4) have already been nondimensionalized by defin-
ing

/
u, v = 2 (u*, v*), x, y=(x* y*)/h (5,6)

«

T+ - T P+K
= et pae

Ty— Ty g
where the asterisks denote the dimensional variables shown on Fig.
1 and listed in the nomenclature. Without loss of generality, it is as-
sumed that the right end is warmer than the left, 75 > T';. The natural
convection pattern is governed by the modified Rayleigh number

a= gBhK(Ty— Ty)

Qv

(7,8)

(9)

in which K, the medium permeability, is assumed uniform in both
directions. Equations (1-4) contain the Boussinesq approximation
whereby density differences are due solely to temperature differ-
ences.

We now poceed with deriving the velocity and temperature fields
by solving equations (1-4) in each of the three major regions shown
in Fig. 1.

The Flow in the Core Region. If the two-dimensional channel
is very slender, h/L << 1, the central portion is sufficiently far removed

Nomenclature

from the two ends so that in the core region the streamlines are eg.
sentially parallel to the two horizontal walls. This observation jg
sufficient for deriving expressions for u and 7T, by setting v = 0,
equations (1-4). The resulting axial velocity and temperature in the
core region is

uc(y) = —Ra K, (y*%) (10)

1 1
Telx,y) = Kix + Ko+ Ra K? <;y2—gy3> (11

in which the two constants of integration Ky, K¢ have to be deter-
mined from temperature conditions in the two sections where the core
region communicates with the end regions. Formulas (10} and (11)
satisfy the adiabatic and impermeable boundary conditions at y =
0, 1. The velocity and temperature profiles for the core region have
been sketched in Fig. 1. In contrast with fluid flow in a channel, the
axial velocity u is finite (maximum) at the impermeable boundarieg
y=0,1

The net rate of heat transfer through any cross section in the core
region is characterized by a Nusselt number for axial heat transfer
defined as

Q 1 /o7,
u=— o - T>d 9
Wk(Ty — T4) fo <ax tele ) €Y (12)

Substituting expressions (10) and {11) into the Nu definition (12) and
integrating yields

1
Nu=K <1 +—Ra? K 2) 13
1 120 1 (13)

which shows that Nu depends on Ra and the yet unknown axial
temperature gradient constant K. As mentioned before, Ky will have
to be determined by taking into account the flow pattern in the two
end regions. The flow around an impermeable end and the flow
through a permeable end are considered separately in the next two
sections.

It is instructive to point out that K is of the order of h/L or less,
by considering the limit in which the horizontal layer is very slender,
h/L — 0. Under these circumstances the core region fills almost the
entire layer of Fig. 1, and the temperature drop across the core region
is approximately equal to or slightly less than the total AT maintained
across the ends of the rectangular layer. Using expression (11), this
statement can be written as

T, <% 1) ~T.(0,0) < 1 (14)

which, as h/L — 0 and Ra remains finite, reduces to
Ki<h/L (15)

The equal sign corresponds to pure conduction through the porous

B = function, equations (26), (70)

D = function, equation (76)

E = function, equation (77)

g = gravitational acceleration (m/s?)

Ra = Rayleigh number, equations (9), (44)
T = temperature, equation (7)

T = cold end temperature (K)

Te = warm end temperature (K)

( )e = core solution

( )o = pertaining to the horizontal cylinder,
Fig. b

( Joimm .. = zeroth, first, second, third order

h = thickness (m)

K = permeability (m?2)

K, = axial temperature gradient constant
Ky = constant

L = length (m)

Nu = Nusselt number, equations (12), {(60)
P = pressure, equation (8)

Q = axial heat transfer rate (W)

r = radial distance, equation (43)

ry = cylinder radius (m)
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u = axial velocity, equation (5), and radial
velocity, equation (42)

v = vertical velocity, equation (5), and tan-
gential velocity, equation (42)

w = axial velocity, equation (42)

W = width of horizontal porous layer (m)

x = axial distance, Fig. 1

y = vertical distance, Fig. 1

2 = axial distance, Fig. 5

( )* = dimensional variable

solution, equations (45), (46)

a = thermal diffusivity (m?%/s)

n = isothermal layer thickness

B = coefficient of volumetric thermal ex-
pansion (K1)

¢ = length of impermeable end-wall region

A = length of permeable end-wall region

6 = angular position, Fig.

v = kinematic viscosity (m?/s)

W11 = stream function, Fig. 7
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medium filling the rectangular space.

The Flow Around an Impermeable End-Wall, In this section
we develop an integral solution or the velocity and temperature dis-
tribution in an impermeable end region. Matching the end solution
with the core solution presented in the preceding section provides the
necessary temperature end condition for estimating constants K and
K+ appearing in equations (10), (11), and (13).

As shown in Fig. 2(a), the impermeable end region is assumed rec-
tangular, with a length § unknown at this point. The momentum and
energy equations are to be satisfied in an integral manner in the vol-
ame occupied by the end region. Two integral conditions are obtained
by integrating the momentum and energy equations vertically from
0to 1 and horizontally from 0 to . However, before deriving the mo-
mentum integral we eliminate the pressure terms by cross-differen-
tiating the momentum equations (2) and (3). The momentum and
energy end conditions resulting from integrating in x and y are,

» 1
joé [u(x, 1) — ulx, 0)] dx + j; v(0, y) dy

= ~Ra ﬁl TG, y)dy (16)

1 1 /T
f ucTcdy = Kl e f (M—> dy
0 0 \Ox/ =0

Equations (16) and (17) already include the boundary conditions
prevailing in the end region (see Fig. 3).

The next step consists of substituting reasonable velocity and
temperature profiles into equations (16) and (17). The expressions
selected for u, v and T in the end region are

ain

impermeable end-wali permeable end-wall

v, 870y =0 v, dT/0y =0
1 | | -
) i
e | |
y juv,T=(uvT ¢ Juy,T= (u,v.T/‘C
r | v=0 |
~ 1
u¥=0 | |
|
| R } 1
| L !
o | T=0 7 o
t
0 \a x o A ——x
v, 8T/by =0 v, dT/oy =0
a b

Fig. 2 Boundary conditions for end region integral analyses: (a) impermeable
wall, (b) permeable wall

4
A
5 A 8
0.5
0 ! ;
o 10 20 30
Ra K1

Fig. 3 End region lengths §, A versus Ra K
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= ~Ra K (y-—%) [l+<%~1>3] (18)
v=§~Ra§—K1(}’2"}’)<§— 0’ (19)
T = (T, - K1) [2§~ (%)2] +Kix (20)

which match the core solution at x = § and satisfy the continuity
equation (1) identically throughout the end region. The selection of
such profiles is arbitrary accounting, in fact, for the approximate na-
ture of the integral method. The chosen velocity and temperature
distributions are qualitatively similar to the distributions determined
numerically by Cormack, Leal and Seinfeld [8]. It is easy to verify that
the choice of a different set of profiles in place of expressions (18-20)
does not alter appreciably the integral solution, equations (21) and
(22). Combining equations (18-20) with the integral conditions (16,
17) yields respectively,

1 1
~Kfp 2~ 1] =Ko+ —RaK;? 21
1 1[ ] 3 o1 anly ( )
1 1
—3Ra?K3=Ky+—RaK,? (22)
120 24

which, after eliminating §, provides an implicit equation for Ky as a
function of Ky and vice-versa. This relation is all we had hoped to
achieve by analyzing the flow conditions in the vicinity of one of the
two ends of the core region. The second relationship required for
uniquely determining K; and K follows from analyzing the flow
pattern in the remaining extremity of the porous layer.

Dividing equations (21) and (22) side by side leads to an expression
for the impermeable end length 8 as a function of Ra K. This function
is shown plotted in Fig. 3: as Ra K tends to zero, § approaches unity,
whereas towards large values of Ra K; the end region reduces to a
narrow vertical layer spread over the impermeable end wall.

The Flow through a Permeable End-Wall. Consider the per-
meable end region outlined in Fig. 2(b). Unlike the impermeable
end-wall case treated in the preceding section, the permeable wall
allows the fluid to migrate across the end boundary confining the
horizontal porous layer. If, as in Fig. 2(b), the permeable end region
is situated at the cold end of the horizontal layer, a stream of iso-
thermal (7" = 0) fluid will steadily creep into the rectangular channel
through the lower portion of the permeable wall. The isothermal layer
thickness n decreases to zero as the cold layer feels the effect of the
warmer stream flowing along the top half of the channel. It is im-
portant to know the extent of the developing region A, beyond which
the lowest sheet of fluid warms up above the entrance temperature
T'1. In what follows, we present an integral technique for estimating
A in terms of Ra and the core region axial gradient constant K.

The momentum and energy equations (2, 3) and (4) integrated
across the channel height h yield

d 1 d 1
ulx, 1) — ulx, 0)———f vdy = -—Ra—f Tdy (23)
dx Jo dx Jo

4 uray =2 (g
de;” y“daﬂfo Y

As in the preceding section, we must select reasonable profiles for u,
v, T which satisfy mass continuity and the y = 0, 1 boundary condi-
tions. The analysis is greatly simplified if for the end region of Fig.
2(b) we choose

(24)

u=u, v=0 (25)
B(x)FG—:j), a<y<1
T= ! (26)

0, 0<y <y

where the function F(§) = Y4£% ~ Ys¢® represents the y dependence
in the core temperature distribution, equation (11), and B and » are
both functions of x. At the point where the end region communicates
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with the core region,

B(A)=RakK 3(A)=0 (27,28)
while, from equation (11), T.(4, 0) = 0 yields
KlA + Kz =0 (29)

Thus, the selected velocity and temperature distributions match the
core solutions where the two regions come in contact. Substituting
expressions (25) and (26) into equations (23) and (24) leads to two
differential equations for B(x) and n(x)

4 [BL~—n)]=24K; (30)
dx

Hom-n (o2

Skipping some of the algebra, integrating equations (30) and (31)
introduces two unknown constants which are determined as follows.
The constant resulting from integrating (31) is determined from
condition (27, 28). The resulting expression for B{x) in terms of (x)
is

(31)

: 1
RaK12

(32)
(1~ <1+§n>

which has a minimum at 5 = Y%, Since B(x) represents the temperature
along the very top of the channel, it is reasonable to assume that B
decreases gradually reaching its minimum just as the warm stream
exits the end region to the left through the permeable wall (see Fig.
2(h)). This assumption constitutes the condition necessary for esti-
mating the constant remaining from integrating equation (30), i.e.,
7 = Ysat x = 0. The choice of 5 at x = 0 is of course arbitrary and adds
to the approximate nature of the integral analysis. However, it can
be verified that different values of # at x = 0 lead to expressions for
A which come close to that (i.e., equation (33) obtained below) based
on g = .

Finally, the integral of equation (30) is combined with condition
(28) yielding the result we have been seeking,

1
30 Ra K 1 (33)

Combining now equations (33) and (29) we obtain the condition
to be satisfied by the core constants K and K if, as in Fig. 2(b), the
cold end has a permeable wall. The corresponding condition for a
warm permeable wall is obtained by combining equation (33) with

T, (-L— -4, 1) =1 (34)
h
The length of the permeable end region, A, depends only on Ra K;
and is shown superimposed on Fig. 3.

Axial Heat Transfer Rate. The heat transfer through the porous
layer of Fig. 1 can now be calculated with the Nusselt number formula
(13). Constant K is determined by accounting for the fact that, for
example, both end-walls of the cavity confining the porous medium
are impermeable. The mathematical tools for estimating K; are
equations (21) and (22) plus the centrosymmetry condition indicating
that when the end-walls are identical the temperature field in the
porous medium is symmetric about the center of the rectangular

cavity.
1L 1 1
JER
2h 2 2

Eliminating 6 and K between equations (21), (22) and (35) leads to
the desired relationship between K; and the dimensionless groups
characterizing the problem, Ra and L/h. This relationship is shown
plotted in Fig. 4 where, for a given Ra and L/h, K; can be located
through trial and error. The procedure for finding K; graphically is
aided by the fact that K << h/L, hence Ky = h/L may be used as a first
guess. For more accurate results, K; can be found by numerically

(35)
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solving the sstem provided by equations (21), (22) and (35).

If both ends of the horizontal layer are permeable, K1 and K gy
calculated by combining equations (29), (33) and (34). The K result
is a quadratic

1 L
—RaK2+=Ki~1=0
L S (36)

which, next to equation (13), represents the necessary device for
calculating the Nusselt number. For comparison, equation (36) is alsg
shown plotted in Fig. 4. For the same Ra and L/h, the axial temper.
ature gradient in the core of a porous layer bounded by permeable
end-walls is steeper than if the same layer was bounded by imper-
meable end-walls.

Finally, the intermediate configuration is handled by combining
the integral conditions obtained for flow around an impermeable wall,
equations (21) and (22), with the conditions valid for a permeable wall,
equations (33) and (34). Eliminating K», § and A from the four
equations leads to a relationship between K; and the known param-
eters Ra and L/h. On Fig. 4, this relationship falls above the case with
both ends permeable and below the case with both ends impermeable,
We conclude that, for the same Rayleigh number and aspect ratio, the
end-wall permeability yields a higher K; and consequently a higher
Nusselt number for axial heat transport.

We can now compare the Nusselt number predicted by the present
theory with published numerical heat transfer data for moderately
shallow cavities filled with a porous medium [5, 6]. No experimental
data are available for the system of Fig. 1. For h/L = 0.5 and Ra = 50
the Nusselt number calculated based on formula (13) and Fig. 4 when
both ends are impermeable is 1.77. For the same h/L and Ra, Burns,
Chow and Tien [5] and Bankvall [6] have found 1.54 and 1.43, re-
spectively. For h/L = 0.5 and Ra = 100, this theory yields Nu = 2.80
compared with 2.81 reported by Burns, Chow and Tien and 2.30 by
Bankvall. It should be pointed out that the accuracy in the numerical
values indicated above is probably questionable due to the coarse grid
employed for low aspect ratios. Since these studies were concerned
primarily with the case of large aspect ratios, more accurate runs were
made only for large aspect ratios. Still, the agreement is surprisingly
good considering that h/L = 0.5 is actually very high for the present
theory which was developed based on the assumption that a core re-

1
L both ends impermeabie
i L L
Ky h
0.5 |
one end impermeabie
both ends permeable
0 : 1 ! L 1 ' t L s
0 5 10 15
Ra K,

Fig. 4 Chart for constant K4 as a function of Ra and L/h
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gion exists (h/L « 1). The agreement improves as the Rayleigh
pumber increases. This behavior is explained by the fact that at higher
Rayleigh numbers the core region is less important, the heat transfer
resistance associated with the two vertical end-walls dominating the
resistance due to the counterflow heat exchanger pattern present in
the core region (Fig. 1).

Horizontal Cylinder

The second part of this paper deals with natural convection in a long
porizontal cylinder filled with a porous medium. The system sche-
matic is shown in Fig. 5 along with the relevant quantities used in the
analysis. The two end plates of the cylinder are maintained at dif-
ferent temperatures while the round horizontal wall is adiabatic and
impermeable. The objective of the analysis is to predict the Nusselt
number for axial heat transport through the porous medium. Three
distinct situations will be considered: the case when the two end-walls
are impermeable, the case with both end-walls permeable and, finally,
the case when one end-wall is permeable and the other is not.

Since the method of solution for the horizontal cylinder proceeds
on a path identical to the one presented previously for the two-di-
mensional porous layers, only the highlights of this analysis will be
stressed. The nondimensional equations governing conservation of
mass, momentum and energy in the cylindrical frame of Fig. 5 are
10ov

u _D_Li ow

oP
- =0, y=——-<+ RayTsind (37,38)
r or rof oz or
10 oP
v=————+ RagTcosl, w=—— (39,40)
r of 2
dT wvoT oT
U—+=——tw—=VIT (41)
or r of oz
in which P and T are defined in equations (7) and (8), and
u, v, w = ho (w*, v*, w*), r,z= (% 2%)/ry (42,43)
«
K(Te-T
Raop = g0roK(Ts — T) (44)

v

Below, we develop solutions to equations (37-41) subject to the
boundary conditions of Fig. 5 in three main regions: the flow in the
core region, the flow around in impermeable end-wall and the flow
through a permeable end-wall.

The Flow in the Core Region. A perturbation analysis in Rag
as a small parameter was employed for deriving the main velocity and
temperature field components in the core region. As usual, we assume
series expressions for velocity and temperature,

fu, v, w)e = (u, v, w)o + (1, v, w)r Rap + (i, v, w)r Rag?

end region

end region

Fig. 5 Horizontal cylinder filled with a porous medium subjected to an end-
to-end temperature difference.
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+ (u, v, whn Rag® + ... (45)

T.=Ty+ TrRag+ Tr Rag? + T Rag® + ... (46)

Substituting expressions (45) and (46) into the governing equations
and equating the terms containing the same power of Rag leads to
systems of equations for each set of coefficients (u, v, w, T'). Before
carrying out the perturbation analysis it is convenient to eliminate
P between the three momentum equations (38-40) and obtain:

d AT aT
—u—*a—(rv) = Rag [sinO—-———r cosﬂ—-] 47
o8 or of or
e} oT
-2 Ragsin § — 48)
or oz

Equations (47), (48) plus (37), (41) are the four relations needed for
determining u, v, w, T. The zeroth order components are

(u, v, lU)o = 0, TQ = K‘]_Z + K2 (49,50)

corresponding to pure heat conduction in the cylindrical rod of Fig.
5. We see that in the Rag — 0 limit, K3 — 0 while the axial gradient
constant K approaches ro/L.

The first order solution reveals a free convection effect similar to
the one discussed for two-dimensional layers,

(w,v)1i=0, wy=-K;rsinf (61,52)

Ti= éKlz sin 0(3r — r3) (53)
Solution (51-53) satisfies the adiabatic and impermeable condition
atr = 1. We see that the end-to-end AT induces a counterflow in the
horizontal direction with the warmed branch occupying the top half
of the cross section. The first order velocity and temperature distri-
butions are sketched in Fig. 6.

The second order solution shows the first signs of radial and tan-
gential motion,

1 1
ug = EKlQ cos 20(r3 —r), vp= ZéKlz sin 20(r — 2r3)  (54,55)

(w, Thr =0 (56)

The fact that the first order isotherms of Fig. 6 are not straight and
horizontal as in the two-dimensional geometry of Fig. 1 causes eddies
in each of the four quadrants of a vertical cross section. Fig. 7 shows
the streamlines of this secondary flow, the streamfunction being de-
fined as 0¥ 1/00 = —ruy, OV 1/or = v The net effect of this flow is
an improved thermal contact between the upper layer and the lower
layer by natural heat convection vertically downward. This effect
becomes evident as we derive the third order solution for w and T
which will later be used for calculating the Nusselt number for axial

e T

cold

-1

Fig. 6 First order solution for the core velocity and temperature distribution
in the cylinder ¢ross seclion.
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Fig. 7 Streamlines of second order velocity distribution in the core region

heat transfer [see equation (60)]. We obtain

wy = 0 (57)

K ri
T = ——— [— (63r3 — 35r% — 2r7) sin 30
12288 L5

i
+ § (—73r + 36r3 — 14r5 + 5r7) sin 0] (58)

The Nusselt number Nug for axial heat transfer is defined as

Qo 1 27 1 T
T S —wr) rdrdd (59
N ok (T — T) wj; fo <az v )” (59)

Using the w, T expressions resulting from the perturbation analysis
with coefficients up to the third order we obtain

3
8192

Taking only the first two terms, expression (60) is similar to the Nu
result obtained for two-dimensional porous layers. The third terms
represents the decrease in axial heat transfer due to improved vertical
heat transfer caused by the eddies of Fig. 7. Expression (60) has been
plotted on Fig. 8 suggesting that the three-term approximation for
Nuy is probably satisfactory as long as Rag K is less than 5. For higher
values of Rag K (large AT’s, short cylinders), the perturbation
analysis has to be carried beyond the third order solution presented
here.

In order to estimate the Nusselt number we first have to determine
the temperature gradient constant K; by taking into account the flow
and temperature pattern in the two end regions. This work is pre-
sented in the next two sections.

The Flow Around an Impermeable End. The approximate
velocity and temperature profiles assumed for the integral analysis
of an impermeable end are

Nug = K, <1 + 916 Rag2 K2 — —— Rag* K4 + . . > (60)

3Rag K 2
w=—om20 gy <1—i> sin 6 61)
2 6 8o
R 2
u=——§—ail-{—1(l—r2) <1-E-> cos b (62)
50 ’50
z z\?2 z\3] .
w=—Ra0K1r[3—~'—3<—> +<——> ]sm(i (63)
do 8o 8o
2
T = (T. — K160) [2—2-— <—2—) ] + Kz (64)
8o 8o

Expressions (61-64) satisfy the boundary conditions listed in Fig. 9(a),
as well as the continuity equation (37). The impermeable end region
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Fig. 8 The Nusselt number versus the Rayleigh number and K, equation
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Fig.9 Boundary conditions for end reglon integral analyses: (a) impermeable
wall, (b) permeable wall

is located at the cold end and is assumed to have an axial length do.
The momentum integral condition is deduced by first eliminating
the pressure terms between equations (38) and (40) and again between
equations (39) and (40). Multiplying the u result by sin # and the v
result by cos 8, the two equations are summed up to yield an unique
momentum condition
(95—6_w> sin 6 + <_a_1i_2u_)> cos f = Ragp o7
oz  or 0z rof oz
Using the assumed u, v, w, T profiles, equations (65) and (41) are then
integrated over the entire volume occupied by the impermeable end
region to yield the momentum and energy integral conditions for an
impermeable end:

(65)

iKl (i_1>=52 (66)

80® do
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1 3 K
—Rag? K13 ~ ——Rag* K;° = 2 —
96 8192 8

(87)

Conditions (66), (67) are equivalent to equations (21) and (22) ob-
tained in Part L. Eliminating 8o they provide a relation between K;
and Ko, as well as a way of estimating the extent of the impermeable
end region in terms of Rag Ky showing that o approaches V'3 as Rag
K1 — 0 (see Fig. 10).

The Flow Through a Permeable End. The objective of this
integral analysis is to estimate the distance 4g beyond which the cold
isothermal fluid creeping along the bottom of the cylinder starts
warming up, thus entering the core region. The situation is described
schematically in Fig. 9(b). The assumed velocity and temperature
distribution in the 0 <z < Ag region is

u=0, v=20 (68)
w = —Rag K;r sin § (69)
Bo(Z)M, 10 < yo <2
2(2 — no)
T = (70)
0, 0 <yo<mo

where yo = 1 + r sin 0 is the vertical coordinate measured from the
hottom of the cylinder and ng is isothermal layer thickness. Due to its
simplicity, the temperature distribution (70) does not obey the o7/or
=0 condition at r = 1. At z = A the temperature distribution is forced
to match the core temperature for the top and bottom of the cross-
section by setting

Bo(dg) =

2
Rag K <1__ 71 1)

11520
70(Ag) = 0

Rag? K12>

(72)

Writing T, = 0 for z = Ag, § = —#/2 and r = 1 in equation (46), and
using equations (30, 53) and (58) we also must have

K1A0 + I{Q =

Rag K2 71
RALDESS <1 _ (73)

4 11520
Substituting expressions (68-70) into the momentum equation (65)

and the energy equation (41), and integrating over the circular cross
section yields two differential equations for By(z) and no(z):

RaOZ K 12>

YE)
8OYAO
3,
1 b
\\
Ay, 7T -

o] |

0 5 10

Ra, K4

Fig. 10  End region lengths 8y, Ao versus Rag K4
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4 TBODG _ A TBEG gy
dzL 2~ U 2=fo ’

where

1
D(Bo) = 3 [1 - (1~ Be?3?

1 .
+5 (1 = Bodeos™ (B0 — 1) + (1 — {1 ~ (1 — B)?|V4  (76)
1 ‘ 1
E@o) = (1 = BoM{1 — (1 — Bo)?¥2 + -éfcos~1 (Bo—1)
= (1 = o)1 = (1 — Bo)?2[1 — 2(1 - Bo)¥}  (TT)

Asin Part I, after equations (74) and (75) are integrated, By(z) is
chosen to reach its minimum right at the permeable wall, z = 0. We
find this way no{0) = 0.525 and, using condition (72),

1.6787 77
11520

HEquation {78) is shown plotted in Fig. 10, indicating again that the
three-term perturbation solution approximation breaks down for
values of Rag K greater than about 5. Equations (73) and (78) are the
needed temperature end conditions relating K3 and K5 if the cold end
is permeable.

Axial Heat Transfer Hate. The Nusselt number for axial heat
transport is provided by equation (60), with the temperature gradient
constant K1 determined from the two end conditions. For example,
if both ends of the cylindrical enclosure are impermeable we use
equations (66) and (87) plus the centrosymmetry condition

Ag =

Rao K1 (1 - Rag? K12> (78)

1
T,=—atr =0,
2 27’0

z ® - (79)
The implicit result for K is shown on Fig. 11. For a given Rag and
aspect ratio L/rg, Ky can be found through trial and error, remem-
bering that K; < ro/L.

The procedure outlined at the end of Part I is repeated to calculate
K, for a cylinder with both ends permeable and for a cylinder with
only one end permeable. The resulting implicit expressions for Ky are
also plotted on Fig. 11, showing once again that the perturbation so-
lution worked out in this study is adequate if Rag K < 5.

Concluding Remarks

In order to understand the basic mechanism of heat transfer by
natural convection through a porous medium, natural convection in
a horizontal porous layer has been studied analytically. Two config-
urations have been considered. In the first part of this paper we
studied the natural counterflow induced in a two-dimensional porous
layer by an end-to-end temperature difference. In the second part we

2 both ends permeabie /,/’f
1 L.
Ky n
L
T—one end permeable
1 -
i both ends impermeable
0 : : s L | ; . i I
0 5 10
Ra, Ky
Fig. 11 Chart for constant K4 as a function of Rag and L/rg
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considered the same free convection phenomenon in a horizontal
cylinder subjected to an end-to-end temperature difference.

The results demonstrate the dependence of the Nusselt number
for axial heat transfer on the Rayleigh number and the aspect ratio
of the horizontal porous medium. The influence of end-wall perme-
ability on axial heat transfer has been examined. For a parallel-plate
layer, the end-wall permeability significantly increases the rate of heat
transfer through the porous medium. For a cylindrical porous medi-
um, the effect of end-wall permeability on the Nusselt number is not
as clear due to the asymptotic character of the perturbation analysis
(valid when Ray Ky <5).
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Corrections to ‘‘Natural Convection in a Horizontal Porous Medium Subjected to a: End-to-End Tem-

perature Difference,’’ by A. Bejan and C. L. Tein, published in the May 1978 issue of the ASME JOURNAL OF
HEAT TRANSFER, pp. 191-198.

We wish to report two algebraic errors that appear in equations (22) and (33) of our paper on natural
convection in a horizontal porous layer with different end temperatures. The corrected equations are
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1 1
5*4‘66R32K|3=K2+ ‘2—4R8K|2 (22)

I
A 130 Ra Kk, (33
In the published version, two of the numerical coefficients (1/240 and 1/120 in the above equations) are
erroneously reported as 1/120 and 1/30, respectively.
These errors explain the limited range of agreement between the heat transfer rate predicted by our
published solution and the heat transfer rates calculated numerically by Hickox and Gartling [2}. As shown
in Fig. 1 and Table 1, the corrected integral theory of our paper agrees very well with all the data reported

numerically by Hickox and Gartling [1].
We wish to thank Mr. Ulrich Riebel of the University of Karlsruhe, West Germany, for pointing out these

errors.
o
Nu
Hickox and Gortiing [2]
g HA= 05
a 0.2
o Q.
1 J S |
10 ﬂR 100
L O
Fig. 1 The heat transfer rate in a shallow porous layer with different
end temperatures
Table 1 Heat transfer results for natural convection in a
porous layer heated from the side (height/length = 0.5)
Rayleigh number Conduction-referenced
based on height Nusselt number, Nu
Ra numerical, theoretical®
[
25 1.410 1.4577
50 2.155 2.2413
acorrected from Bejan and Tien paper
References

1 Hickox, C. E., and Gartling, D. K., **A Numerical Study of Natural Convection in a Horizontal Porous layer Subjected 10 a End-
to-End Temperature Difference,”” ASME JOURNAL OF HEAT TRANSFER, Vol. 103, 1981, pp. 797-802.
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Natural Convection In Compound
Parabolic Concentrators—A Finite-
Element Solution

Natural convection heat transfer coefficients between absorber surfaces and cover plates
for vertically oriented two-dimensional compound parabolic concentrators (CPC) are
evaluated using finite-element techniques. Values of the critical Rayleigh number for dif-
ferent concentrations (2 < C < 10) with 1/3, 2/3, and full CPC heights are determined.
Generalized charts for estimating the average absorber plate Nusselt number as a func-
tion of Rayleigh number and concentration for both full and truncated CPC cavities are
given. The results are useful for evaluating the covective loss coefficients from such collec-

tors.

Introduction

Compound parabolic concentrators have been recently proposed
for solar energy collection [1].! For a given acceptance angle, these
non-imaging concentrators can theoretically achieve the highest
possible concentration [1-3]. Fig. 1 depicts a cross section of a two-
dimensional CPC cavity (trough). For a full CPC with air as the cavity
medium, the concentration C is given by: C = &/s; Cruax = 1/sin ¢,
where £ and s are the aperture and absorber width, and ¢ is half the
acceptance angle. All the incident light on the CPC with angles less
than ¢ will reach the absorber surface. Radiation outside the accep-
tance angle will be rejected through the aperture surface (cover plate)
after bouncing back and forth between the parabolic specular re-
flectors. The height/absorber ratio for a full CPC is given by: heun/s
= (1 + sin ¢)/2 sin ¢ tan ¢; this ratio becomes very large as C increases
(Table 1). In practice, CPCs are usually truncated by cutting off a
large portion of the top without much loss in performance. A summary
of the main geometrical parameters for full and truncated CPCs with
diflerent concentrations is given in Table 1.

Knowledge of the loss coefficients for these collectors and their
dependence on the different geometrical and operational parameters
is necessary for evaluating their thermal performance. Numerous
experimental and analytical studies on natural convection in simple
rectangular enclosures have been reported in the literature [4-9]. The
errors involved in using the results of these investigations for the more
complicated CPC geometries can not be estimated without prior
knowledge of the performance of the actual system. Earlier analytical
studies of natural convection in enclosures have used either finite-
difference or collocation techniques. These techniques become rather
cumbersome when used over regions with irregular boundaries. Fi-
nite-element methods are well-suited for such problems.

! Numbers in brackets designate References at end of paper.

Contributed by The Heat Transfer Division for publication in the JOURNAL
Or HEAT TRANSFER. Manuscript received by the Heat Transfer Division
November 21, 1977.
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= $(1+sing) f e

Fig. 1 Schematic diagram of a CPC cavity

Tablel Geometrical parameters for CPC cavities
considered in this investigation

Concen- Full CPC Truncated CPC
trationt (h=hen)  (h=2Bhsa) (h=1/3hup)
¢ h/e h/s h/e h/s h/e h/s
2.0 30.0° 1.299 2598 0.898 1.732 0.523 0.866
4.0 14.5° 2,420 9.681 1.678 6.454 1.009 3.227
6.0 9.6° 3445 20.67 2.388 13.78 1.435 6.890
8.0 7.2° 4465 35.72 3.091 23.81 1.850 11.91
10.0 5.7° 5472 54.72 3.786 36.48 2.260 18.24

1 For truncated CPC cavities, the concentrations given are those which would
be obtained if the CPC’s were to be extended to their full heights.

Copyright © 1978 by ASME
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The use of finite-element methods to solve complex flow problems
has expanded dramatically in recent years [10, 11]. Here, we shall use
these methods to study natural convection in two-dimensional CPC
cavities. Our main objective is to determine the convective loss coef-
ficient from such collectors and its dependence on the different geo-
metrical and operational parameters. Values of the critical Rayleigh
number for different concentrations with full and truncated CPC
geometries are also obtained. This study is limited to vertically ori-
ented CPCs. In practice, the collectors are mounted so that they would
face the sun; the tilt angle is nearly equal to the latitude.

Theoretical Analysis

The governing equations for steady buoyancy-driven flows in
two-dimensional regions with no volumetric heating are [12}:
Continuity Equation

i/ a
dx  dy
Momentum Equations:
a du —19 E a2
PR .. u<—5+-——u> @)
Jx dy  po dx ax?  agy?
a a 14 % 9w
w0 e n P e~ Ty 4y (-——+-——> 3)
ox dy po Ay axZ  9y?
Energy Equation:

aT aT 32T 92T
S

u—+uv—= +
dx dy ox?  gy?

In the above equations, the Boussinesq approximation is utilized; y
is the direction of gravity (Fig. 1) and the subscript 0 denotes condi-
tions at the reference temperature T'y. Equations (1-4) can be written
in terms of the following nondimensional variables:

t=x/h, n=y/h, u*=uhla
T-T
v* = vhia, p* = ph2/pea?, and 0 = £ (5)
ATref

The resulting equations can be rewritten in terms of the stream
function ¥ and vorticity w to yield:

and
Pw w1 /o Wow a9
—+—*=—< “““““ )“Ra— (8)
882 9g® Pr\apof ot dn 3%
where,
V) dv*  du*
N T T L e o
an a¢ at dn

Here, h is the height of the CPC cavity, and Pr and Ra are the Prangy
and Rayleigh numbers respectively as defined in the nomencla.
ture.

Boundary Conditions. For a region surrounded by arbitrarily
shaped solid boundaries, the no-slip condition at the wall yields:

¥|w = constant = 0 (10a)

and

i
= Zero
niw

(10b)

where n is the normal direction at any point along the boundary. In
addition, the temperature or heat flux may be prescribed at different
segments along the boundary. For the CPC geometry shown in Fig.
1, the parabolic reflector walls are assumed to be adiabatic while the
absorber is assumed to be isothermal at a temperature T higher than
the uniform temperature 7' of the cover plate. The sidewalls in a real
concentrator will not be perfectly insulated; deviation from this ideal
condition is design dependent. In addition, we assume the sidewalls
to be perfect reflectors and the cover plate to be perfectly transparent
to radiation so that radiation and convection effects would be un-
coupled. In practice, the reflectivity of the parabolic surfaces will range
from 0.75 to 0.95 [3] so that the sidewalls’ temperature distributions
will be slightly influenced by radiation.

The reference temperature difference AT.q¢ in equation (5) is set
equal to (Ts — T¢) while T is equal to (T + T¢)/2. The boundary
conditions for w are obtained by combining equation (6) and the no-
slip condition (10b) as outlined in Appendix A. A two-dimensional
finite-element program has been developed to solve the above equa-
tions. The method of solution is described in Appendix A.

The finite-element program described in Appendix A has been used
to study natural convection in vertically oriented, two-dimensional
CPC cavities (Fig. 1). Both full and truncated CPC’s with different
concentrations (2.0 < C < 10.0) have been investigated. A summary

(Ts - TL’)

Py oy Results
— D= g, (6)
L2 9n?
P 20w sy o
AEL % I ot 0F an
Nomenclature
A = absorber area
C = concentration ber

D) = element displacement matrix

E = total number of elements

F = function defined in equation (A-1)

F = (M X 1) vector containing the F values at
the different nodes

g = gravitational acceleration

h = CPC cavity height

hean = height of an untruncated CPC cavi-
ty

k = thermal conductivity

K = global conduction matrix

K () = elemental conduction matrix

¢ = aperture width

M = total number of nodes

n = direction of the normal at the bound-
ary

Nu, = average absorber plate Nusselt num-
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N, cona = value of Ny, under no-flow (con-
duction) conditions

(Nu;s)g=« = average absorber plate Nusselt
number corresponding to infinite number
of elements

p = static pressure

p* = nondimensional pressure

Pr = Prandtl number = (v/a)

Q = global generation vector

Ra = Rayleigh number = (g8h3AT o/ arv)

Ragiy = critical Rayleigh number

s = absorber width

T = temperature

T = reference temperature = (T + T;)/2

T, = absorber plate temperature

T¢ = cover plate temperature

AT,er = reference temperature difference =

u = velocity component in the x direction

u* = nondimensional velocity

v = velocity component in the y direction

v* = nondimensional velocity

x,y = Cartesian coordinates

a = thermal diffusivity

8 = coefficient of volume expansion

A = area of triangular element

7 = nondimensional y coordinate

# = nondimensional temperature

v = kinematic viscosity

£ = nondimensional x coordinate

po = density at T

¢ = half acceptance angle

Y = stream function

¥|w = stream function at the boundary (%
Zero)

w = vorticity
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of the main geometrical parameters for the different cases examined
s given in Table 1. In all the following results a mesh of 200 triangular
elements with 121 nodes (Fig. B-1) has been used. The effect of mesh
size on the predicted Nusselt numbers is discussed in Appendix B,
the differences between the predicted values using the 200-element
mesh and those corresponding to the limit of infinite number of ele-
ments do not exceed 10 percent. The mesh size used is a compromise
petween accuracy and computing costs.

Variation of the average absorber plate Nusselt number Nu; cond
with concentration under no-flow (i.e., conduction) conditions is
shown in Fig. 2. These results were directly obtained by solving the
heat conduction equation subject to the temperature boundary con-
ditions described in the previous section. For truncated CPC’s, the
concentration ratios used in Fig. 2 are those which would be obtained
if the CPC’s were to be extended to their full heights. The average
absorber plate Nusselt number Nuy is defined such that the total
convective heat transfer rate from the absorber to the cover plate, g
(watts), is given by: ¢ = NuykA,(Ts — Tp)/h, where k is the thermal
conductivity of the cavity medium and A; is the absorber area.

For a given cavity geometry, if the Rayleigh number exceeds the
critical value, Ragy, the Nusselt number will, of course, be higher than
that given by Fig. 2. Typical results showing the variation of Nu, with
Ra for a truncated CPC with h/hgy = 1/3 and C = 4.0 are given in Fig.
3. These results were obtained using the finite-element program de-
scribed in Appendix A. The critical Rayleigh number is obtained by
extrapolating the convective Nusselt numbers to the conduction limit
as shown in Fig. 3. Results similar to those shown in Fig. 3 have been
used to determine the critical Rayleigh number for the different cases

T
i
m 70
=
)
2 - FULL CPC
i o0
0 g
g TRUNCATED CPC
25 A\
=Z
S 3.0k
o
[
5 L
a
2z
Q 10 1 | ! I
© [ 2.0 4.0 6.0 8.0 10.0

CONCENTRATION C

Fig. 2 Variation of the average absorber plate Nusselt number, Nug cona,, With
conceniration ratio, C, under no-flow {conduction) conditions (See footnote
after Table 1.)
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Flg. 3 Typical results showing variation of Nu, with Ra for a truncated CPC
with &/ fy = 1/3 and € = 4.0
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examined. These results (Fig. 4) show that the critical Rayleigh
number increases markedly with concentration ratio reaching a value
of approximately 7.5 X 105 for a full CPC with a concentration ratio
of 10.0.

Variations of the average absorber plate Nusselt number with
Rayleigh number and concentration ratio for full and truncated CPC
cavities are shown in Figs. 5-7. The Nusselt numbers, Nu,, are nor-
malized relative to their corresponding conduction values Nug eona
while the Rayleigh numbers, Ra, are normalized relative to their
critical counterparts Rac;. For a given value of C and h/hgy, both
Nug cond and Raerie can be obtained from Figs. 2 and 4 respectively.
The results given in Figs. 5-7 clearly show that convection is sup-
pressed in high-concentration cavities where the height/aperture ratio
is quite large (Table 1). Similar results for deep rectangular cavities
with insulating side walls have been reported by Catton [13]. The
restraining side walls affect the stability of the fluid layer and increase
Ragri;. (Fig. 4).

For truncated CPC cavities with h/hgyy = Yaand C = 2.0, the cavity
is sufficiently “wide” so that a double-cell convection pattern is es-
tablished. For all other cases examined here, a stable unicellular

CRITICAL RAYLEIGH NUMBER

10 | ] | |
] 3 5 7 9 i

CONCENTRATION C

Fig. 4 Variation of the critical Rayleigh number, Ray, with concentration
for full and truncated CPC cavities (See foolnote after Table 1.)
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5 4.0
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Fig. 5 Variation of (Mug/Nug cona) With (Ra/Racy) for full CPC cavities
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pattern was obtained regardless of how the solution was initialized
(1.e., even when the solution was initialized with a double-cell con-
vection pattern). Typical plot showing the flow pattern in a cavity with
a concentration of 4.0 at a Rayleigh number of 8.0 X 104 is given in Fig.
8. The temperature distributions along the side walls for different
Rayleigh numbers are shown in Fig. 9.

Discussion and Conclusions

Finite-element methods have been used to study natural convection
in vertically oriented, two-dimensional compound parabolic con-
centrators. Values of the critical Rayleigh number for full and trun-
cated CPC cavities with different concentrations have been obtained.
Generalized charts for estimating the average absorber plate Nusselt
number as a function of Rayleigh number and concentration for CPC’s
with 153, %, and full heights are given. These results clearly show that
convection is suppressed at high concentrations as evidenced by the
high critical Rayleigh numbers (Fig. 4) and the limited fractional
increase in Nusselt numbers above their conduction values for a given
fractional increase in Rayleigh number above Ra (Figs. 5-7).

The generalized charts given in Figs. 5-7 can be readily used to
determine the convective loss coefficients from two-dimensional CPC
cavities. These figures cover wide ranges of concentration (2 < C <
10) and Rayleigh number (2.0 X 103 < Ra < 1.3 X 10%) to be of use in
practical systems (for a 5 cm deep CPC with T = 200°C and T'p =
25°C, Ra = 0.7 X 105). Caution should be exercised in extrapolating
these results since at higher Rayleigh numbers than those shown in
Figs. 5-7 a stable unicellular convection pattern can not be maintained

2.5 - T
~, 2.0}~ C=2 N
=)
A 8
P a L \
= {0 \
~ N\
» 15 —
E) TRUNCATED CPC
=4 Y
~ h=5%3 bhyy
1.0 1 l |
1.0 15 2.0 2.5 30
Ra /Ra_ .
( R cm.)

Fig. 6 Results similar to those in Fig. 5 for truncated CPC cavities with h/hyy
= 2/3 (See footnote after Table 1.)
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1.0 2.0 3.0
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Fig. 7 Results imilar to those in Fig. 5 for truncated CPC cavities with h/hy
= 1/3 (See footnote after Table 1.)
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and the numerical solution diverges. Similar behavior has heen ob.
served for simple rectangular cavities.

The grid size used in this investigation (200 elements) is a reason.
able compromise between accuracy and computing cost. The N usselt
numbers given in Figs. 5-7 are less than 10 percent higher than thoge
corresponding to the limit of inifinte number of elements ( Appendix
B). For a given concentration, the errors decrease with (lecreasing
Rayleigh number reaching less than 1 percent for Ra = Ra;; (Fig, B3),
Experimental verification of the results presented in this paper ig
necessary; however, such data do not exist at this time.
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APPENDIX A

Method of Solution
The steady-state partial differential equations (6-8) are solved
using finite-element methods. These three equations can be written
in the form:
IzF  92F
+ €
ag2 9g?

where F represents either ¢,0,0 with the source term Q(£,3) given by
its respective function from equations (6-8). It can be easily shown
that equation {A-1) is equivalent to the extremisation of the integral
[ given by [10, 11]:

I= ffA E[(Z{’)Z + <%§)2] - Q*(E,n)F}dA (A-2)

The integral is performed over the two-dimensional region, A, of in-
terest. The asterisk superscript in @* indicates that this function is
prescribed and does not participate in the variation process.

The region is divided into E triangular elements with M vertices.
Within each element, the function F is evaluated by linear interpo-
lation between its values at the vertices. Extremisation of equation
(A-2) leads to a set of simultaneous equations of the form [10, 11,
14]:

+QEN =0 (A-1)

(KI[F] = [Q] (A-3)
where K is an [M X M] global “conduction” matrix given by:
E
(K] = ¥ [D@]K@]D®]T (A-4)

e=1

Here D' is the [M X 3] displacement matrix for element e with
vertices I, j, and k so that D’ = D!§) = D{9 = 1 with the remaining
terms in D¢ being zero. The elemental conduction matrix K is a
[3 x 3] matrix whose elements are functions of the vertices’ coordi-
nates (see {14]). The [M X 1] vector T contains the F values at the
vertices while the elements of the [M X 1] generation vector Q are
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functions of the @ values and coordinates of the vertices which depend
on the interpolation scheme used. Detailed description of these dif-
ferent matrices may be found in [14].

For the problem at hand three coupled sets of equations corre-
sponding to the variables ¢, 6, and w are obtained:

K]l¥ = [Qul (A-5a)

(K][0] = [Qu] (A-5b)
and

[K][w] = [Qu] (A-5¢)

These equations are coupled through the generation vectors Qy, Qy,
and Q... The entires of these vectors are functions of , 4, and w values
as well as the coordinates of the M vertices. The global conduction
matrix is the same for all three equations since it depends only on the
nodal arrangement.

The boundary conditions for  and 6 are easily imposed by modi-
fying the matrices K and Q {14]. For boundary conditions of the form
dF/on = @, the K and Q matrices need not be modified [14]. The
stream function has two boundary conditions (equations 10a,b),
namely:

Ylw =10 (10a)
and

J

s =0 (10b)

onlw

The first boundary condition is used in solving equation (A-5a) while
the latter is used to obtain the boundary values for w as outlined
below.

Equation (A-5a) can be rewritten as:

(X1[¥] = [A][«]

where A is a diagonal matrix with A; equal to one third the sum of
areas of all elements surrounding node i. This global area matrix is
deduced from the element generation matrix:

(A-6)

1 0 0 w;

A
[Q&“>]=§ 01 0]«
0 0 1j]wr

When equation (A-6) is solved without any modifications on [K] or
[A]{w], the boundary condition {10b) would be automatically imposed.
In order to impose the other boundary condition (equation 10a),
equation (A-6) is solved in reverse order to obtain values of w on the
boundary:

[A¥][w] = ((K][¥D*

where [A*] and ([K][¢])* are modified matrices using w values for the
internal nodal points. This technique for evaluating the boundary
values for w has been checked using simple rectangular cavities and
found to agree with the second order approximation:

2
(an)?

Equation (A-8) can be readily obtained by expanding ¢ in a Taylor
series around a boundary point and substituting the boundary con-
ditions (10a,b) to obtain y; which is the stream function at a point An
away from the surface, which is then related to w at the boundary
using equation (6).

The procedure for solving equation (A-5a,b,c) is outlined below:

1 Values of § are initialized with the conduction temperature
distribution while ¥ and © values are initialized as zero.

2 Equation (A-5a) is modified for the boundary condition (10a).
The generation matrix Q is evaluated using current values of » and
equation (A-5a) is solved for .

(A7)

(A-8)

W]w =
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Fig. B1 Schematic diagram of the finite-element grid used in this investi-
gation
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Fig. B2 Variation of average absorber plate Nusseit number with the inverse
of number of elements of the grid for a full CPC cavily with C =4 at Ra = 8
X 104

3 FEquation (A-5b) is modified using boundary conditions for 6.
The current values of ¥ and # are used to find @y and equation (A-5b)
is solved for 6.

4 Equation (A-7) is solved with [A] and [K][{/] modified using
current values at the internal nodes to obtain values for w along the
boundary.

5 Equation (A-5c) is modified for the boundary values of w. The
generation matrix [Q.] is evaluated using current values of , #, and
w and equation (A-be) is solved for w.

6 Steps 2 through 6 are repeated until all the nodal values of ¢,
6, and w converge to within 1 percent.
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Table Bl Effect of grid size on computed values of

average absorber plate Nusselt numbeyp

C=20 C=40 C =109
E\ Ra Racm 9 X 103 Racrit 8 X 104 Racm 1.3 X ]00
128 — 2.830 - 5.174 —- 9.689
200 1.639* 2.734 2978  5.005 7.120 9.658
450 — 2637  — 4784  —  Q4gs
800 1.637 2.5698 2.964  4.694 7.120 9.444
wo** 1.637 2.54 2.96 4.58  7.120 9.425

* Table values are Nu,
*E Vglues of (Nug)p= are evaluated by extrapolation using graphs similar 1,
Fig. B2.

1L10 1 | T T
£ Ra
1084 2 9x10° A__Rq
8 e 4 8xi0? 07
-4 oel-m 10 1.3x10° O =
@
=
z
\T\ 1.04 - ~
0
=
Z o2k /2 i
I;/
Vs
i
1.00 "
0.0 0002 0.004 0.006

(Number of Elements)™!
Fig. B3 Effect of grid size on the average absorber plate Nusselt number.
Vajues of (Nu; )=« are obtained from Figures similar to B2 for the different
cases examined

APPENDIX B

Grid Size Selection

In all the results presented in this study, a grid of 200 triangular
elements with 121 nodes (Fig. B1) has been used. This mesh is selected
as a compromise between accuracy and computation cost. Here, we
investigate the effect of grid size on the predicted values of average
absorber plate Nusselt number. Fig. B2 is a plot of Nu, versus the
inverse of number of elements in the mesh for a full CPC with a con-
centration of 4 at a Rayleigh number of 8.0 X 10% Different mesh sizes
with up to 800 elements are compared; these are all arranged in a
manner similar to Fig. B1. The results are extrapolated to the limit
of infinite number of elements (Nu, = (Nug)g=«). Similar plots have
been prepared for C = 2, 4, and 10 at the corresponding highest and
lowest Rayleigh numbers examined in this investigation. A summary
of these results in given in Table B1. Fig. B3 is a plot of Nu,/(Nu)g=«
for those different cases. The lowest Rayleigh numbers correspond
to the conduction limit (Ra = Ragy.). For a given concentration, the
errors decrease as Ra is decreased reaching a value of less than 1
percent for Ra = Ragy;. Fig. B3 clearly shows that the results ohtained
in this investigation are within 10 percent of those for infinite number
of elements. The results presented in this paper should be verified
experimentally; such data do not exist at this time.
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Convection in an Enclosure-Source
and Sink Located Along a Single

Horizontal Boundary

Laminar natural convection in a two-dimensional enclosure with both source (uniform
heat flux density) and sink (temperature specified) located on the top horizontal bound-
ary is investigated numerically. Temperature and velocity profiles are presented for a
high Prandtl number fluid for length Rayleigh numbers in the range 107 to 109 for length
to depth ratios of 1:1 to 4:1. To generalize the results, an order of magnitude analysis is
used to determine the dependence of temperature, velocity, and boundary-layer thickness
scales on aspect ratio and Rayleigh number. The numerical data are well correlated using
these suggested scales. The analysis shows the Nusselt number and the maximum hori-
zontal velocity to depend on the 1/6 and 1/3 powers of the Rayleigh number, independent

of aspect ratio.

Introduction

In large Rayleigh number, steady natural convection flow within
an enclosure, boundary layers will exist in the regions near the sources
and sinks of energy.The core, or remainder of the volume of interest,
will be partially or wholly enclosed by the boundary layers and will
interact with them through energy, momentum, and material ex-
change. Many prablems have been studied where the source and sink
are isolated from one another. Two popular examples are the Ray-
leigh-Bernard problem-—heating from below and cooling from above,
and the Batchelor problem—heat exchange between isothermal
sources and sinks located on opposite vertical boundaries of a rec-
tangle. In both problems the boundary layers interact only indirectly
through the core. Their solutions, functions of three dimensionless
parameters: Rayleigh number, Prandtl number, and aspect ratio, have
been studied by analytical, experimental, and numerical methods [4,
8].! Both the numerical and experimental techniques are time con-
suming, in that many cases are required to obtain a general solution.
For this class of problems, matched asymptotic methods have proved
useful for treating limiting cases of high and low parameter values.
The techniques depend upon ascertaining the functional form of the
core solution and then matching it with boundary layer solutions
developed for the source and sink regions.

A class of problems which has been less studied has the source and
sink located directly adjacent to one another. Examples of important
physical situations which are influenced by these boundary conditions
include atmospheric and oceanic circulation [9], convection within
the earth's mantle [6], and the circulation of fluid within glass melts

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division and presented at the ASME-
AIChE Heat Transfer Conference, St. Louis, Mo., Aug. 9-11, 1976. Manuscript
received by the Heat Transfer Division February 3, 1977.
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[3, 5, 7]. These problems depend on a multiple set of dimensionless
parameters; thus their solution by experimental and pure numerical
means is resource consuming. In addition, matched asymptotic
methods are less useful because the source and sink boundary layers
are directly coupled.

This paper treats the natural convection of a high Prandtl number
fluid (Pr > 1) within a rectangular enclosure which is both heated
{uniform heat flux density) and cooled (isothermal sink) from above.
The problem is among a class of problems that has been described
previously [7]. That paper stressed modeling criteria for industrial
glass melting furnaces, and presented a comparison of compuied and
experimental results for a single set of parameters. This paper ex-
amines the details of the boundary layer flow caused by the special
boundary conditions with the objective of establishing the solution
dependence on the aspect ratio and Rayleigh number parameters.
Although the solution method is numerical, the emphasis of the paper
is not on numerical techniques, but on how an understanding of the
boundary layer physics (obtained here by examining a single repre-
sentative solution) can be used with an order of magnitude analysis
to develop a solution which is valid over a wide range of parameter
values.

Problem Statement

The problem of interest is described mathematically by the conti-
nuity equation, the Navier-Stokes equations as modified by the
Boussinesq approximation, and the energy equation, each assumed
to be at steady state and two-dimensional, together with the relevant
boundary conditions:

oU oV
=0 (1
oX ' oY
o ovU P
l("”+°”‘)=—°——kao+wu @
PrioX = oY oX
_I_(M+ﬂ)=__a.£+v2v (3)
PrioXx = oY oY
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0 Ve
ous ava_ o, "
2X | oY
Y
Y=0,24,05X<1 U=sV=—=0
20X
0
osy<oax=1 U=v="0_9¢
X
0SY<AX=0 U=V=0=0
26
ASY<2AX=0 U=V=0, —=-—1 (5)
X

In the above equations, constant fluid properties are assumed with
the dimensionless variables being defined in the nomenclature. As
shown in Fig. 1, the boundary conditions include insulated, no-slip
walls for the left, right, and bottom boundaries of the enclosure. The
source-sink energy pair which drives the flow is located on the top
boundary. The sink, described by a constant temperature, is located
on the left half, while the source, a constant heat flux density, occupies
the right half. Along the entire top boundary, both horizontal and
vertical velocity components are taken to be zero.

Method of Solution

The above problem was solved for different Rayleigh numbers (Ra
= 107, 108, 10°) and aspect ratios (24 = 1, 2, 4) at a large, fixed Prandil
number (Pr = 1019) by iterative finite difference techniques. Rather
than working directly with equations (1) to (3), the stream function
concept was introduced to satisfy (1) directly, and equations (2) and
(3) were combined to eliminate pressure as a variable:

U=9.'£ V:._ﬂ (6)
dY 2X
172 ) Y
e S 2 I S 2, o —_— 2{ -T2,
Pr[aX( Uv ¢)+ay( Vv \p)] Raay+V( vay) (T
Y=0,24, 0<X<1 ¢=9-‘k=0
dY
oy
0 =< <2 = 1 = e == 8
Y<24, X=0,1 ¢ 5X 0 8)

The spatial discretizations for equations (4) to (8) were obtained by
sectioning the region of interest into 600 (20 X 30) unequally sized

SINK 38
9=U=V=00 a—x—hmo U=v=00
L
Y.V e A
1 e = T =
1 PN o e e o R e -
XU B T =y
1N N N
il ] -
{any] ]
Jiry s v 1 1
4 = S
: ag i ai 1 A
Ml 90 _y.v-00 __ 8 . y=ve00-
[8\; u 0.0 3v =U=V=00 ="
HH \'\ L ]
Y | i
29 _y.v-00
9 X
Fig. 1 Problem geometry and boundary conditions

Hence, the flux density (in the X direction) of a scalar (0 or —v2y)
across a vertical zone boundary was approximated as:
|U|+U_0“]U|—U_

: 0ij— 0i—i,
ix {61 . .
lJ 2 Y AXi-1/2

where U = U;—1/9,; is the vertical velocity component evaluated on
the zone boundary, and AX;_1s is the spacing between the centers
of zones (i, j) and (i - 1, j). The zone boundary velocities were ob-
tained by first bilinearly averaging the zone center stream function
values to obtain values on the zone corners, and then applying the
difference analogs of equation (6) to those corner values. The vertical
component of the vorticity in equation (7) was approximated as:

1o — iy . Vier,j — iy

AXi | AXi—ye AXiv1/2

where AX; is the spacing between zone boundaries. Equations (8)
were satisfied using reflection boundary difference formulations.
Hence, on the top boundary, the vorticity was:

rectangular zones, and then using conservative difference formula- 8 Y
tions for the energy and vorticity (w = —V2y) transport equations. (AX )2 7
Nomenclature
L ulH . . . . k(T - T . .
A= o geometry factor related to aspect u, U = — = dimensional and dimensionless  § = KT = To) m 0 = dimensionless
« q
ratio (= 24) vertical velocity temperature )
g = gravitational constant ” v = kiner'natlc viscosity
H = enclosure depth v, V= e dimensional and dimensionless # = density

k = fluid thermal conductivity «

L = enclosure half length horizontal velocity Vo= % = dimensionless steam function
M = number of grid zones used in vertical

direction (= 20 for this work) x . ) ) ) value -

(p - po)H? x, X = E = dimensional and dimensionless = —v2y = dimensionless vorticity
p=-E"PYT _ fimensionless pressure .
pav vertical position

Pr = v/a = Prandtl number (= 1010 for this y i ) ) ) Subscripts and Superscripts

work) y, Y= E = dimensional and dimensionless ¢ = scaling quantity (see equations (16-
g = heat flux density at source . . 20))

gBqH* . horizontal posmol.] 0 = sink temperature .

Ra= vm = depth Rayleigh number « = thermal diffusivity * = modified dimensionless variables

Ray, = length Rayleigh number
T = temperature

206 / VOL 100, MAY 1978

B = coefficient of thermal expansion
§ = dimensionless length scale for boundary
layer

(equation (26)) .
+ = modified pressure superscript (equation

(10))
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Approximations to the various horizontal derivatives were similarly
obtained. The buoyancy source term in equation (7) was estimated
using the second order correct difference formulation:

. AYjri/e
AYjerpg+ AYjpip AYjoyp

0ij —~ 0 j—1

R

AYj_1/2
AYjeyz+ AYjr1e

Oij41— 0;',]}
AYjeis

The relative zone dimensions, shown to scale in Fig. 1, were the same
for each of the numerical solutions. The zone depths, which varied
in a continuous manner, were chosen so that at least 7-8 zones would
be within the region occupied by the top thermal boundary layer.2
(The equation describing the variation of zone depth with vertical
distance is In AX; = 2.300 sin? (#/2({ ~ 1)/(M — 1)) — 4.465 = 1, M.)
7one lengths also varied continuously with horizontal distance so that
smaller zones were located near the left and right boundaries and near
the point (0, A) where the top boundary condition changed abrupt-
ly.

" Steady-state solutions to the difference equations were obtained
using alternating direction implicit line over-relaxation techniques
for equations (4) and (7). Starting with an existing solution valid for
different Ra and A, or with an isothermal motionless fluid, conver-
gence for a particular numerical run was achieved within 200-300
iterations. Convergence was ascertained both by examining the re-
sidual error of the difference analogs to equations (4) and (7), and by
computing a heat balance for the enclosure. The final residuals were
1074 to 10~ times the order of magnitude of the important terms of
equations (4) and (7), while the heat balance closed within 0.1 percent
(Details on the numerical procedure are available [1]). The numerical
program has also been checked using data obtained from laboratory
glycerin models, operated at high Rayleigh number, but with different
endwall boundary conditions [7].

Base Case Solution

Shown in Figs. 2(a), (b), and (c) are contour plots for 4, ¢, and P for
the base case solution (Ra = 108 and 24 = 2). The boundary layer
nature of the solution is immediately evident from the isotherm and
streamline plots. Several regions are discernable. The core is largely
isothermal—within the bottom 80 percent of the enclosure; the
temperature differential is less than 8 percent of the maximum tem-
perature (0.117 in the upper right corner). The core temperature is
not that of the sink. For example, the lower right corner temperature
of 0.019, representative of the core, is 16 percent of the maximum
temperature. Under the source, isotherms are closely spaced and
nearly horizontal where energy is being conducted inward from the
houndary. Fluid is being entrained upward into the boundary layer
at a nearly uniform rate to accept this energy (| Upax| = 20 to 30). Flow
under the top boundary is right to left with the maximum horizontal
velocity component (V) increasing more rapidly than linearly as the
boundary layer thickness thins slightly near Y = 1. An inner thermal
houndary layer develops from the leading edge of the sink as the hot

2 [t is the author’s experience that relatively crude core zoning (roughly 10 X
10 zones) yields reasonably accurate results, provided the boundary layers are
adequately resolved. This conclusion is based primarily on experimental evi-
dence from a related problem [2, 7]. An indicator of the truncation error in-
troduced by the finite mesh size is provided in Fig. 5; where the vertical velocity
down the left wall is plotted for the largest velocity case (Ra = 10%and A = 1)
for three different nonuniform zoning arrangements (1200, 600, and 345 total
zones, respectively). As can be geen from the figure, there is good agreement
between the maximum velocities predicted using the intermediate and finer
zoning arrangements; but that the boundary layer thickness (and maximum
streamn function value) decreases slightly as the zoning is refined. The agreement
between the temperatures was much better-—the maximum temperature varied
about one percent between the three grid arrangements. Additional support
for the accuracy of the numerical solutions comes from the correlated results
of Table 2 and Fig. 4. For the different cases (all computed with the same grid
system), the boundary layer thickness varies by a factor of four; and yet the
torrelations remain valid. If the zoning were inadequate, one would expect that
the high and low Rayleigh number results could not be so well correlated.
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TEMPERATURE FIELD FOR RUN NUMBER 52

(0117, 0.0,00117)

A

STREAM FUNCTION FIELD FOR RUN NUMBER 52

(46,9, 00, 4.69)

PRESSURE FIELD FOR RUN NUMBER 52

5 4 a4
(618 x10, -596 x10, 678x10 )

Fig. 2 Contour plots for the base case-—A = 1, Ra; = 10° (each plot con-
tains 11 equally spaced contours. The maximum (*) and minimum (¢ ) values
and the increment between contours is noted below each plot)

fluid is cooled from above. Material continues to be entrained into
the outer boundary layer under the sink up to a point (0.202, 0.143)
near the upper left corner. Between Y = 1 and Y = 0.143, V increases
less rapidly than linearly as the outer boundary layer thickens. At the
latter horizontal position the maximum horizontal velocity is 401, and
the total circulation (Ymax) is 47.9. The flowing material turns
downward in the upper left corner, and returns to the upper left region
of the core with residual energy (with reference to the sink tempera-
ture) rather than descending the entire left wall.

The pressure contour plot (Fig. 2(c)) also shows the boundary layer
nature of the solution. Pressure is highest under the energy source,
and decreases right to left due to the drag of the fluid on the top
boundary. Moreover, within the core, the horizontal pressure gradient
is small. The pressure field is not normally calculated using the al-
gorithm described earlier. However, for purposes of providing physical
insight, the pressure field was calculated by solving:

a1 [ o soUU dVU
vip= —Ra oo S (32420
X PrloX \ oX oY
2 uv |4
+_<9__+9Y_.)] ©
Y \ oX oY

with boundary pressures being obtained by line integration of equa-
tions (2) and (3) around the boundary with one modification. P in
equations (2) and (3) is the pressure differential from that of an en-
closure filled with motionless isothermal fluid at the sink temperature.
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Since much of the core is largely motionless and isothermal at a
temperature above that of the sink, a linear vertical pressure gradient
will exist in the bottom of the enclosure, which will not drive any flow.
Hence, the quantity P* is plotted in Fig. 2(c):

P+*=P-—Ra-X-0(1,2) (10)

The line integration of equations (2) and (3) around the enclosure
provides a check of the flow solution which is analogous to that of the
overall energy balance. The results presented in Fig. 2(c) closed within
0.3 percent.

Order of Magnitude Analysis

Equations (1) and (5) are improperly scaled in the sense that since
H, af/H, qH/k, and pav/H? do not reflect the magnitudes of the
boundary layer thickness, the absolute velocity, and the temperature
and pressure differentials within the enclosure, one cannot judge the
relative magnitudes of the various terms in the equations. However,
the base case solution can be examined to ascertain this information
for different sets of simplified equations and boundary conditions.
In regions I and II, as shown in Fig. 1, pressure and buoyancy forces
balance in the vertical direction, whereas pressure balances viscous
forces in the horizontal direction. For the energy equation, vertical
conduction and both horizontal and vertical convection are important.
Thus the regions are described approximately by:

U oV
LA W
20X oY
13
0= - oF _ Raf (1)
oX
oP 2%V
0 ——+ (12)
Y X2
o(Us)  a(Ve 220
2w | 20 _ 0% ”
20X dY 2X2
Boundary conditions include:
X=0, ASY=<24 U=V=0
b
—_— = ]
X
X=0, 05Y=<A U=V=06=0
X large, 6 — const. V= Vg
Y=24 V8=0 (14)

In addition 8, V, U, and P must match at the interface of regions I and
IT. Additional terms are required for regions III and IV because the
boundary conditions U = V = 0 at Y = 0 are inconsistant with the
above equations. Diffusion (of both energy and momentum) in the
flow direction may still be neglected; but because of the impermeable
no slip wall, all second derivatives in equations (2) to (4) are required
in region ITI and all but 9?U/0X2and d2V/0.X % are required in region
IV. In the core (region V), all second derivatives are small. Because
of fluid drag down the left wall, material returns to the core in a region
elevated above the enclosure bottom.

The question arises as to whether the dynamics of regions I and
II are affected by those of regions I1I and IV. Since the inertial mo-
mentum terms are always small (Pr = 109), regions III and IV can
influence region I only by affecting the core temperature and pressure
distributions. If 8.4 (seen to be constant in Fig. 2(a)) does not ap-
proach O,y for increasing Ra and A4, or more precisely if:-

0C0ru

= @ (1 or less) (15)

Bmax - acore
then the dynamics of regions Il and IV will be forced by those of re-
gions I and II. Hence, the overall boundary layer distance, velocity,
temperature, and pressure scales can be deduced simply from equa-
tions (1) and (11) to (14). Let 8, V;, Uy, 8,, and P, be these unknown
scales. In addition let L/H = A be the proper length scale for the Y
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direction within regions I and I1. Then, an order of magnitude analysjg
suggests that

U, Vs
Y ~ N (16)
%_ =~ Rab, amn

P, Vi
2 e (18)

Usbs  Vibs 6
5 A4 s (19)
In addition, the source thermal boundary condition requires that
bn (20
6

These represent five independent algebraic expressions that may he
solved to obtain the unknown scale factors. The solution is

5= 0, = A/3Ra-1/6
U, = A—1/3Ra1/6
V, = A1/3RalA
P, = A2/3Ra2/3 (21)

Rescaled, equations (1) to (4) become

oU*  avr "
aX* oY )
+0*xe[_l<aUU OVU>
oX* Pr\ oX* = oy*
Q2 | QU
bt aY*?] ~0 (23)
oP* ot 1 <aU*V* VAN L L OVE
aY* aX*?  Pr\ oX* = oY+ ) Covez
dURGE  oV*ex  o%* 2%0*
+ 2 (25)

oX* | oY+  oX*? © oy#r

where ¢ = Ra;, ~1/6. From these equations, the new dimensionless

variables

U = % Ray, -8 Yx= U_L. RaL-l/a
@ o
—~ po)L2
pr = (_R.__BP_)_ RaL -2/3
pay
k(T — T
( o) Ray
qlL
should be of order 1[@(1)] in regions 1 and 11, and should be functions
of the variables

g% = 1/6 (26)

X+ = % Ra /6 Y+ =y/L

independent of Rag, Pr, and A, provided that
Pr,Ra; /8 Ra; 1/8/4 > 1 @n

The last condition is that the ratio of the enclosure depth to boundary
layer thickness is large.

Parameter Study

Additional numerical runs were obtained for Rayleigh numbers of
107 and 10° at fixed aspect ratio (24 = 2) and for aspect ratios of 1.0
and 4.0 for a fixed length Rayleigh number (Rar, = Ra-A4). Contour
plots of the temperature and stream function fields for these runs aré
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shown in Fig. 3 while selected tabular results are given in Table 1. By ~ Runs 45 and 49 emphasize the boundary layer nature of the problem
examining first Fig. 3 and comparing it to Fig. 2, one can see the ex-  even more clearly than run 52. fyax in Table 1 is the inverse of the

istence of each of the regions discussed for the base case (Run 52).  Nusselt number:

<\f‘ =

%—&_——*—j

TEMPERATURE FIELD FOR RUN NUMBER 48 TEMPERATURE FIELD FOR RUN NUMBER 45

(0.0782, 00, 0.00782)

( 0474, 0.0, 0.0174 )

STREAM FUNCTION FIELD FOR RUN NUMBER 48 STREAM FUNCTION FIELD FOR RUN NUMBER 45
(720,00 7.20)

{ 29.8,00, 298)
RUN 48 - Ra_ = 107, A=t RUN 45 -Ra, =10%, A=1

Qﬁ@

TEMPERATURE FIELD FOR
RUN NUMBER 49

(0.0566, 0.0, 000566)

TEMPERATURE FIELD FOR RUN NUMBER 50

(0239,00,00239)

\

N

=0

|

Jo

"

STREAM FUNCTION FIELD

STREAM FUNCTION i RUN NUM
C FIELD FOR RU UMBER 50 FOR RUN NUMBER 49

427, 00, 4,
¢ 4279 (482,00, 4.82)

8
RUN 50~ Ra =107, A=2 RUN 49 -Ra_ =108,A=1/2

Fig. 3 Effect of Rayleigh number and aspect ratio on isotherms and
streamlines
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k (Tmax )
qH

Thus, for the cases run, the Nusselt number varies between 4.2 and
17.7. By the nature of the problem, the maximum temperature always
occurs in the upper right corner of the enclosure. The reported value
of 8,0re is for the lower right corner. The maximum stream function
values and the locations are given in the last two columns.

In Table 2, fmax, Bcore, and Yimax are rescaled according to equation
(26). In column 3, 6* .y is of @ (1) and varies about 5 percent for the
five cases studied. Similarly ¢*max (= Ymax'Rar ~1/6) has the correct
order of magnitude; however, its maximum to minimum variation is
about 15 percent. The X* and Y* coordinates of the location of the
eye agree for the runs at fixed Ray, with varying A. (The variation of
X* is due to the fact that a fixed zoning arrangement was used for all
five runs—this probably also explains the Y*ma variation.) However,
the Y* coordinate is a function of the length Rayleigh number. This
is not unexpected since the Y length scale for regions TII and TV should
be more closely related to & than to A.

An additional test of the validity of the order of magnitude analysis
is shown in Fig. 4. Here, 0* and V* are plotted as a function of X* for
6 values of Y*. The range of the abscissa (0 < X* < 5) of Fig. 4 covers
depths between 0 and about % to 1 of the enclosure—see column 2
of Table 2. On the whole, the agreement is excellent, both in the
magnitude of #* and V* and the variation with X*,

The poorest agreement in Fig. 4 exists in the velocity traverse at
Y* = 0.25, where V* is high for run 46. This is due to the fact that the
Y* coordinate of the eye is 0.204 for this run, while it is 0.143 or less
for each of the other four runs. Since extra fluid circulates around the
eye due to the dynamics of regions III and IV, this is expected. One
other point about Fig. 4 should be noted. The temperature traverses
for the six values of Y* plotted are all approaching the same limiting
value (=~0.38) for large X*. However, that limit is approached from
different directions for Y* = 0.0, (6*(X*, 0) < 0.38) and the other
5 values of Y* (for example 6*(X* > 2, 0.25) > 0.38). The result is that
a horizontal temperature gradient exists in depth near the left wall
of the enclosure. It is because of this temperature gradient that the
deep secondary cell of run 49 exists.

From the above results, it is clear that the Nusselt number ¢H/
k{(Tmax — To) and the dimensionless horizontal velocity (vH/«) will
scale as H/L-Ray, /6 and H/L-Ra;, /3 respectively so long as equations
(1), (11) to (14) and (27) continue to hold. This will be true provided
that the solution remains two-dimensional and steady and that the
neglected terms in equations (11) to (14) are small. Experimental
evidence with a glycerin (Pr ~ 5000) model suggests that three di-
mensional motion will exist under the sink due to the cooling from
above for Rayleigh numbers of order, 107. Roll cells, of nearly circular

Omax

Tablel Effect of parameter variation on selected

results
Run omax Hcore ‘#max
Number Ray, A X102 value (X, 7)
50 108 2 23.87 3.99 427 (0.362,0.286)
48 107 1 17.40 292 29.8 (0.299,0.204)
52 108 1 11.70 1.87 469 (0.202,0.143)
(Base Case)
45 109 1 7.82 1.19  72.0 (0.135, 0.099)
49 108 Y 5.66 0.89 48.2 (0.089, 0.072)
Table 2 Rescaled selected results
Run \b*max
Number Rapl/6/A  0* oy 0%core value  (X*, Y*)
50 10.8 2.57 0.43 198 (3.91,0.143)
48 14.7 2.56 0.43 2.03  (4.40, 0.204)
52 21.5 2.52 0.40 2.18 (4.34,0.143)
(Base Case)
45 31.6 2.47 0.38 2,28  (4.27,0.099)
49 43.1 2.44 0.38 2.24 (3.84,0.143)
210 / VOL 100, MAY 1978

cross section, with their axes aligned with the major flow (Y) direction,
develop in region II. However, these do not appear to drastically affect
the temperature and velocity scales suggested by equations (16) tq
(20). Experimental evidence [2] suggests that vH/a and 0 ~ .., can
be accurately predicted using the two dimensional model, but that
Bcore is lowered somewhat. Physically, the effect is one of increasing
the effective length of the sink surface.

Conclusions
Natural convection, in a two-dimensional enclosure with both
source and sink located along the same horizontal boundary, has been

@
E
o
o
3
-
a
T
¥
e
aoid o 0.00 |
ad it e bty e Ot g -
saere 1 i ! |
o] 1 2 3 4 5
*
X
.
T =
o
x
3
*..
>

2
* X "e
L

X = -Rap

Fig. 4 Rescaled temperature and velocity iraverses (note that the zero polnt
along the ordinate for each traverse Is displaced for clarity)

o 04 08 a2 16 20 .24
T T T

4008

F\‘O:'IOQ A=t

- 2 -
3‘ Grid ¥amax Oprax X 10
(-;. 800 © 20x60 658 7.80 -
- A 20x30 72.0 7.82
2 0 15x23 81.6 7.84
1200 -
! { 1 L L i 1 L 1 L | I B

Filg.5 Dependence of vertical velocity on zoning arrangement (the chosen
X value, 0.135, is the X coordinate of the location where the stream function
Is a maximum)

Transactions of the ASME

Downloaded 21 Dec 2010 to 193.140.21.150. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



investigated numerically as a function of Rayleigh number and aspect
ratio for a high Prandtl number fluid. The solutions to the problem
all exhibited the same boundary layer behavior in a narrow region
under the top boundary. This information was used in an order of
magnitude analysis to deduce not only the Rayleigh number and as-
pect ratio dependence of the Nusselt number, but also to develop a
general two dimensional solution.

Acknowledgment

This work was sponsored by the National Science Foundation
(Grant ENG 73-0832). The authors gratefully acknowledge the par-
ticipation of N. W. E. Curlet, H. C. Hottel, J. L. Kim, A. F. Sarofim
and K. J. Won in discussions pertaining to the material covered in this

paper.

References

1 Clomburg, L. A. Jr,, “Mathematical and Experimental Modeling of the
Circulation Patterns in Glass Melts,” Sc.D. Thesis in Chemical Engineering,

Journal of Heat Transfer

M.LT., Cambridge, Mass., 1971.

2 Curlet, N. W, E,, “Experimental and Numerical Modeling of Three Di-
mensiona} Natural Convection in an Enclosure,” Sc.DD. Thesis in Chemical
Engineering, M.IT,, Cambridge, Mass., 1976.

3  Goodson, R. E., “Modeling for Automatic Control and Process Design,”
Automatic Control in Glass, R. J. Mouly, ed., International Federation of
Automatic Control, Pittsburgh, Penn. 1973, pp. 74-92.

4 Koschmieder, E. L., “Bernard Convection,” Advances in Chemical
Physics, Vol. XX VI, Interscience, New York, 1974, pp. 171-213.

5 Leyens, G., “Contribution to the Calculation of T'wo-Dimensional Con-
vection Currents in Continuous Glass Tank Furnaces, Part 1.,” Glastech. Ber.,
Vol. 47, 1974, pp. 2561-259.

6 McKenzie, D. P., Roberts, J. M., and Weiss, N. O., “Convection in the
Barth’s Mantle: Towards a Numerical Simulation,” Journal of Fluid Mech.,
Vol. 62, 1974, pp. 465-538.

7 Noble, J. J., Clomburg, Jr., Sarofim, A. F. and Hottel, H. C., “Mathe-
matical and Experimental Modeling of the Circulation Patterns in Glass Melts,”
ASME JOURNAL OF HEAT TRANSFER, Vol. 94, 1972, pp. 145-154.

8 Ostrach, 8., “Natural Convection in Enclosures,” Advances in Heat
Transfer, Academic Press, New York, 1972, pp. 161-227.

9 Schneider, S. H. and Kellogg, W. W., “The Chemical Basis for Climatic
Change,” Chemistry of the Lower Atmosphere, Plenum, 1973, pp 203-249.

MAY 1978, VOIL. 100/ 211

Downloaded 21 Dec 2010 to 193.140.21.150. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Lun-Shin Yao

Free-Forced Convection in the
Entry Region of a Heated Straight
Pipe

The developing flow in the entry region of a horizontal pipe whose temperature is held
constant and higher than the entry fluid temperature is analyvzed. The asymptotic solu-
tion of the developing flow near the entrance of the heated straight pipe, distance 0(a),
is obtained by perturbing the solution of the developing flow in an unheated straight pipe.
The displacement of the boundary layer induces radial-directional and dowmeard motion
of the fluid particles in the inviscid core flow. The combination of these tico motions re-
sults in two vortices developing along the pipe. The temperature in the core flow equals
the entry fluid temperature. The forced convection boundary layer is affected by the
buoyancy force and the axial pressure gradient induced by the boundary-layer displace-
ment, and so is the heat transfer rate. The axial velocity has a concave profile with its
maximum off the center line near the entrance, and it grows toward a untformly distribut-
ed profile downstream. The downward stream caused by the displacement of the secon-
dary boundary layer forces the axial velocity profile to turn counterclockwise continuous-
Iy along the pipe if the flow is from left to right. The competition of two displacement ef-
fects supplies the physical explanation of why the flow pattern and the temperature dis-
tribution in heated pipes differ due to different degrees of heating.

The Rand Corporation,
Santa Monica, Calif.

Introduction

The laminar flow convective heat transfer in a pipe has been a re-
search topic for about half a century. Continuous efforts have been
devoted to the topic due to its practical applications in various engi-
neering systems. It has been found that natural convection and
variable material properties play important roles in the heat transfer
and the fluid flow in a heated pipe. Frequently the prediction of the
heat transfer by forced convection alone, without considering the
secondary flow, can cause large errors.

In this paper, the hydrodynamically and thermally developing flow
(entry flow) in a heated straight pipe is studied. The previous works
of the hydrodynamically and thermally fully developed pipe flow, and
the hydrodynamically fully developed but thermally developing pipe
flow will be reviewed in order to elucidate the physics of the hydro-
dynamically developing flow in a heated straight pipe. Since the flow
in heated pipes is similar to that in curved pipes, the corresponding
works of the fully developed flow in curved pipes are also briefly re-
viewed in order to point out their similitudes.

Morton [1]! found that the flow in a heated straight pipe is similar

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for Publication in the JOURNAL
OF HEAT TRANSFER. Manuscript received by the Heat Transfer Division
August 25, 1977,
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to that in a curved pipe. He followed the similar expansion techniques
developed by Dean (2, 3] in solving the problem of a fully developed
flow in curved pipes and was able to give the solution of laminar
convection in uniformly heated horizontal pipes. He showed that the
expansion parameter is the Rayleigh number, Ra (or the Grashof
number, Gr). However, for a constant wall heat flux condition the heat
transfer is enhanced by the speed of the flow and the length of the
heated pipe. Therefore, the flow velocities and the heat transfer also
depend on the Reynolds number, Re. Consequently, the solutions of
constant wall heat flux depend on the product of the Rayleigh and
the Reynolds numbers, RaRe. The Morton solution is only valid when
RaRe, the ratio of the buoyancy force and the viscous force, is small
in a heated pipe. When ReRa is large, viscous forces are important
only in a thin boundary layer near the wall, and the motion outside
the boundary layer is mostly confined to planes parallel to the plane
of symmetry of the pipe. With these observations and assumptions,
Mori and Futagami (4] presented a theoretical model similar to
Baura's ideal [5] for the curved pipe flow of large Dean number, the
ratio of the centrifugal force and the viscous force; the Nusselt number
abtained from their model agrees well with their experimental data.
Hong and Bergles (6] applied the model to study the effect of the
temperature-dependent viscosity. Another interesting character of
the flow in heated pipes, revealed by Mori, et al. [7] is that the sec-
ondary flow generated by heating can suppress the turbulence level
when the inlet turbulence level is high and can enhance it when its
level is low at the inlet. They also found that the critical Reynolds
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number of the flow in heated pipes converges to a value approximately
equal to 3.8 X 102 at ReRa = 5 X 10° independently on the inlet dis-
turbance level. A similar phenomenon was observed by Taylor [8] for
the flow in curved pipes.

Ou and Cheng [9] studied the thermally developing flow and as-
sumed that the axial velocity, parabolic profile is not affected by the
puoyaney force. This limits their study for small Ra, or very close to
the thermal entrance. For large Ra and away from the thermal en-
trance, the secondary flow streamline predicted by their analysis
skews in a direction opposite to that observed by experiments. Hong,
et al. [10] took the same assumption but argued that the effect of the
secondary flow on the axial velocity profile can be neglected when Pr
is large. Siegwarth, et al. [11] studied the effect of Pr and found that
the interaction between the core flow and the boundary-layer flow
seems negligible when Pr — «. But they concluded from their ex-
periment that their solution for Pr — « with large core velocity does
not exist. In general, the interaction of the core flow and the bound-
ary-layer flow is important for the pipe flow due to the finite cross-
sectional area of the pipe even when Pr is large. This phenomenon can
be explained and better understood from the mechanism of the flow
development in the entry region of a heated straight pipe presented
in this paper.

In general, the perturbation solution is valid when the governing
parameter is small, and the boundary-layer asymptotic solution is
good when the parameter is large. In the middle range, the finite
difference solution [12, 13] can provide satisfactory results. However,
it should be noted that the numerical damping introduced by the fi-
nite-difference discretization maintains the validity of the finite-
difference solution only when the governing parameter is not too large.
In fact, Collins and Dennis [14] have proved that the finite-difference
solution of a fully developed curved pipe flow presented by Greenspan
[15] has a large error introduced by the numerical damping when Dean
number is not small.

In this paper the entry-developing flow in a heated straight pipe
under the conditions of constant wall temperature is studied. Hieber
and Sreenivasan [16] studied the problem for Pr — «, They neglected
the interaction of the core flow and the boundary-layer flow. As
pointed out by Siegwarth, et al. [11] the existence of the solution for
Pr — = is questionable. The reason becomes clear in the following
analysis. The wall of the pipe is maintained at a higher temperature,
T, the inlet fluid temperature, T;,. The governing parameters of the
problem are (see equations (2)):

Re, Gr, Pr, « (1)

The solution we will present is obtained by perturbing the entry
flow in unheated straight pipes. Atkinson and Goldstein [17] gave the
first solution of the developing flow in the entry region of an unheated
straight pipe. Later, Van Dyke [18] pointed out in his study of the
entry flow in a channel that Atkinson and Goldstein’s solution is not
valid near the entrance of the pipe. Also, in his paper, Van Dyke in-
dicated the correct asymptotic expansion procedure for the entry

Nomenclature

=

developing flow. Independently, a similar, more detailed mathe-
matical analysis was given by Wilson [19]. The zeroth order solution
presented in this paper is obtained by following this procedure. A
comprehensive summary of the similitude between the developing
flow in a heated straight pipe and in an unheated curved pipe was
given by Yao [20].

Heated Straight Pipe

It should be noted that the fully developed flow in heated straight
pipes under the condition of constant wall temperature is simply the
Poiseuille flow. This is because the fluid temperature is identical to
the wall temperature at the fully developed stage. The developing flow
in heated straight pipes can be categorized into the following three
cases:

1 When ¢ and Gr are small, the entry flow deviates slightly from
the developing Poiseuille flow. There are two regions, 0(a) and 0(aRe),
which are similar to the entry flow in an unheated straight pipe
[20].

2  When eis small and Gr is large, the axial characteristic lengths
are 0(a), and 0(a/V¢), and 0(aRe). The secondary flow becomes one
of the dominant flow components as the fluid moves into the region
of 0(a/v¢). Further downstream, the difference between the wall
temperature and the core flow temperature decreases, and the flow
gradually approaches the Poiseuille flow in the region of 0O(aRe).

3  When ¢ is large, the region of 0(a) does not exist. There are two
regions, 0(a/v/¢) and 0(aRe), which are similar to case 2.

The solution presented in this paper is limited to the region distance
0(a) from the inlet for constant wall temperature. The solution exists,
apparently, when ¢ is small. It should be noted that the entry flow is
not restricted by the critical Reynolds number, Re.; = 1000, of the
fully developed flow in an unheated straight pipe. In other words, the
entry flow can be laminar even when Re > 1000, but the flow transi-
tion may occur before it becomes fully developed. Therefore, the value
of ¢ can be small under a large overheating condition as long as Re is
large.

As the fluid enters the pipe, a boundary layer develops on the wall
with a secondary flow developed inside the boundary layer by the
buoyancy forces due to the temperature difference between the wall
and the inlet fluid. The central inviscid flow will be accelerated by the
displacement of the axial boundary layer like that in an unheated
straight pipe. This motion generates node-like sinks along the center
line of the pipe and causes fluid particles to move toward the center
of the pipe. Simultaneously, the displacement of the secondary
boundary layer induces a uniform, downward stream on the cross
section of the pipe. The combination of the downward stream with
the radiial stream responds to the development of two vortices in the
central core of the pipe. A saddle-point-like stagnation point, initially
coincident with the center line, moves downward along the vertical
symmetry line of the pipe, and the saddle-point-like stagnation point
will stay in the core of the pipe within the region of 0(a). The axial
velocity profile turns to accommodate the downward stream generated

@ = radius of the pipe

A = variable viscosity function, equation
(13)

D = Dean number = o172, Re

fo, F1, Fo = dimensionless stream functions

& = gravitational acceleration = 32.2 ft/s?

(i = dimensionless temperature function

Gr = Grashof number = yga3AT/v?

o, I, Is = Bessel functions

k = thermal conductivity

Ny, N = viscosity ratio, equation (13)

P = pressure

Pr = Prandtl number

Journal of Heat Transfer

r, ¢, z = coordinates, Fig. 1 (ft)

7 = coordinate normal to the wall

Re = Reynolds number, W;,a/v

T = temperature (°F')

AT =T, — Ty (°F)

T, = wall temperature (°F)

Tin = inlet temperature (°F)

u, v, w = velocities in the boundary layer
(ft/s)

U, V, W = velocities of the inviscid core flow
(ft/s)

X, Y, z = coordinates, Fig. 1

« = curvature ratio

« = constant for viscosity, equation (13)

B1, B2 = constants, Table 1

v = expansion coefficient

61 = 1/vRe

¢ = Gr/Re2, equation (7)

o, © = dimensionless temperature = T —
Tin/Tw - Tin

0. = dimensionless temperature atr = 0

x = thermal diffusivity

7 = Blasius variable

Subscripts

0, 01, 10, 11, 20 = indicate the order of the
perturbing functions
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by the displacement of the secondary boundary layer: a favorable
pressure gradient develops along the bottom wall of the pipe; on the
contrary, an unfavorable pressure gradient develops along the top wall
of the pipe. It is found that the temperature in the central core of the
pipe does not change within the region of 0(a) and is identical to the
inlet temperature. It is expected that the strer.gth of the sinks along
the pipe center line will gradually decrease and the downward-stream
pattern will become dominant as the fluid moves downstream of the
region, a distance 0(e) from the inlet when Gr is large.

Governing Equations

Near the inlet it is natural to refer lengths to the radius, a, of the
pipe, the velocities to the uniform inlet velocity, Wi, (Fig. 1). The
pressure is nondimensionalized by pi, Wi, 2, where p;, is the density.
The dimensionless temperature is defined in terms of the inlet tem-
perature, T4, and the constant wall temperature, T}, as © = (T —
Tin)/ Ty — Tin). The dimensionless equations of motion and energy
with the Boussinesq approximation in cylindrical coordinates be-
come

1oGrl) | 19V W
S =

(2a)
rooar rdgp oz
U  VaU au vz ap
U—t =t W—~— =~ + (0 ~ O,) cos ¢
ar r d¢ 0z r ar
1 U 29V
+-—<v2U~————> (2b)
Re r2 r2 (9(/)
v Vv v UV apP .
O Yo Wl Y 9 e-0)sing
ar r d¢ oz r rd¢
1 vV 29U
o= (VoS 5T) o)
Re r? r?2ag¢
AW Vaow aw a1
AT AL — = e o V2 (2d)
ar r 9 dz dz  Re
a0 Va0 46 1
s e T V20 (2e)
ar r do dz PrRe
where
92 19 1 42 a2
v2=_+——— — (3)

——

or2  ror r2g¢p?  9z2

is the Laplace operator, O, is the temperature along the center line

of the pipe. The parameters ¢, Re, and Pr are defined in equation
(1).

The entry condition is uniform inlet axial velocity and temperature;
the reference pressure at the inlet is set equal to zero. It may be noted
that, in the absence of viscosity, the exact solution of equations (2)
satisfying the ahove inlet condition and slip wall condition is

W=1,U=V=P=0=0 (4)

Solutions

As the fluid flows into the pipe, the viscous forces are confined to
the thin boundary layer near the wall of the pipe. For a heated pipe
the secondary flow is created by the buoyancy forces inside the
thermal boundary layer. The ratio of the thicknesses of the thermal
boundary layer to the momentum boundary layer depends on the
Prandtl number. Viscous forces and heat conduction can be ignored
away from the boundary layer; the flow is isothermal and inviscid in
the central core of the pipe. The core flow is accelerated due to the
displacement effect of the boundary layer, and fluid particles will be
pushed from the wall toward the center of the pipe. Simultaneously,
a downward stream is developed due to the displacement effect of the
secondary boundary layer. The combination of the radial-direction
motion with the downward one gives the stream pattern of two de-
veloping vortices on the cross section normal to the axis of the pipe.
The downward stream will also skew the axial velocity by accelerating
it below the center and decelerating it above the center of the pipe.
The analysis shows that the development of the secondary flow due
to the heating effect near the entrance when ¢ is small can be obtained
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by perturbing the solution of the developing flow in an unheateq
pipe.

Zeroth-Order Solution in the Inviseid Flow. The solution of
the inviscid core flow can be obtained by expanding the dependent
variables into series in 8, which are

U=U0+5U1+..., V’—=V0+5V1+..,,
W=W0+5W1+... P=P0+5P1+.A.,
O=00+801+..., B,=0§5+380i+... (5

where § is the expansion parameter and can be determined by
matching with the zeroth-order boundary-layer flow. It can be shown
that it is equal to 1/v/Re . The governing equations of the first order
can be obtained by taking the limit of Re — « from equations (2). The
zeroth solutions which satisfy the uniform inlet velocity and tem-
perature conditions and the slip condition at the pipe wall are just the
undisturbed flow, which is given in equation (4).

Zeroth-Order and First-Order Boundary-Layer Flow., Near
the pipe wall, the viscous forces and heat conduction normal to the
wall become important. The radial coordinate r is stretched to reflect
this physical fact. Accordingly, we introduce the inner variables, as
in the classical boundary layer,

r=1-6r, U=-8u, V(¢ z)=u(, ¢ 2), etc (6)
A combination of equations (2) and (6), after neglecting the smaller
order terms, yields

du  dv  dw
T
aF d¢ 9z
dv dv av aP
u—to—+w—= -~ (f—8.)sin ¢ +—-—
oF A dz ¢ > 7
dw  dw dw 0P 97w )
u——+v—+tw—=——+—
oF 9 a9z oz o
a6 a6 a0 1 9%
u—+v—tw—=——
o 0 dz Pror?

The analysis of the first-order boundary-layer flow can be easily ex-
tended to the case that fluid properties depend on the temperature.
For most liquids, the principal departure from constant-property flow
is due to the viscosity variation. Including the variable viscosity of the
fluid, the terms of the viscous forces in equations (7) will be replaced
by

2 2
9_0_,2<N9g), 6_wﬁ.é<Néﬂ> (8)
aFz  gF \ ar/’ oFr oF\ OF
where
N = y/ue

is the viscosity normalized by the viscosity in the central core. The
associated boundary conditions of equations (7) are
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Atz=0,u=v=0=0,w=1 (entrance condition)

AF=0,u=v=w=20 (no-slip condition at wall)

=1, or (constant wall temperature)

(9)
AsF— @, v—>0,w-—>1,0->0 (matching condition with
zeroth-order inviscid

core flow)

Under the constant wall temperature, the zeroth-order bound-
ary-layer solutions of equations (7) satisfying the conditions (8) have
peen published by Yao and Catton [21, 22] for Pr = 0.01, 1, 10 of the
constant property flow and Pr = 8 of the water flow (variable viscos-
ity). Their results will be summarized briefly below in order to make
this paper self-contained.

The dependent variables can be expressed as

w = foln) + e(22)2F (n)- cos ¢ + 8« (22)V2(5(n) ~ fo)  (10a)
v=e(22) - Fyln) -sing + ... (10b)
1 d « .
u= e (nfo = fo) + €(22)3/2(yF ~ 5Fy —~ Fy) - cos ¢
+8(nfy—2fa) +... (10c)
6= Oo(n) + e(22)% - G1{y) - cos ¢ + 8(22)2go(n) + ... (10d)

where 7 = F/v/9z is the Blasius variable. The terms of 0(5) in equations
(10) represent the effect of the core flow acceleration due to the axial
boundary-layer displacement, which can be determined by matching
the first-order core flow. The fy in the last term of equation (10a)
represents the transverse curvature effect. Substitution of equations
(10) into equations (7}, and collecting terms of equal order yield

(NofoY + fofo = 0, 05+ Prfefy =0 (11a,b)
and
(NoFD' + fol'| — 4foF'y — BfoF'y + foFa = (4 - G - fo)’
Fo) + foFy — 20F = —0
(Nofy) folz ”o 2 ,fo / / (12)
P Gi+ foGy — 4f oGy = —0,(5F1 + F3)
where
1 - Tw . Tin
No = R L )
1+ LY(TLU - Tin)OO {l + a(Tw - Tin)00]2

and « is the coefficient of the variable viscosity. For water in the
temperature range between 40°F (4.4°C) and 100°F (37.8°C), a
0.0151 (°F)~1; for the constant property flow, @ = 0. The boundary
conditions {9) become

fo=fo=0andfo=1aty=0 ‘
} (14a)
fo-=0and by —~ Oasy— o
and
Fi=F =PFy=F,=G;=0atyp=0
1 ,1/ 2 2 1 atn ] (14b)
FiFyand Gy > wasy—>

The numerical values of stream functions fo, 8o, F1, Fo, and G can
be found in Yao and Catton [21, 22].

The velocity normal to the wall along the outer edge of the boundary
layer is required to solve the first-order inviscid core flow (matching
conditions). The matching conditions can be obtained by taking the
limit of equation (10c) for n — ©, which gives

. . 1 ,
Uitr= 1) = = L {2 afy — fo) + (29
V22
X (qFy~ BF;— Fo) cos ¢ + .. }
_.b 3/2
= — ¢9{22)32cos ¢ + ... (1ba)
2

where
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Br= T (o~ fo), B = L 5Py 4+ Fp)  (15b.c)

The values of 81 and Bz for Pr = 0.01, 1., 10 of the constant property
flow and for Pr = 8 of the water flow are taken from Yao and Catton
[11, 12] and are listed in Table 1.

First-Order Inviseid Core Flow. The equations of the second-
order inviscid core flow are found by substituting equations (4) and
(5) into equations (2). They are

1 19V, oW
19l 1V, WL, (16a)
r or r d¢ 9z
U apP
e Tl 0~ 09) cos ¢ (16b)
9z ar
v op
e w2 (0~ 69) sin ¢ (16¢)
9z réda
oW oP
—l- =t (16d)
9z 0z
80,
== 16
dz (16e)

The temperature of the inviscid core flow, up to this order, is still
not changed and is equal to the inlet temperature. This is confirmed
by equation (16¢), the solution of which is 67 = 0. Therefore, there is
no buoyancy force acting on the fluid in the central core of the pipe.
Equations (16a) through (16d) can be separated into two parts: the
accelerating axial flow due to the displacement effect of the axial
boundary layer and the downward stream due to the displacement
effect of the secondary boundary layer. The equations governing the
two phenomena are found by substituting

Uy=Up+ eUpcosp+..., Vi=eVysing+. ..

W1=W10+6W11€OS([)+‘.., P1=P10+ GPuCOSqﬁ“FH.

(17)

into equations (16). After collecting the terms without ¢ and with ¢,
we have

19(Us) + Wi

0 18a)
r ar dz (
au ap 24 apP
g, 2o g STw (18b,¢)
dz ar 92 9z
and
100U | Vi W % aP
190G Uy g 80y =l (q9ah)
r ar r 9z 9z ar
avVy P aw apP
n_‘uo gfu_ ou (19¢,d)
0z r -0z 9z

Displacement Effect 0(5). The appropriate matching condition
for equations (18) is

Uro = ~B1/(22)2atr =1 (20a)

and the entry conditions are

Table 1l Constants from the computation of the
boundary-layer flow

(1) Constant Property (Yao and Catton [21])

Pr 0.01 1 10
31 1.2167 1.2167 1.2167
B2 3.9454 0.8534 0.3158
(2) Variable Viscosity (Pr = 8) (Yao and Catton [22])

aAT 0 0.5 1
81 1.2167 1.0617 0.9497
B2 0.3522 0.3106 0.2835
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P10=W10=0atz=0 (201))

Integrating equation (18¢) with respect to z and using (20a) gives
Wm = Pm (21)
Eliminating U;g and Wyp from equations (18a), (18b), and (21) results
in
%P 18P 2
w0, 10Pw 8 Pro _
ar? r ar 3z?
The solution of equation (22) satisfying condition (20a) can be found

by Fourier Transform in the sense of generalized functions [23]. It
is

0 (22)

P B 07 L llan)

\/; 0 ]1((\5) (23a)

sin az do

where I's are modified Bessel functions. Substituting equation (23a)
into equations (18b) and 18¢), we obtain

® 1
Wio = % . a"”Z*}(-)f{—:f)lsin az da (23b)
and
@ 1
U = — % j(; a‘l/QTII%E)Z (cos wz — 1)da (23¢)

The asymptotic values of equations (23) for large 2 can be easily
found:

1
Wio = -—P10=ﬁx~2(22)1/2-[1+Z(2rz)2+...] (24a)
U= —B1 -1 - (22)71/2 (24b)

Equations (23) or (24) represent the accelerating flow due to the
displacement effect of the boundary layer in an unheated pipe.

Secondary Displacement Effect 0(d¢). For the constant wall
temperature, the matching condition for equations (19) is found from
equations (15) and is

Uy = B2(22)32atr =1 (25a)
The entry conditions are
Pu=Wp=0atz=0 (25b)
Solving equations (19) with condition (25) yields
68y Ii(ar) .
Wy = Pyy = — —— —5f2 "Ml da
1 11 7 Jo « To(@) + Inte) sin oz - da
(26a)
662 (= Ii(ar)
Vii=——%= —5/2 - 1)d 26b
W= Do Y T + Lot 08 0F T Dl (260)
and
= I + I
Uy =— 362 a‘"”ﬂM (cos az — 1)da (26¢)

vz Jo To(a) + Io(e)
For a large z, they can be approximated by

.2
Wi=—Py~3B2-r- [(22)1/2 + % <1 -—11(22)“3/2 +.. ]

(27a)
= Vi = U ~ (2232 + . (27b)

First-Order Boundary-Layer Flow 0(5). The differential
equations for the first-order boundary-layer flow are

[Nofal + fofs — fofa + 2fofs = —2B1 + Nofo
+ (nfo + 2No)fo + [Agafol’

gs+ Pr(fogs — fog2) = 0o+ (L + Priufo — 2f3)]

The associated boundary conditions are

(28a)
(28b)
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fs=fs=g2=0atn=0 (
fa—>281+fo, 82> 0asy—> o 29)
Results and Discussion

Boundary-Layer Flow. A detailed discussion of the zeroth-orde,
boundary-layer flow and its stability can be found in Yao and Cattoy,
[21, 22} and will not be repeated here.

Functions f3, f4, and go, the acceleration effect on the boundmy~
layer flow due to the displacement of the axial boundary layer, are
presented in Figs. 2-4. The value of f3 is reduced by the variable vis.
cosity, and so is the overshot of the velocity profile, f3. The magnitude
of the perturbed temperature is smaller for the water flow due to itg
variable viscosity. This is simply due to the fact that the thickness of

15
A
3
- (oqz %
\Q f/b <
10~ SN
& o A7
& v
_ o
A Qs Lol
- ¢
!
2L
5 —
o | 1 | | |
0 1 2 3 4 5 6
Ty
Fig. 2 Function /3

Constant property

Pr=8, g AT=0.5

Pr=8, aAT=1.0

Fig. 3 Function 7,
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the houndary layer is thinned by heating.
The local Nusselt number can be written as

Nu G (0) £2(0)
= ] 4 e(22)2 = 8(22)V/2 20—
Tiue e(22) 7(0) cos ¢ + 86(22) 0.0) + (30)

where “0” denotes the forced convection without considering the
puovancy forces and the interaction of the boundary-layer flow and
the core flow. The values of 64(0), G1(0), and g5(0) are given in Table
9, T'he last term of equation (30) shows that the acceleration of the
core flow due to the displacement of the axial boundary layer will

increase the local heat transfer rate except for very small Prandtl "

numbers (Pr = 0.01). The third term, 0{¢), of equation (30) represents
the effect of the secondary boundary layer on the Nusselt number,
which enhances the heat transfer along the bottom wall, —90° < ¢ <
90°, of the pipe and degrades the heat transfer along the top wall, 90°
< ¢ < 270°, of the pipe.

Similar interpretation can be given to the axial shear stress,

Fz F’ g
LA €(22)2 ,,1(0) - cos ¢ + §(22)1/2 f-‘@l (31)
(Trz)() fo(o) f()(o)
The circumferential stress is
Trp ~ €(22)Y2F5(0) sin ¢ (32)

Inviscid Core Flow., Equations (23a,b) and (26a) are numerically
integrated by using the Fast Fourier Transform. The details of the
numerical method are given by Yao [20]. W1o/8; (or —P1/81) and
Wi1/i32 (or —P11/Bs) are evaluated at r = 0.5 as functions of z, and
plotied in Fig. 8. The values of W1o/81 (or —P1o/B1) at r = 0 differ only
slightly from their values at r = 0.5 and are not presented in Fig. 5.

Corstant property

- Variable viscosity (Pr=28)

Fig. 4 Function g,

Along the center line, functions Wy, and Py, are identical to zero. Wyg
is the fiow acceleration due to the displacement effect of the axial
boundz ry layer. The flow is quickly accelerated near the entrance, and

0.0
r/a=0.5
o e Asymiptotic expansion
for large z's,
Eqgs. (24) and (27)
-4.0 1"
-6.0 -
~-8.0 ™
Pig Wi
REL PPN
Bt B
-10.0 i L I i
0 2 4 6 8 10

L et
Fig. 5 Displacement effect: pressure Pyg,q4, velocity Wio/81; and secon-
dary-flow effect: pressure Pq4/8,, velocity W44/0,, on the cross sections at
z=0.1,0.5, 1.0, 2.5

6.0
— o i “ 4
B B /'V/
Wi Py "//
AN LI /

0 0.2 0.4 0.6

Fig. 6 Displacement effect Wyo/34 (or —Py0/31), and secondary flow W44/8;
(or P11/82)

Table 2 Coefficient for heat transfer and shear stress

0/(0) G1/(0)
(1) Constant Property
Pr=0.01 —0.07628 -0.0064
1.0 ~(.4695 ~().0467
8.0 -0.9552 -0.06627
10.0 ~—1.0295 —~0.0677
(2) Variable Viscosity
(Pr=8)
aAT = 0.5 -1.0397 —-0.0542
=1.0 —1.1036 -{().0465

Journal of Heat Transfer

g2'(0) fo"(0) Fy7(0) Fy"{(0) F37(0)

0.5423 0.4695 0.0910 0.9274 3.1744
-0.3856 0.4695 0.0467 0.6174 3.1744
~1.6678 0.4695 0.0230 0.4150 3.1744
—1.8669 0.4695 0.0209 0.3942 3.1744
—1.2989 0.6665 0.0265 0.5363 3.4338
~1.0180 0.8408 0.0284 0.6389 3.4649
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the acceleration declines and is proportional to 2~ 2 downstream. The
distributions of Wig (or Pyp) on the cross section normal to the pipe
axis are given in Fig. 6. Near the entrance, z = 0.1, the axial velocity
is higher close to the boundary layer than along the center line of the
pipe. The delay of the flow acceleration near the center line causes
the axial velocity profile to become concave. The velocity profile has
its maximum velocity off the center line. The peaks are eroded
downstream and eventually disappear at z = 2.5 (see Fig. 5). The
overshoot of the axial velocity profile (see Fig. 3) moves into the
boundary layer and can be estimated from equation (10a). Further
downstream, the overshoot of the axial velocity profile moves toward
the wall and disappears. A similar interpretation can be given to P1,
which is the pressure drop.

The displacement effects of the secondary boundary layer are
represented by functions Wy, and Pi;. Physically, the secondary
boundary layer causes the axial flow to turn counterclockwise around
the horizontal line passing through the center of the pipe and normal
to the axis of the pipe, Y = r cos ¢ = 0, and does not cause any net
mean acceleration of the flow. The turning rate is higher near the
entrance and gradually matches the rate which is proportional to
2172,

The asymptotic expansions, equations (24a) and {27a), of equations
(23a, b) and (26a) for large z’s are also plotted in Fig. 6. They show
that the asymptotic values of Wy (or Pyg) match their exact value
approximately at z = 2, For Wy; (or Pyy), the asymptotic values start
to be valid at z = 4. The comparison of the asymptotic expansions with
the exact evaluation of the sine integrals suggests that simpler as-
ymptotic expansions can be used for practical application when z is
larger than four, which will cover most ranges of practical interest
when € is small. The velocity components and the pressure, in terms
of their asymptotic forms, are

2 -2
= _5'(2z)1/2-{251[1+’"—(24—2)#+...]

e 3s-r cos b [1 (1 —rf) (22) 2+ .. ]} (330)
W=1-P (33b)
U=—§-11[r(22)"12 + | ] — ¢82[(22)32 . cos ¢ + .. ]} (33c)
= —3¢2[(22)3/2-sind + .. ] (33d)

Pressure Drop. The pressure head will drop along the pipe when
the flow is accelerated. The first term of equation (33a) represents
the pressure drop in an unheated pipe due to the displacement of the
axial boundary layer. The pressure drops faster close to the edge of
the boundary layer than along the center line of the pipe where r =
0. The difference in the pressure distribution on the cross section of
the pipe disappears for large z, and the pressure distribution ap-
proaches

P~ —§.9281(22)1/2 (34)

The pressure distribution is disturbed when the pipe wall is heated,
which is represented by the second term of equation (33a). This term
can be rewritten in (X, Y, z) coordinates as 8¢383Y(22) 12, which shows
that the displacement effect of the secondary boundary layer intro-
duces an unfavorable pressure gradient over the upper half of the pipe
flow, Y > 0, and a favorable one over the lower half of the pipe, Y <
0.

Axial-Velocity Profiles of the Core Flow. The axial velocity
of the core flow can be viewed as a superposition of three components.
The first one is the undisturbed flow at the inlet, i.e., W = 1. The
second one is the accelerated flow due to the displacement effect of
the axial boundary layer in an unheated pipe. The last component is
due to the displacement of the secondary boundary layer. Similar to
the pressure distribution, the third term in (X, Y, z) coordinates is
—8e382Y(22)/2, which means that the axial velocity profile turns
counterclockwise around Y = 0, In the region of z ~ 0(a), both the
second and the third terms increase as 2172, However, the second term
may be dropped when the third term is still growing downstream

218 / VOL 100, MAY 1978

beyond the region of 0(a) when Gr is not small. For the cases of small
Gr (or ReGr), the second and the third terms will continue Browing
and the flow will approach its fully developed state.

Veloeities on the Cross Section. The radial velocity component
U is given in equation (33c). The first term is due to the displacemeng
effect of the axial boundary layer, which displaces the fluid away fron,
the wall and toward the center of the pipe. The second term represents
the motion when the fluid leaves the boundary layer over the upper
half of the pipe (7/2 < ¢ < 3x/2), and enters the boundary layer over
the lower half of the pipe (—#/2 < 8 < x/2). The first kind of motign
declines downstream, and the second one increases due to heating.
They become the same order of magnitude when z ~ 0(a/v'¢). Beyong
this point, the analysis is not valid anymore. For the case of large Gr,
the second term becomes dominant and the axial length scale will be
a/V'e). For a small Gr, a/v/¢ is larger than a - Re. This suggests that
the next length scale will be a - Re; physically, it suggests that the flow
development will be similar to be unheated, straight pipe and the
solution of the slightly heated pipe can be obtained by perturbing the
solution of an unheated pipe. Along the line of ¢ = 0, where V =,
there is a stagnation point at (from equation (33¢))
rab2 [e22)7] {35)

61
This is also a saddle point, point P in Fig. 7.

Streamlines on the Cross Section. The projection of the
streamline on a cross section can be computed (from equations (33c)
and (33d)) by

Ldr_ Bur(22)7!72 — effa cos $(22)%2
ef3z sin ¢(27)%/2

Equation (36) shows that all streamlines are tangent to the vertical
line, ¢ = 0, =, and are plotted in Fig. 7. If z is not too large, the second
term in the numerator of equation (36) can be neglected and equation

36
r e (36)

Bottom
Fig. 7 Streamlines on the ¢ross saction

Transactions of the ASME

Downloaded 21 Dec 2010 to 193.140.21.150. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



(36) can be integrated to give

tan g = g~BA22B1r 4 constant 37)
For ¢ = 0, an unheated straight pipe, equation (37) becomes ¢ =
constant. The streamlines on the cross section are a radial straight
line. Within the limit of the analysis, the second term on the numer-
ator of equation (36) can never be larger than the first one. Never-
theless, stretching somewhat our interpretation of equation (36) and
considering it for large z can predict what may occur for the flow de-
velopment further downstream. Equation (36) becomes, after ne-
glecting the first term of the numerator and integrating,

X = constant (38)

which shows that the streamlines on the cross section, due to the
displacement effect of the secondary boundary layer, are vertical
straight lines. The magnitude of this downward flow is

VUL + Vi = Ba(22)3/2

which increases downstream. This flow, when Gr is large, will even-
tually become the dominant flow pattern, which is observed by Mori
and Futagami [7]. Also, the downward stream forms a stagnation-like
flow locally along the bottom wall of the pipe. The convective effect
of this locally stagnant flow prevents the boundary layer from growing.
Thus, the boundary layer will remain thin as the flow moves down-
stream. Therefore, the flow acceleration due to the displacement effect
of the axial boundary layer will fade out. This suggests that the flow
development in the region of 0(a/v/¢) is mainly in changing the slope
of the axial velocity profile to balance the gradually enhanced flow
in the secondary boundary layer. Also, the unfavorable pressure
gradient near the top wall of the pipe gradually grows and eventually
triggers the separation of the boundary layer further downstream. The
phenomenon of the flow development will be similar to that of a
curved pipe given by Yao and Berger [24].

(39)
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Flux

Introduction

The problem of heating of pseudoplastic fluids in laminar flow
in a vertical tube with constant wall heat flux has been of interest for
a number of years. The interest has increased in the flow and heat
transfer characteristics of these fluids because of their importance
in industry.

Several authors [1-7]! have presented heat transfer results for
laminar forced convection of Newtonian and non-Newtonian fluids
with constant physical properties and with fully developed or flat axial
velocity profile at the inlet.

The prediction of the rate of heat transfer to a non-Newtonian fluid
is complicated by the variation of the fluid physical properties with
the temperature. This variation affects the temperature field and the
rate of heat transfer.

Some papers [8-10] have considered a temperature-dependent
consistency and they have assumed that natural convection effects
are negligible.

Many pseudoplastic fluids are so highly viscous that such an as-
sumption is valid, but for less viscous pseudoplastic fluids the natural
convection effects on heat transfer can be important.

Other studies {11-12] have shown that the buoyancy effects, which
increase with the Grashof over Reynolds number ratio Gr/Re, can

1 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER. Manuscript received by the Heat Transfer Division
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Variable Physical Properties in
Laminar Heating of Pseudoplastic
Fluids with Constant Wall Heat

A theoretical investigation of the combined influence of natural convection and consisten-
cy variations in laminar heating of non-Newtonian fluids has been carried out. The heat-
ing of a power law fluid with an initially fully developed velocity profile flowing upward
through a vertical tube with a constant wall heat flux was considered. The system of gov-
erning equations, complete with the convective terms, was solved numerically. Detailed
comparisons with previous theoretical and experimental results were performed to check
the integrity of the solutions obtained with the present approach. Local heat transfer
coefficients, as a function of Graetz number, were presented. Local heat transfer results
showed that for pseudoplastic fluids with smaller Prandtl number the parameter Prcas
very important in the inlet and in the intermediate part of the tube.

increase the heat transfer significantly.

A complete analysis including both temperature varying consis-
tency and density has been carried out in [13] for Newtonian fluids
flowing in a vertical tube with a constant wall heat flux and in [14, 15)
for Newtonian and non-Newtonian fluids flowing in a vertical annu-
lus.

The purpose of the present paper is to present numerical solutions
for velocity and temperature profiles and heat transfer coetficients
for constant flux heating of a pseudoplastic fluid in a vertical tube
when density and consistency are simultaneously temperature-
varying properties.

In a precedent paper [16] the author has considered the heating in
a vertical tube with a constant wall temperature and he proposed an
expression for the correlation of the average heat transfer results.

Egquations
Power law constitutive equation is assumed
AV, |n=1 9V, '
Pz,- =m = __z’ (1)
ar ar
where the consistency, m, is a function of temperature given by
m =m,/{1 + B(T — T,)}* (2)

and m;, is the value of consistency at the inlet temperature and B is
a constant.

It is further assumed that specific heat ¢,, thermal conductivity
k, and pseudoplastic index n are constant and the density in the
buoyancy force varies linearly with the temperature.

The steady flow is laminar and it is fully developed at the entrance
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of the tube while fluid inlet temperature is uniform and constant.

Viscous dissipation was neglected and the symmetry about the tube
center line was assumed. The dimensionless continuity, z-momentum
and energy equations are

vV W oW
AL A ®
an & 8¢
aVv dP G
L<W§—Y+V—>=——+—59
Pr a9t an dn Re
8V"‘1m110V+162V+ 1 dm/m, 30 3V
o9y myrer e AAAd
dt m, ¢ 3t A2 m/m, 90 9t Ik
a0 00 420 160
V—+ W— (b)

an ot ottt
The mass flow conservation, as given by the integrated continuity
equation, was considered.

f Vede =12 (6)
(4]

The boundary conditions were:
at the wall

a0
VaW=0—=1 %)
3
at the center line
av 4o
—= = W= (8)
a9 ot
The parameter M is defined as M = Bq,,R/k. C)

The parameters of the problem are the index of pseudo-plasticity
n, the Prandtl number Pr, the Grashof over Reynolds number ratio
Gr/Re and the parameter M characterizing the variation of the con-
sistency with the temperature.

Local Nusselt number, Nuy,, may be calculate, once the velocity
and temperature profiles have been determined, using the equa-
tion

N S u— 10
Ujoc 0 — Oy (10)

Numerical Solution

The governing equations (3)-(6), with the boundary conditions
(7)-(8), were solved numerically with the aid of a CDC 7600 com-
puter.

The numerical technique employed a modification of the im-
plicit-explicit finite difference method proposed by Bodoia, et al. [17,
18] for flow between parallel plates and applied by Hornbeck for flow
in a pipe [19, 20].

Details of this procedure may be found in the papers by Marner,

Nomenclature

et al. [21, 22], where a similar modification for mixed convection and
constant consistency was used. Radial and axial velocity in the con-
vective terms and |8V/d%| "~ were evaluated at the previous axial
step to linearize the momentum and energy equations.

Once the radial O profile had been calculated from the solution of
equation (5), the V profile and the dimensionless pressure P were
obtained from the simultaneous solutions of equations (4) and (6).
The radial dimensionless velocity W was computed in an explicit way
from equation (3) starting from the tube center line.

It could be observed that it was not necessary to introduce any other
hypothesis, in comparison to the analysis of Marner, et al. {21, 22},
for the introduction of the consistency variation term in equation
{4).

A similar procedure was employed in the precedent paper [16] with
the boundary condition of constant wall temperature.

The axial mesh sizes were An = 2.5 X 1076 in the inlet and Ay =
0.001 at the end of the tube; while the radial mesh sizes were At = 0.1
in the inner part of the tube and A¢ = 0.00625 near the wall (¢ > 0.8);
the procedure of Hornbeck [23] was used at the point where the radial
mesh size was changed.

To check the convergence of the solution the following identity was
verified

TR2pepV(Ty = Ty) = j; ¥ qu2rRdz (11)

or in dimensionless form
Oy = 2. (12)

Using a radial grid with 41 nodes equation (11) was verified with
a precision of 2-3 percent in the inlet while in the other part of the
tube it was less than 1 percent.

Discussion of Results

The solutions of the present paper for fully developed flow were
in good agreement with the asymptotic Nuy,, values, calculated using
the analytical expression derived by Beek, et al. [2], with a maximum
deviation of 0.3 percent.

For constant physical properties the present solutions were com-
pared with the theoretical results obtained for n = 0.5 in (4), (8), (9)
and (10) and for n = 1/3, n = 0.2 in (9). The discrepances were 3-4
percent.

An infinite Pr value would have been necessary for the comparison
with the theoretical solutions which had dropped the convective terms
in the momentum equation; the author assumed in this work a very
large Pr value (Pr = 103 — 10°) because, for greater Pr nuinber, the
differences between the solutions were negligible.

When the natural convection effects were negligible and a moderate
variation of consistency was considered, the Nuj, solutions of this
work could be checked with the theoretical results of Forrest, et al.
[10] and with the empirical equation proposed by Mizushina, et al.

Nugy = hyy 2 R/kR = average Nusselt num-

B = coefficient defined by equation (2) ber
¢p = fluid specific heat p = pressure
& = acceleration of gravity

velocity
z = axial coordinate
8 = coefficient of thermal cubic expansion

Gr = p28,8q,R2*+2V,,2~2/km?2 = Grashof
number

G = mass flow rate

Gz = Gép/kL = Graetz number

h = local heat transfer coefficient

hoy = average heat transfer coefficient

k = thermal conductivity

L = tube length

m = fluid consistency

M = coefficient defined by equation (9)

1 = index of pseudoplasticity

Nuy,, = h2R/k = local Nusselt number

Journal of Heat Transfer

P = (p + pg2)/p,V? Pr = dimensionless
pressure

Pr = mé,/k (V,,/R)*~1 = Prandtl number

g = wall heat flux

r = radial coordinate

R = tube radius

Re = pV,,277 R?/m = Reynolds number

T = temperature

V = V,/V,, = dimensionless axial velocity

Vm = mean axial velocity

V, = radial velocity

V, = axial velocity

W = V, Re Pr/V,, = dimensionless radial

I',, = shear stress

n = 2/R Re Pr = dimensionless axial coordi-
nate

6 = (T - T;)/(quR/k) = dimensionless
temperature

£ = r/R = dimensionless radial coordinate

p = fluid density

Subscripts

b = evaluated at bulk temperature
r = evaluated at inlet temperature
w = evaluated at wall temperature
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[8] which correlated the experimental results. Table 1 presents a very
good agreement. The Nuy,, solutions were also compared with the
experimental and theoretical results of Mitsuishi, et al. [9] for forced
convection and higher variations of conzistency with temperature.
The comparison for n = 1/3, M = 10, and P’r = 10° showed a maximum
deviation of 5 percent.

As observed by Lawrence, et al. [24], for flow in a vertical tube with
a constant wall heat flux, the velocity and temperature profiles never
become “fully developed” for the variations of the physical properties
with the temperature. When the density and the consistency are si-
multaneously variable with the temperature, the results of this work
are in accordance with the observation made in [24].

For constant consistency and mixed convection the dimensionless
velocity and temperature profiles, obtained in this work in the last
part of the vertical tube (5 = 0.6), could be compared with the ex-
perimental data of Greene [25] and with the theoretical ones of
Marner, et al. [12].

Fig. 1 presents dimensionless temperature and axial velocity pro-
files. For n = 0.845, Gr/Re = 43.6, and Pr = 105 the agreement with
the theoretical temperature profile of [12] is very good and for n = 0.5,
Gr/Re = 58, and Pr = 10° the deviation from the theoretical velocity
profile of [12] is very small. It is important to emphasize that the
profiles obtained in [12] were determined from a simultaneous solu-
tion of the continuity, energy and momentum equations.

From Fig. 1 the comparison with the experimental temperature
profile of [25] shows that the agreement is good near the wall but less
good in the central part of the tube section. Most of the difference is
probably due to the variations of the consistency with the tempera-
ture. To show a qualitative trend of the temperature profile of this
work, a small variation of the consistency (M = 1) was introduced in
the present approach for n = 0.845, Gr/Re = 43.6, and Pr = 105. The
temperature profile obtained in this work in the last part of the ver-
tical tube (n = 0.6) was represented in Fig. 1 and it shows a better
agreement with the experimental data of [25] in the central part of
the tube section.

Table 1 Comparison with reference [8, 10] for n = 0.5, M = 1, Pr = 10°
Nujg. results
Gz Ref(8) Ref(10) This work
274000 10040 9803 98.49
66000 6267 6057 6083
13600 37.16 3559 35.83
840 1478 1399 14.15
105 741 7.35 7.46
10 482 491 494
1.4 : : : :
v : ‘ ‘ 1 ,
- .  n=0845
| B = |
! n=0.5 Te-Tw (G7Re=436
= Gr/Re=58 | | 06! N i
\ _. Ref.(12)
0.6- \Y | 1] . Ref(25)
! This work
_ Ref.(12) il 0.2 * M=0 .
. This work | *«M=1
0.2 . . .
0.2 06 ¢ 1
02 04 06 08 ¢1
Fig. 1 Comparison with reference [12, 25] for mixed convection
222 / VOL 100, MAY 1978

A review of the literature concerning the combined influenca of
buoyancy force and consistency variations showed that the comy.e,.
ison of Nuje. results was possible only for Newtonian fluids. Fi . 9
presents the comparison with the theoretical solutions of Mitsuishi'
etal. [13] forn = 1, Gr/Re = 80, M = 10, and Pr = 105 The maximym,
deviation, with the results of this work, is 4-5 percent in the range of
large Gz number.

Representative Nuy, results of this work are given in Fig. 3 for
= 0.3 and in Fig. 4 for n = 0.6. In each figure four curves are shown:
for fully developed axial velocity profile and constant physical
properties for Pr = 10, Pr = 103, and Pr = 10 with the simultaneoyg
influence of natural convection and consistency variations.

Figs. 3 and 4 show that the local heat transfer coefficients, for given
n, M, Gr/Re and at given value of Gz number, are greater for the fluids
with a higher Pr number, because the velocity profile distortion, due
to the variations of the physical properties, is greater.

The trend is in accordance with the Nuye results of Rosen, et al. [26]
(Newtonian fluids), with the Nugy, results of Rosenberg, et al. [27)
(Newtonian fluids) and of Marner, et al. [21, 22] (Newtonian and
pseudoplastic fluids). In these papers [21, 22], [26, 27] the boundary
condition was for constant wall temperature, but the effects of the
variable physical properties are qualitatively independent of the heat
supply mechanism.

In the paper by McKillop, et al. [28] the inlet condition was for flat
axial velocity profile and the local heat transfer solutions, at a given
value of Gz number, are greater for the fluids with a smaller Pr
number. Some observations could be made for the Nuy,, solutions
obtained in [28] between fluids with different Pr number (having used
the coefficients for Nusselt number correlation equation). The per-
centage difference of Nuy, numbers was smaller for variable consis-
tency than for constant physical properties showing that the consis-
tency variations produces a greater increase of Nuyg, for fluids with
a higher Pr number.

While McKillop, et al. [28] used a flat axial velocity profile in the
inlet, this work and the aforementioned papers [21], [22, 26, 27} em-
ployed a fully developed axial velocity profile but similar effects of
the Pr number on the heat transfer, for flow with variable physical
properties, were recognizable. In conclusion, the variations of density
and consistency with temperature produce a greater increase of the
heat transfer for fluids with a higher Pr number.

From Figs. 3 and 4 it is evident that the theoretical results obtained
for Pr = 105 are not significantly different from the solutions deter-
mined for Pr = 103, It is also evident that the parameter Pr is very
important when its value is in the range 10-103, for great and inter-
mediate Gz values.

For n = 0.3 (Fig. 3) the variable physical properties (M = 10, Gr/Re
= 20) determine an increase of Nuyg, for Pr = 103 in comparison with
the fully developed curve, of 18 percent in the intermediate (iz values
(Gz = 500).

2

10' ‘ ‘n‘.‘1""’ I S o

i Gr/Re=80 -
NU[OC: M=1O v :
10 -

] _ Ref(13) :

i . This work [

1 T Ll H i rrT T T T T LT vET

10° 10° Gz 10

Fig. 25 Comparison with reference [13] for n = 1, M = 10, Gr/Re = 80, Pr
= 10
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Fig. 3 Resulls of this work for n = 0.3, M = 10, Gr/Re = 20 and various
Pr

103 bk 44t L L b o LIk L ‘ ||||s|-
n=0.6 Pr=10° f
Gr/Re=40 Pr=10" i

Nugoc M=20 I
105 -
Fully developed flow C
40 10° 10° Gz 10"

Flg. 4 Results of this work for n = 0.6, M = 20, Gr/Re = 40 and various
Pr

For a pseudoplastic fluid with a small Pr number the increase of
Nuy,, is smaller; when Pr = 10 the increment is only 9 percent, for Gz
= 500.

In Fig. 4 the curves of Nuy,. versus Gz are presented for n = 0.6 and
higher variations of physical properties (M = 20, Gr/Re = 40). For Pr
= 10% the increase of Nuy, is 27 percent for Gz = 500 and 15 percent
for Gz = 104 The curve obtained for Pr = 10 shows an increment of
Nujo. of 16 percent for Gz = 500 and 7.5 percent for Gz = 104,

These considerations confirm the importance of the Pr number,
in the range of Gz values mentioned previously, in the theorstical
analysis of constant flux laminar heating of pseudoplastic fluids in
avertical tube.

Conclusions

A numerical study of constant wall flux heating of pseudoplastic
fluids in a vertical tube has been carried out.

The analysis has considered the simultaneous influence of natural
convection and consistency variation on local heat transfer.

The parameters of the problem are the pseudoplasticity index n,
the Grashof over Reynolds number ratio Gr/Re, the parameter M
characterizing the variations of consistency with temperature and the
Prandtl number Pr.

The analysis has shown that when Pr number value is smaller than
103 it is an important parameter and its value affects significantly the
local heat transfer coefficient. If Pr number is greater than 103 the
differences with Nuy,. results, obtained for Pr = 103, are negligible.

It would been necessary to compare the theoretical results of this
Wwork with the experimental ones but it has been impossible due to the
lack of experimental studies in the literature.

Journal of Heat Transfer

It is clear that further work is necessary in the area of experimental
constant flux heating of pseudoplastic fluids in a vertical tube.
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Heat Transfer in Turbulent Pipe
Flow for Liquids Having a
Temperature-Dependent Viscosity

Analytical approximations are developed to predict the effect of a temperature-depen-
dent viscosity on convective heat transfer through liquids in fully developed turbulent
pipe flow. The analysis expresses the heat transfer coefficient ratio for variable to con-
stant viscosity in terms of the friction factor ratio for variable to constant viscosity, T,,
Ty, and a fluid viscosity-temperature parameter 3. The results are independent of any
particular eddy diffusivity distribution. The formulas developed here represent an ana-
lytical approximation to the model developed by Goldmann. These approximations are
in good agreement with numerical solutions of the model nonlinear differential equation.
To compare the results of these calculations with experimental data, a knowledge of the
effect of variable viscosity on the friction factor is required. When available correlations
for the friction factor are used, the results given here are seen to agree well with experi-

Department of Chemlcal and Nuclear Engineering,
University of Calltornia,
Santa Barbara, Calif.

mental heat transfer coefficients over a considerable range of we/us.

Introduction

The problem of forced convection heat transfer to liquids having
a strong temperature dependence of viscosity has been of interest,
both theoretically and in a practical sense, for a long time. In the case
of turbulent flow, the nonlinearity of the problem has rendered it
largely intractable analytically, so that up to now, results reported
for this problem have been either empirical correlations [1-4]! or
numerical integrations of various models [5, 6]. This problem is be-
coming of even greater importance as process requirements, as well
as improved heat-exchanger materials, result in practical heat transfer
situations which involve very large temperature differences. The
analysis developed here is intended to provide a rational basis for
extrapolation to conditions which are beyond those for which reliable
data or correlations are available.

The viscosity of most liquids is usually quite sensitive to temper-
ature variations. Although some calculations have been done in the
past for p o T77, viscosity variations with temperature are usually
best expressed as i o e#/T, as shown in Fig. 1. Although analytical
results can be obtained for both of these viscosity variations, com-
parisons with numerical integration of the model and with experi-
mental data are restricted here to exponential variations, as found
in practice.

In this work, the problem of fully-developed turbulent forced

I Numbers in brackets designate References at end of paper.
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OF HEAT TRANSFER. Manuscript received by the Heat Transfer Division July
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convection is considered for the case of liquids having a strong tem-
perature-dependence of viscosity. Most liquids (with the exception
of liquid metals) have Prandtl numbers which are relatively large, i.e.,
in the range from about two to 10,000 or so. Thus it is natural to invoke
some “large Prandtl number” assumptions for the analysis. However,
it will be shown that there is reason to believe that the correction
derived here for variable viscosity is not restricted to large Prandtl
numbers but may be rather generally applicable to various turbulent
heat transfer problems involving liquids, if the results are interpreted
properly.

Model

The model used in this study for the effect of variable viscosity on
the eddy diffusivity is due to Goldmann [6}. This model has also heen
used by Petukhov [2] in his study of variable property heat transfer.
In the Goldmann model, it is assumed that /v for variable properties
has the same functional relationship in terms of y*+ as does ¢/v in
terms of y* for constant properties. Here y*+ is defined as

y**Efy To/p dy
0w

It may be seen that y** = y* for the case of constant properties.
The energy equation corresponding to steady, incompressible,
turbulent, “fully developed” forced convection in Cartesian geometry

may be written as

oT oT

u—~=—[(a+e)—-] (1)
ox Oy

Viscous dissipation is assumed to be negligible. We assume thermally
developed conditions corresponding to a uniform surface heat flux.
Of course, rigorously there cannot be a fully developed velocity or
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Fig. 1 Viscosity variation with temperature for some common liquids. Data

taken from The Handbook of Chemistry and Physics

temperature profile when viscosity varies with temperature. However,
we assume that, for large distances downstream from the start of
heating, viscosity variations will not produce any signficant variations
in the convective terms. Thus we regard the transport far downstream
as having a very weak developing character, so that to a good ap-
proximation the convective terms in the energy equation are negli-
gible.

Under the above assumptions, many previous studies {2, 5, 7] have
shown that for Pr greater than 0 (1), we may integrate equation (1)
with respect to y to get

Nomenclature

! dT
- = (a0 + €) — (2)
)14 dy

Although equation (2) is based on Cartesian geometry, this result is
known to hold closely for circular ducts as well. Based on previous
studies [5, 7], we also expect the analysis for constant surface heat flux
to hold for constant surface temperature, particularly at larger Prandtl
numbers.

If we now change coordinates from y to

y++5f>' To/p dy
0 v

dT 1

dy*t e
v

we get

3

14

where
B = pCpu*/quw

Here, by the Goldmann model for the variable viscosity eddy diffu-
sivity, the quantity ¢/» is the same function of y*+ as is ¢/v for constant
properties a function of y*.

Derivation of Analytical Results

We wish to develop an analytical approximation for the solution
of the nonlinear differential equation, equation (3), where »(T) is a
function of temperature. We note the algebraic identity

v
(o)
1 1« vo

- e (4)
@ € o € Yo fov e\ o €
e

v vog v/ \v p
where »g is the kinematic viscosity at some reference temperature.

Substituting from equation (3) for 1/(a/v + ¢/») in the right hand
side of equation (4) yields

v vy v

B on_,
1 1 Pr0<u ) dT
- = = (5)
@ € 1 e 1 e dy
__.+._. —— — __+_.
v v Pro w» Prg »

Here Prp = po/a is the Prandt] number based on the reference kine-
matic viscosity, which is as yet unspecified. Using this expression in

A = constant in equation (13), differs for
heating and cooling

B = constant = pCpu*/q,, K~!

C, = heat capacity at constant pressure, cal/g
K

f = friction factor = 27/puy?

h = heat transfer coefficient, h = q,/(Ty ~
Tp), cal/em?2 K

5 dytt
I = integral = f =
0 1

ot

Pl‘o
k = thermal conductivity, cal/cm K s
Pr = Prandtl number = v/a
9. = wall heat flux, cal/cm? s
St = Stanton number = h/pCpuy

Journal of Heat Transfer

Stg = constant property Stanton number at
reference (bulk) temperature

T = temperature, K

T = bulk temperature, K

T. = centerline temperature, taken to be the
same as bulk temperature, K

Ty, = wall temperature, K

up = bulk velocity, cm/s

u* = friction velocity = V772 up, cra/s

y = distance measured from wall, cm

y* = dimensionless distance from wall =
yu*/v

y*+ = dimensionless distance from wall =

fy 7/p dy
) v

¥ = the value of y** at the centerline
« = thermal diffusivity = k/pC,, cm?/s
8 = constant, K

¢ = eddy diffusivity, cm?/s

» = kinematic viscosity, cm?/s

p = fluid density, g/cm?

1 = dynamic viscosity, g/cm-s

Pro = reference Prandtl number = vo/we
7 = shear stress at the wall, g/cm s?

Subseripts

b = bulk condition

¢ = centerline condition, taken to be the same
as bulk condition

0 = reference condition (bulk)

w = wall condition
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the original differential equation, equation (3), and integrating with
respect to y** from y*+ = 0 to y, the point where T' = T, (centerline

temperature), we find
(—"-9 - 1) dT
Te \p

¥ dytt B
~B(Tc—7‘w>=f Y +—f )
0 1 ¢ Pro /7w 1 €

e
PI‘Q v

PI‘() y

Equation (6) represents an exact integral equation which is equivalent
to equation (3). The second term on the right of equation (6) clearly
represents what can be considered a “correction” to account for effects
of viscosity variation on the temperature profile, since this term
vanishes when v = constant = y.

We now consider the question of approximating this variable vis-
cosity correction term. If we take the reference kinematic viscosity,
1, to be the centerline value, then the integrand in the correction term
is largest in magnitude near the wall, and it goes to zero outside the
major “thermal layer”. Certainly for large Prandtl number fluids the
main thermal layer or region is rather close to the wall and in fact this
is reasonably true even for Prandtl numbers as low as order unity.
Thus, at large Prandt! numbers, we could replace ¢/v by K-y*+3 in the
correction term and rescale y*+ in the usual way [7]. Then the cor-
rection term would appear as

(E - 1) dr
Te 14

y <2 - 1) T
B ch v . B f @
Pro JTw 1 N w 1+ Kz3
P E+
PI‘O
where z = Prg!/3 y++, In this form, the correction term represented
by equation (7) would appear to be close to (but smaller than) the
value

T

B <”— - 1) dT
Tw v

By the second mean value theorem for integrals, the right hand side

of equation (7) can be written as

B T (%-1)ar

where f(£) is an unknown value of 1/(1 + Kz3) evaluated somewhere
between the limits of integration. A useful approximation should
correspond to replacing the quantity f(£) by an unknown constant
1/A, which should be less than unity. Thus we will write the R.H.S.

of equation (7) as
Te /v,
(B/A4) - f ("— - 1)dr
Tw v

where A should be somewhat greater than unity. A numerical value
for A will be chosen in order to cause the analytical results to agree
well with available experimental data, if this is possible. Since the
evaluation of the analytical result is different for heating and cooling,
separate values of A will be determined for each of these two condi-
tions.

Thus we approximate the correction term of equation (6) as

(ﬁm 1) dT
B T. \» B Tc<,,c
v

Pry «J;w 1 p TAJr,

—_— + -

PI‘() 14
Although the approximation represented by equation (8) has been
presented in the context of relatively “large” Prandtl numbers, this
point requires further discussion. In the first place, this approxima-
tion, while appearing quite plausible, is not strictly an asymptotic
approximation. That is, for example, the term Kz3 in equation (7) does
not necessarily become relatively smaller as Pro — . This is because
as Prg — «, both laminar and turbulent transport are of the same
order of magnitude within the thin thermal layer. On the other hand,

1> aT ®)
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it would be expected that equation (8) would be reasonable for per.
haps any Prandtl number larger than order unity, since the result ig
independent of the particular form of ¢, and since the preceding djs.
cussion appears to be plausible even for moderate Prandtl numberg,
Of course, the value of the first integral on the right hand side of
equation (6) is strictly a function of temperature through its upper
limit. However, for large Pro, the integral is independent of the upper
limit, and this is known to hold rather well even for moderate Prq [7),
If we also use this approximation, namely that

¥ dytt
[ T
o1 €

—_— =
PI‘() v

has the same value for both constant and variable viscosity, then

equation (6) becomes

B Te p, _
—B(TC—Tw>—1+Z[Lw Ye 4T (T, Tw)] ®

v

1t is convenient to introduce the quantity

Te
H= Zar (10)
Ty ¥
Then equation (9) becomes
B
_B(Tc - Tw) =]+ Z [H - (Tc - Tw)] (11)

For the same temperature difference but with viscosity constant at
the bulk temperature value, equation (11) reduces to

~Bo(Te = Tw) =1 (12)

By eliminating / between equations (11) and (12), and noting that
Bo/B = (St/Vf/2)/(St/V f[2)e, we finally get

St/IVI2 ~<1 1)+ H 13)

StV \ A/ AT, - Ty)

A
Here the subscript 0 refers to the constant property solution evaluated
at the centerline temperature. The centerline temperature T, can
normally be replaced by the bulk temperature T, with less than five
percent error for Pr greater than about ten [8]. Use of T} in place of
T, greatly simplifies the results.

Since the nature of the approximations made in deriving equation
(10) involves several quite plausible but untested assumptions, its
usefulness will be determined by a comparison with numerical solu-
tions of the original nonlinear differential equation (3), as well as by
comparison with experimental data. Since the final result is in the
form of a ratio of variable property to constant property transport
coefficients, and since the arguments leading up to this formula do
not seem to be tied severely to a large Prandtl number assumption,
it is hoped that this result will prove to be fairly general. Thus we
would expect that this correction might be appropriate for virtually
all liquids, with the exception of liquid metals, since liquid Prandtl
numbers are normally greater than unity.

To evaluate the integral H, we have assumed that the viscosity
variation with temperature follows the equation » « e/T. This form
has been found to correlate the viscosity-temperature relation for
most liquids over a wide range of temperatures. Typical examples of
liquids which have such a viscosity variation are shown in Fig. 1.In
this case, H is given by

H=efTe f " e-sr1q (14
This integral can be expressed in terms of tabulated exponential in-
tegrals. Instead, we will develop simple and accurate asymptotic ap-
proximations which cover the range of virtually all practical appli-
cations. The cases of heating and cooling are treated separately. A
derivation of these simple approximations, together with an assess:
ment of their accuracy, is given in the Appendix. The results are 8
follows:
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Heating

1 — =T/ Te= 1B/ Tut?)

H = —-Tweﬁ(l/Tc—l/Tw) . (15)
LA
Tw
Cooling
1 — o= (Te/Tu= 1B/ Tc+2)
H=T, (16)
L
T,

As shown in the Appendix, these two approximations are both very
good fora wide range of possible conditions.

Discussion of Results

To assess the accuracy of the approximation formula, equation (13),
in relation to the original model, equation (3), numerical integrations
of equation (3) were performed for 8 in the range 1,000 < 8 < 10,000.
This range is expected to cover most applications. To expedite nu-
merical integration of equation (3), the wall temperature was fixed
at 600°R and for 8 values of 1,000, 5,000, and 10,000, three different
values of B (equivalent to heat flux) were chosen. This defined nine
specific cases for both heating and cooling which correspond to the
we/ vy values as shown in Table 1. The specification of the eddy dif-
fusivity for these numerical integrations was ¢/v = 0.00091 y**3, which
is the limiting form of the Notter and Sleicher [9] expression for the
wall region. Thus the numerical integrations correspond to the case
of large Prandtl numbers. By choosing appropriate values of the pa-
rameter A in equation (13), (Aceoling = 1.08, Apeating = 1.26) very good
agreement was found between the numerical and analytical results
for the 18 cases mentioned above. The maximum deviation in these
cases is 8.2 percent; the mean absolute deviation is 1.6 percent for the
viscosity range 0.39 < v, /v. < 38. This agreement shows that the
analytical approximation to the model is quite good, but this in itself
does not answer the question of agreement between the model used
and results of experiments.

Since the original model and its approximate solution involve
several possible sources of error, we now focus attention on a direct
comparison between the analytical approximation, equation (13), and
available experimental data. Our procedure is to select heat transfer
conditions corresponding to the 18 cases used in the previous para-
graph for comparision with the numerical integrations,

Perhaps the broadest source of experimental data available for this
comparison has been compiled by Petukhov [2]. In this reference,
considerable experimental results are shown for both heating and
cooling. Petukhov shows that if the data are plotted as St/St, versus
e/ 1, then the following empirical correlations provide a reasonably
good representation of the data.

Heating: n = 0.11

. (17)
Cooling: n = 0.25

St <uw)"
Sto Hb

Another less extensive but important set of experimental data
which are useful for comparison purposes are due to Allen and Eckert
[10] and Malina and Sparrow [11]. These data will also be used in the
comparison to follow.

To carry out a comparison, the analytical formula, equation (13),
was evaluated using several values of A for the 18 heat transfer con-
ditions studied previously. By comparing these results with the em-
pirical correlations of Petukhov [2] we obtain the results shown in
Table 1. In order to determine the analytical values it is necessary to
specify the effect of variable viscosity on the friction factor. For the
caleulations shown in Table 1, the following empirical correlations
of Petukhov [2] for the friction factor were used,

1
-2
6 M

f Lo 024

fo <ub )
Equation (18) is based on the heating data of Allen and Eckert {10}
for water at Pr = 8. Equation (19) for cooling is based on the data of
Rohonczy [12] for water with 1.3 < Pr < 5.8,

In Table 1 results are shown for the empirical correlations of
Petukhov, equation (17), and the analytical prediction, equation (13).
The predictions of the model are compared to both the Petukhov and
Seider-Tate (3) correlations in Fig. 2. The choices of A(cooling) = 1.05
and A(heating) = 2.4 are seen to lead to very good agreement for a
rather wide range of 1,,/up values. Because of the form of the heating
correlation for the friction factor, it was felt that it would be unwise
to use equation (18) to extrapolate f/fo values beyond the range of the
experimental data. This limited the heating calculations to u,,/up >
0.38. As Petukhov's diagram shows, there is substantial scatter in the
data when it is plotted in this way. It is possible that some of this
scatter represents the fact that the quantity u,,/us cannot, by itself,
account completely for the effects of variable viscosity. The model
results depend explicitly on three parameters, 8, T\, and T’ rather
than merely on the quantity u,./us. However, the numerical evalua-
tion of the analytical solution shows that the variable p,,/u correlates
most of the nonisothermal effects.

The recent large Prandtl number empirical correlation of Sleicher
and Rouse {4] predicts values of St/Sto in good agreement with
Petukhov for heating under the conditions of our calculations.
However for the conditions of our cooling calculations, equation (13)
of Sleicher and Rouse, which is based on heating data, predicts values
of St/8tg significantly higher than the Petukhov correlation.

In Table 2 results are shown for the analytical predictions compared

Heating

(18)

S~

Cooling

(19)

Table 1 Comparison of the Stanton number predictions of the analytical formulae with the correlations of
Petukhov ,
T, = 600°R
HEATING CASES (A = 2.4) COOLING CASES (A = 1.05)
i St/Stg 8 St/Stg
(°R) Mol e Model Petukhov (°R) o/ e Model Petukhov
10,000 0.833 1.023 1.020 10,000 3.21 0.710 0.747
10,000 0.678 1.049 1.044 10,000 6.06 0.624 0.637
10,000 0.413 1.099 1.102 10,000 37.77 0.516 0.403
5,000 0.831 1.023 1.021 5,000 1.95 0.810 0.846
5,000 0.672 1.051 1.045 5,000 3.00 0.727 0.760
5,000 0.391 1.105 1.109 5,000 12.35 0.592 0.533
1,000 0.929 1.009 1.008 1,000 1.16 0.948 0.964
1,000 0.694 1.046 1.041 1,000 1.31 0.910 0.935
1,000 0.425 1.101 1.099 1,000 211 0.774 0.830
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Fig. 2 Heat transfer predictions of thé model compared to empirical corre-
lations. T,, = 600°R

to the very precise heating measurements of Allen and Eckert [10] and
Malina and Sparrow [11] and the corresponding values from the
Petukhov correlation, Each value given for (St/Stg)exp represents an
arithmetic average of values for either four or five Reynolds numbers
as given by Malina and Sparrow. It is seen that the effect of variable
viscosity on (8t/Stg) is somewhat smaller in these experiments than
that predicted by the Petukhov correlation or our analytical formu-
la.

Summary

An approximate relationship, equation (13), is derived for the effect
of variable viscosity on the fully-developed heat transfer rate to tur-
bulent liquids. The correction, H, in equation (10), has been evaluated
for viscosity variations of u « e#/T in case of heating (equation (15))
and cooling (equation (16)). The analytical formulae are found to be
in excellent agreement with the numerical integrations of the model
equation, (3). If the values A(cooling) = 1.05 and A(heating) = 2.4 are
adopted, the analytical formulae also compare very favorably to the
variable property heat transfer correlations of Petukhov for lig-
uids.
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APPENDIX

Approximation Formula for
Teyp
H= ~dT forv « eB/T
Tw v

The integral H can be written as
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Table 2 Comparision of the analytical formula with
heating data of Malina and Sparrow [11] for Pr = 3,
48, 75 and with heating data of Allen and Eckert (10]

for Pr =8
T, = Ty, = 50°R
(St/StO)nred

Pr B mw/ms  (St/Ste)exp  This Work  Petukhov [9)

3 3090 0.673 1.02 1.05 1.04

8 3090 0.594 1.04 1.07 1.06
48 8745 0.404 1.05 1.10 1.1t
75 8745 0.376 1.07 1.10 1.11

Table3 Comparison of Numerical and Analytical
Approximation of

= ¢ —az 2
I j;e dz/(1 + 2)

1 — g—clot2)
c g INumerical [approx. = _TT.‘*‘—T
0.2 2 0.139 0.138
0.5 2 0.225 0.216
0.02 2 0.0192 0.0192
0.2 20 0.0450 0.0449
0.02 10 0.0178 0.0178
0.1 [ 0.0690 0.0688

T
H=eblTe f e=BITdT
T

w

If we introduce 1/T = u, this can be written as

1YTw p=—Bu,
H = o8/T¢ f w e~ Mdu
u=1/T, u2

(A1

The integral expression in H can be written as the difference between
two generalized exponential integrals, but instead we develop a simple
and accurate approximation for large § which should apply to the
entire range of conditions which are met in practice. The cases of
heating and cooling must be treated separately, since the maximum
contribution to the integral in H comes from opposite locations in
these two cases. In either case, H is reduced to an algebraic factor
times the integral

fc e~o2dz/(1 + 2)?
0

where the values of ¢ and o are different for heating and cooling. An
excellent approximation to this integral is given by

¢ e—azdz 1— e—c(a+2)
.J; 1+2)2  o+2

This approximation can be derived by merely replacing (1 + z) by e?
in equation (A1) and integrating the exponential. This approximation

(A2)

.is asymptotic bath for ¢ — 0 and o — =, with errors of 0(c?) and

0(1/¢%), respectively. The values of ¢ to be found in practice are
roughly in the range (0.02-0.5) while the values of ¢ will normally be
in the range (2 < ¢ < 20).

To illustrate the accuracy of this approximation, values of the in-
tegral in equation (A2) are shown in Table 3 compared to the ap-
proximation for typical pairs of ¢ and ¢. The agreement is normally
better than one percent. In the very extreme case (i.e., large ¢, small
o) ¢ = 0.5, ¢ = 2, we find an error of about four percent.

For the case of heating, we introduce into equation (A1) the sub-
stitution u = (1 + 2)/T,. Then using equation (A2), the value of H
becomes
ToW/Te—1 @~B/Tuwzdy

= T, eBU/Te=1/Ty) f
2=0 (1+2)%
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/T D Tt 2) (1 + 2)/T.. Then using equation (A2), the value of H becomes
1 — @ T/ Te— 1M/ Tyt

H 2 ~T etV Te=1/To Heating H (Te/Tu~1) @=8ITetdy | = @=(Te/Tu= D/ Tc+2)
—d——+2 ’I‘C~ ‘j::o (1+2)2 - 3
T + 2
T.
For cooling, we introduce into equation (A1) the substitution u = Cooling
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Theoretical Determination of Band
Absorption for Nonrigid Rotation

with Applications to CO, NO, N0,

and C02

Results are determined for infrared absorption in a fundamental manner directly from
the basic spectroscopic variables. Comparison with experimental data shows good agree-
ment for small and moderate optical depths, but substantial differences result for very
large optical depths. The basis for the discrepancy is discussed and further work is recom-

mended.

Introduction

In a previous study, the spectral absorption coefficient and the
total band absorptance were derived in a fundamental manner di-
rectly from the basic spectroscopic variables for a vibration-rotation
band for rigid rotation [1].! A comparison of the theoretical results
with the experimental data for diatomic gases, in particular for carbon
monoxide and nitric oxide, showed very good agreement. In the
present study new relations are derived for nonrigid rotation. Com-
parisons are then made with the experimental data for carbon mon-
oxide and nitric oxide and for the linear triatomic gases, nitrous oxide
and carbon dioxide.

Analysis

The distinguishing feature of nonrigid rotation is the nonuniform
spacing of the spectral lines, which requires a separate specification
for the P and the R branches [2, 3] according to (for nonsymmetric
molecules):

dp=(B'+B”)+ 2(B” — B')J = dy + 2dgJ
dp = (B’ + B") — 2(B” — B')(J + 1)| = |d1 — 2da(J + 1)|

(1a)
(1b)

(The symmetric molecule case is briefly noted in Appendix A.) The
result for the absorption coefficient for linear nonsymmetric, nonrigid
molecules which have the dispersion form is obtained by summing
the contribution for each line [4] and is given by

1 Numbers in brackets designate References at end of paper.
Contributed by the Heat Transfer Division for publication in the JOURNAL OF
HEAT TRANSFER. Manuscript received by the Heat Transfer Division July
25, 1977.

230 / VOL 100, MAY 1978

Copyright © 1978 by ASME

k___ 5 Jexp [=heB”J(J + 1)/kT]
bSo/m  g=iz.. [(v = wo) + d1d + daJ?)2 + b2
Jexp [~heB"J(J + 1)/kT)

— (2
J=1,Xz:,. .. [(V - l/o) e d1J+ dQJZJJ + b‘Z

where Sg = ahcB”/kT. Following [1, 5], the sums of these series are
obtained by using the residue theorem, and the approximate result

is given by
—hcB” [ T /T B8\2
ow [ 5 G - 6) ]
_ | aheB” | kT 27 \2x o
2xd kT cosh8—cos 7

. {(1 sinh g —Bsin ) + ﬂ [(+2 — 8?) sinh 8 — 270 sin 1]] 3
wdy

where the + sign refers to 7 > 0 and the — sign to 7 <0, with r = 2x(r
— vo)/d, and B = 2xb/d,. Using equation (3) it is possible to obtain
explicit results for the total band absorptance in terms of the basic
spectroscopic variables. Equation (3) is approxmiate because the line
integrals have been neglected [1, 6].

For small values of the broadening parameter, 3, the following ex-
pression is obtained:

k=<1+@>kr @

Tay

where the absorption coefficient for rigid rotation, k., is

~heB" [ 1+ /7
e (S 5 1) )
cheB” kT 27 \27w

2nd kT 1+ (82/2) — cos

with k > k. for 7 > 0 (R branch) and k <k, for r < 0 (P branch). N"te'
that the contribution to the total band absorption in the regiOTf of
small values of 7 is small. Hence, errors in this region are not of im-

B(r —sin7) (B
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ortance.?
The total band absorptance [7-14] is defined by A = f=[1 —exp
(,kX)]d(u — pp). For small 8 it is convenient to cast this in the

form
A=Y A, + XA, 6
1

with A, approximated by

o 7 fi o

T 0

_ynﬁ ]
L A— |
1+ (B%/2) - cos 7/ } !

= sy y"/ﬁexp[—(u% ;] L 0

with 7 = 7 = 2rn + 2xn?(da/d;) and,y, = (ahcB""X|n|/d1kT) (1
+ 2nda/dy) exp (—heB”"n2/kT). For y,8/2 « 1and u/f « 1, with u
= (ax/d){heB” [RT)!2, we obtain

oF

with F = (d1/2)(kT/hc¢B”)V2 and E = (da/d1)(kT/heB”)!/2
Continuing with the small 8 condition and requiring y,,/8 > 1 (and
vufB/2 <« 1, cf. equation (7)) we obtain

An = dy erf [(yaB/2)1/2] ©

A {1 ~ [.157 + 0.470E?) %J ®)

The total band absorptance, A, may now be obtained by numeri-
cally summing the values of A, or alternatively by using the Euler-
MacLaurin formula to obtain

A w ~z2 1/2
~=f erf[l%(HzEz)} ]dz
oF 1 2

2

+£‘”erf[{”—ﬂf-2‘ii(1-zEz)]l/2] dz (10)

For small values of u g the series representation for the error func-
tion may be used which yields
A 28u 1/2
= =206 (—ﬁ—) {1 + 0.750E%
oF T
This result may also be obtained by using equation (9) directly.
For very large values of uf an asymptotic relation may be obtained
for the absorption using equation (10). The result is

(11)

5‘%~ 2[v2 n (up) + 2E £n (up)]. (12)
Reeall that 8 is small, so that equation (12) is therefore limited to
extremely large values of u.

The limiting relations for the total band absorptance, A, that were
given above were based on the approximate relation, equation (5), for
the absorption coefficient, which is limited to small values of the
broadening parameter 8. Another important condition corresponds
to moderately large values of 3% and the absorption coefficient for rigid
rotation is now given by

aheB” | 7| {——th” T 2]
- e 8 )
2d1kT T \2r
It was previously noted that in the region of very large positive and
Negative values of 7 the contribution to the absorption is.negligible.
Substituting this result into the definition for the total band ab-

sorptance yields

(13)

r

E} .Om {1 + exp [—u(1 + 2Eq)ne~"*}}dn
+ j; {1+ exp [~u(l = 2Ep)pe~lidy (14

2 It‘is also emphasized that for very large negative and positive values of 7 the
tentribution to the absorption is negligible.
3 Equation (4) also proves to be valid for this condition.
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where 5 = (v/27)(hcB’ /R T)/2,
For small values of u, equation (14) gives

A
2=yl ~ (0157 + 0.470E2)u]
oF

For large values of u the band absorptance varies according to

(16)

A
—~2Vlnu + 2E fnu

2F (16)

In closing this section it is repeated that it is restricted to linear
nonsymmetric molecules. The procedure for linear symmetric mole-
cules is briefly noted in Appendix A.

Discussion of Results and Conclusions

Results for the absorption coefficient of gases have been derived
based on the quantum mechanical representation of the intensity:.
Using these results, relations for the total band absorptance and its
derivatives have then been obtained directly from the basic spectro-
scopic variables over ranges of the parameters that are rigorously
defined. Results for intermediate ranges of the parameters have also
been obtained, but these require, in general, numerical computation.
The quantities, u, 8 and F are defined in Table 1 and numerical values
are then obtained from the constants given in Table 2.

In a previous study assuming rigid rotation [1], the theoretical re-
sults obtained were in good agreement with the experimental data
for both the 4.7 micron band of carbon monoxide (Burch, et al. [23],
Abu-Romia and Tien [24]) and the 5.35 micron band of nitric oxide
(Green and Tien [22]). The optical depths, u, varied from 0.017 to 354.
Now, carrying out the calculations for nonrigid rotation, as presented
in this study, yields only slight changes with respect to the rigid
rotation results for carbon monoxide (generally less than one percent)
but larger changes are obtained for nitric oxide.* The results for nitric
oxide show an improvement in the agreement with the data for the
nonrigid rotation calculations (cf. Table 3).

The results for the 4.5 micron band of nitrous oxide are presented
in Table 4 and show fair agreement with the experimental data of
Burch, et al. [23]. The results for rigid rotation prove to be very close
to those for nonrigid rotation and are therefore not presented sepa-
rately. The range of optical depths is from 0.1 to 7500, and it is seen
that at the larger optical depths the theoretical values are consistently
lower than the experimental data. This trend is clearly confirmed in
the results for carbon dioxide as shown in T'able 5, which refers to the
data of Edwards [20]. The optical depths now extend up to 220,000,
and the theoretical values for the band absorptance, at the large op-
tical depths, are substantially less than the experimental data.
Comparisons with the data of Hottel [16] show the same trend.

For small values of the optical depth, u, and small broadening, 3,
the effects of overlapping between neighboring spectral lines may be
neglected. For this condition the total absorption may be obtained
by simply adding the contribution from each line, and an accurate
specification of the spacing between the lines is not important. It is
only when the contributions from the wings of neighboring lines begin
to overlap that the spacing becomes important and the nonrigid ef-
fects become significant.

For moderately large optical depths the contribution from the wings
of the lines becomes important, and the absorption is then influenced
by overlapping. For this condition an accurate value for the line
spacing should be considered. Since most of the contribution comes
from the lines in the central portion of the band (which have a small
rotational quantum number J) the difference in line spacing between
the rigid and nonrigid rotator, which is proportional to o/, is very small
in this region. Therefore, the theoretical results obtained for rigid and
nonrigid rotation are close.

For large optical depths the central portion of the band becomes

41t is also noted that the values of u and g for nonrigid rotation (ung, BNg)
differ slightly from the corresponding values based on rigid rotation (ug, 8g).
When there is no subscript the nonrigid values are used.
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Table1 Limiting relations for the total band absorptance, A. (3V#/128 = 0.470, V'#/128 = 0.157)

Small 8
Rigid Rotator Nonrigid Rotator
2
Small u u [1 —0.157 (%) + 0.028 (%) J u [1 — (0.157 + 0.470E2) ‘-‘.]
(Small 1/8) 8 B Bi
/2
Moderate u 2.06 <%—lﬁ)l : 2.06 @ﬁfl—) i (1+0.750k2)
(Small uB) " T
Large u 2V2 ln (up) 2[V2 bn (upB) + 2F £n (1))
(Large uf)
Moderately Large 8

Rigid Rotator Nonrigid Rotator
Small u ufl —0.157u + 0.028u? ull = (0.157 + 0.470E2)u]
Large u 2Vieinu 2Venu+2E nu

Diatomic or
Ni . { = 2 =
ote or Linear Asymmetric Triatomic Molecules u=ax/2F, §=2mbld

For Linear Symmetric Triatomic Molecules u = 20x/2F, 8 = 2nb/2d,

— dl kT 12 — dg kT \V2 — ’ —_ ’
F=5 () B=F (rge) o =B B, =B -n
B” = {Be = (v + %)

Be = a1(vy” + ) — ag(vy” + ¥a) = aglvs” + )
Similar relation for B’

for diatomic

Note: . . .
for linear triatomic

Table 2 Tabulation of variables. For CO, o, = 0.01748
[3, p. 522] and for NO, «, = 0.0178 [3, p. 558]; other
variablesin [1]. Note Po =Pr+ (6~ 1), = b, P,

N0 CO,
B. 0.419 0.395
(em™1 {15, p. 272) [3, p. 21]
bo 0.157 0.1
(atm=!  [17,p. 1498] [18, p. 378]
cm™1)
B 1.12% 1.3
[15, p. 275] (19, p. 541]
@y 0.0345 0.00121
(cm™! [21, p. 596} {21, p. 598]
as —-0.00056 —~0.00072
(cm-1)  [21, p. 596] [21, p. 598]
as 0.00179 0.00309
(cm™1) [21, p. 596] [21, p. 598]
4.5 2.Tu 4.3 15u
« 2035* 70.8 2706 240
(atm;)l (15, p. 275] [18,p.310] [18,p.310] [18, p. 310]
cm™

* Values correspond to 273 K. Other values correspond to 300 K.

Table3 Comparison of experimental and theoretical results (rigid and nonrigid rotation) for the 5.35 micron
fundamental band of nitric oxide (experimental data and correlation from Green and Tien ([22])).

Pressure
Effective Path Experimental
Pressure Length Broadening Data Theoretical Results Correlation

P, P,L Optical Depth Parameter Ag Arug Ara e Ac

(atm) (atm-cm) Up UNR Br Bng (em™1) (em™1) (em™YH {em™1)
1.0 0.845 2.69 2.71 0.101 0.102 35.76 31.0 33.3 36.2
1.0 1.22 3.89 3.92 0.101 0.102 45.25 37.0 39.7 14.3
1.0 2.45 7.81 7.87 0.101 0.102 67.37 53.0 55.2 64.6
1.0 3.09 9.84 9.92 0.101 0.102 70.83 59.0 61.4 73.0
2.025 1.71 5.45 5.49 0.205 0.207 64.99 62.0 64.6 65.6
2.025 2.47 7.87 7.93 0.205 0.207 84.7 73.0 76.0 80.2
2.025 4.96 15.80 15.93 0.205 0.207 113.92 97.0 100.5 111.6
2.025 6.24 19.88 20.04 0.205 0.207 119.18 105.6 109.1 121.9
3.06 2.575 8.20 8.26 0.309 0.312 91.44 . 88.1 91.5 92.0
3.05 3.725 11.87 11.96 0.309 0.312 113.87 101.6 105.1 108.6
3.05 7.47 23.80 23.99 0.309 0.312 142.7 127.5 130.9 139.9
2.98 9.195 29.29 29.52 0.302 0.305 142.7 134.0 137.2 148.7
4.075 3.44 10.96 11.05 0.413 0.417 108.156 109.5 113.0 111.7
4.075 4.975 15.85 15.98 0.413 0.417 131.42 123.3 126.7 128.3
4.075 9.97 31.76 32.01 0.413 0.417 157.54 146.7 149.5 159.6
4.075 12.56 40.01 40.33 0.413 0.417 157.40 153.2 155.9 169.9
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Table4 Comparison of experimental and theoretical
results for the 4.5 micron fundamental band of nitrous
oxide at 303 K (Experimental data of Burch, et al. [23])

Pe PNgOL AE A’[‘H
(mm Hg)  (atm-cm) BNR UNR (em~1)  (em™)) ©
11.5 0.0186  0.0180 1.824 593 550 8 IESEIRBBTONR
216 0.0337 721 7.29 % SICEREREEEE R
42.4 0.0662 9.31 9.97 v
91.2 0.142 12.2 13.97 = .
186.0 0.290 15.8 18.51 8 o SEZEEIRNBZRES
360.0 0.562 187 23.05 — §l ReemA e
749.0 1.169 220 27.58 K
1920. 2,373 24.4 30.72 oy 0D OO OWOL- -0
3035.0 0.0186  4.738 1.824 249 3249 g 5 235888888888
2
112 0.74 0175 7258 704 7225 8. 5 325338382388
181 8.283 776 78.87 < 3
292 .456 83.7 84.32 S O O D I I O 00 09 10 €0 &
" wN ]
479 0.748 8.8  89.26 SE| & Erodaeaces e
767 1.197 90.0 93.41 o R = fanhoh vl
1530 2.388 92.2  98.97 IS
3080 0.74  4.808 7258 935  104.16 ] I
ot = el L0 €O O et < LD O €D rend vt
3.2 14 0.0050  137.31 317 2521 g al T Ao Sacaaeme
6.2 0.0097 38.7 35.09 ~
10.8 0.0169 46.4  46.31 g% LHBLSRBEUSRS
30.0 0.0468 637 6073 Fal ¥ 5E22EgRNERTS
74.0 0.116 80.0 7546 eol 3 TS IsEE
232.0 0.362 92.8 88.38 o=
7360.0 1.149 98.8 98.26 Fg &
3035.0 1.4 4738 137.31  101.2  108.54 =% o HR29EEBEICES
[} =
28 116 00347 113774 102 88.38 M2l 5| 885855855385%
61 0.09562 108 95.27 & 5
203 116 0317 113774 115 104.39 - < B82988ALT LY
22.4 188 0035 184393 1032  90.79 0d| < BESIERILESRY
492.4 0.066 1087 9621 BElg | TTTTTTTTTTT
106 0.166 115.2 103.22 a P«
406 0.634 1202 112,39 58| 5 SB2EBEERLRER
742 18.8 1158 184393  121.8  116.30 a8 T e e
S -
56 23.7 0.0874 2324.53 1156  100.14 = RITREEREIEES
103 0.161 1201 104.63 98| 5 4885228 SERE
213 23.7 0.333  2324.53 1253  109.66 Pal O3 SREE]RSIEZESS
;,g N F o =S
1é§.8 76.4 0.070  7493.41 125 107.02 ""; =]
0.262 129 115.79 - 2 w o
211 764 0320 749341 129 117.16 =8| | EBBEETCERERS
@ oy !
[ hd
=
B
et
. . Fu| | nszegsnszoge
opaque and the contribution from the lines far from the band center 8 2 <§ SE¥Ssgare Jaa
with large rotational quantum number  become important. In this ® @ . R =i hano R R i
region, there is a significant difference in the line spacing hetween the 2 E e)
rigid and nonrigid models. As asymptotic relation is derived for the ] 2l RORLIIBRBES
.. . . . . = g < S e e PSR SIS
nonrigid rotator model at very large optical depths which gives a linear 'g o
combination' o'f logarithm.ic an.d square root logarithmic funct%ons. f. ';3 S BRIBLNRIISYS
Alths)ugh‘thls is encouraging since @any data are correla-ted with a EEs S SoEoEE8Ees
logarithmic dependence for large optical depths, the numerical results = g 3 RO REOH
are not in good agreement with the data as exemplified by Table 5 for g & A
carbon dioxide. It would appear that this discrepancy is primarily due polC
. N o
.to the folding back of the R branch.5 The wavenumbers of the lines é% S § §§ % 2L g § § e 5 P
in the R branch are given by the relation vg = vg + d1JJ —~ doJ2 The o= coocooo-oYna
— dgJ? term, resulting from the nonrigid rotation, causes vg to first - % .
increase, then reach a maximum and then decrease. Hence the B g9 qﬂé GRESGEIRRESES
branch folds back and first overlaps on itself and then overlaps with ] Pg| soRgLaig o
the P branch. With such folding, the broadening parameter 8, for = -] e s
example, requires further study. In the present analysis, the method g‘ O 00 O
used to obtain the total band absorptance, A, breaks down when the = o BE8ER5cR88%n b
R branch folds back, and this contribution has not been considered. © g orertaingaic
Due to the small intensity of these lines, the error introduced can be )
neglected for small and moderate optical paths, u, but for large optical :g B woRoococooannoan
Daths the error may be large. The folding back of the R branch near = A B DS i o 0 310 5
& =
3 In certain regions, however, the effects of hot bands, isotopic bands, overtone
bands, etc., may be important.
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the band center may not be very important, because this region will
become opaque before the contribution (from the lines folding back)
becomes significant. Thus the contribution to the total band ab-
sorptance, A, from the lines folding back in the region near the center
of the band, is small. However, far from the center of the band where
the intensities of the R and P branches are small, the presence of the
lines folding back will significantly increase the value of A for large
optical depths. Thus, if methods were introduced to treat the folding
back of the R branch, better agreement with the experimental data
could be expected.

In summary, the nonrigid rotator model is used to predict the value
of the total band absorptance, A. For small and moderately large
optical depths, the theoretical results from the nonrigid rotator model
give good agreement with the experimental values and a slight im-
provement over the values predicted by the rigid rotator model. For
very large optical depths, the theoretical values are substantially less
than the experimental data, although an asymptotic dependence
2E fnu + 2+ ¢n u is predicted (cf. Table 1 for moderately large 3).
To remedy the discrepancy at large optical depths, the folding back
of the R branch should be considered in detail and a calculational
procedure devised to obtain the total band absorptance. If this effect
does not yield accurate results, the contributions from hot bands,
isotopic bands, overtone bands, etc., will have to be included.
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Appendix A

Absorption of Linear Symmetric Molecules

For the symmetric molecule, alternative rotation lines are missing.
This causes some changes in the basic equations which are outlined
below. The line spacing is now given by

dp=(B"+B")+ 2(B” ~ B} =dy + 2d3J, J = 2,4,6 (A-la)

dR = [(B’+B”) —Z(B” —B')(J+ 1)|
= |d; = 2do(J + 1)}, J=0,2,4 (A-1b)

so that the absorption coefficient becomes
k J exp [—heB”J{J + 1)/kT]|

bSo/n g=sd.. [(v = vo) + di + daJ?)? + b?
J exp [~heB"J(J + 1)/kT)
J=13,..[(v — vo) — d1J + daJ?]? + b?

where Sp = 2ahcB” /kT. Proceeding in the manner presented in the
analysis for linear nonsymmetric molecules yields the same relations
for the band absorptance provided that the optical depth is now given
by u = (2ax/dy). (heB”/RT)V2, 8 = 27b/2dy and 7 = 2x (v — vo)/2d1.
Note that these relations for Sg, u, 8 and r differ from the previous
expressions by a factor of 2 due to the missing lines. The specifications
for E and F remain the same (cf. Table 1).

(A-2)

Transactions of the ASME

Downloaded 21 Dec 2010 to 193.140.21.150. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



G. L. Hubbard
- €. L. Tien

Department of Mechanical Englneering,
University of Californla, Berkeley,
Berkeley, Calif.

Infrared Mean Absorption
Coefficients of Luminous Flames
and Smoke

A simple procedure has been developed for the calculation of the Planck mean emission
and absorption coefficients and the Rosseland mean absorption coefficient for infrared
radiation of the saot-gas mixtures commonly occurring in luminous flames and smoke.
Specific results are presented for mixtures involving carbon dioxide, water vapor and car-
bon soot, the dominant species in most combustion systems. The close agreement between
the various averages clearly demonstrates the usefulness of the mean absorption coeffi-
cient concept for applications.

Introduction

Infrared radiative heat transfer is an important component of
many engineering problems involving smoke and flames. In such
applications, consideration must be given to particulate matter as well
as the usual absorbing-emitting gaseous species. The two dominant
gaseous species from a thermal radiation standpoint are carbon
dioxide and water vapor, the common combustion products. The small
solid particles known as soot are the result of incomplete combustion
of the fuel. The soot contribution is often dominant in many flame
and smoke calculations.

A large number of experimental and analytical investigations of
flame and smoke radiation have been reported recently [1-7],! having
been well summarized in a recent paper [7]. The experimental results
generally are presented for one specific geometry using arbitrary
empirical correlations. Lack of a simple theoretical model makes in-
terpretation and comparison of various data difficult and generali-
zation to application in actual flames almost impossible. On the
theoretical side most current models require overly detailed input
information, and are often too complex to allow practical use of them
in an actual problem. There does exist, however, a large body of an-
alytical results, including some for smoke and flame situations, in
which the intervening medium has been assumed to be gray. These
results are generally relatively simple to generate and to apply to any
particular problem. The difficulty lies in finding an appropriate mean
absorption coefficient to use, with the need to resort to experiments
when facing each new problem.

In this paper, a simple method for calculating the mean absorption
coefficient is presented. It requires knowledge only of the temperature,
volume fraction of soot, and partial pressures of the various absorbing

———

! Numbers in brackets designate References at end of paper.
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species for its application. When the dominant absorbing gaseous
species are COq2 and Hy0O, as in most systems, graphical results are
given for the convenience of practical calculations.

Analysis
The equation of transfer along a line of sight, s, for a nonscattering
medium in local thermodynamic equilibrium is given as
oL, 0 1,) (D
- = Kw w - w
ds b
where I, is the spectral radiative intensity, «, the monochromatic
absorption coefficient, and [, the blackbody intensity.
Equation (1) can be directly integrated over all wavenumbers and
for an arbitrary path to find the total intensity at a point s

I(s) = j; T (0)e- O de

+f fIbw(S’)eT”(s')_’“(S)Kw(S’)ds’dw (2)
o Jo

where the optical depth 7 is given by

rols) = fo " kuls)ds’ 3)

Evaluation of equation (2) directly, even using numerical means, is
impractical due to the rapid and complex variation of x, with wave-
number. There are, however, two limiting cases in which the path and
wavenumber dependencies can be separated in such a way as to make
evaluation practical.

If the optical depth is small for all wavenumbers and positions in
question, the exponentials can be expanded in a Taylor series. If it
is also assumed that I,(0) = elp,,(T), where ¢ is independent of w and
Ty is any temperature, equation (2) reduces to

16s) NIo[l ~ [ wrats T0>ds]
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F B, 1 @)

Here xp,, and «p, are the Planck mean absorption and emission
coefficients, respectively,

1 w
kp,a(T; To) &~ ko(T)Bu(To)dw (5)
(TTO 0
1 A 1 =
welT) 2 = 7 x(D)Bu(T)do ®)

where B, (T) is the spectral blackbody emissive power, and ¢ is the
Stefan-Boltzmann constant. Since «p, and «p, are functions only of
Ty and local conditions (not the distance traveled) they can be tab-
ulated once and for all, eliminating the need for any further spectral
integrations.

It is also possible to get an asymptotic solution in the limit , >> 1.
In this case Watson’s lemma is used, yielding

1 di,
I(s) ~ Iy (s), = =y 75> 1 7
(8) ~ Ip(s) o) ds T (N
where the Rosseland mean absorption xg(T') is defined by
1 = 1 (T
s 98D 4, ®)
«r(T) 0 x,(T) 8(aT?

Notice again that the spectral and path variations are again separated,
provided that the diffusion approximation, equation (7), is used.

Between these two limits the concept of a mean absorption coeffi-
cient is not generally useful. If xas is defined so that the emissivity of
a homogeneous gas-soot mixture of pathlength L is given by

e =1 — e~+ML 9)

it is found that xps depends not only on the properties of the gas, but
on L itself, unless «, is independent of w. However, for many soot-gas
mixtures, «, varies sufficiently slowly with w that equation (9) can be
applied using «ar = xp, in optically thin cases and xa = «g in optically
thick ones. For pure soot, assuming «,, = const/}, it has been shown
[6] that this scheme results in a maximum error in ey of seven per-
cent.

In a mixture of soot and various gases, the monochromatic ab-
sorption coefficient, «,, is just the sum of the «,’s for the components.
That is, for N absorbing species

N ,
Ko = Kag T 2 Ko (10)
i=1

Soot particles in smoke and flames are generally much smaller in
size than one characteristic wavelength of radiation. In addition,
scattering is usually negligible relative to absorption. In this limit,
referred to as the Rayleigh absorption limit, the spectal absorption
efficiency is given by [8]

Nomenclature

nk
A, = 24nD
w[n2~k2+2]2+4n2k2 (1)
where (n — ik) is the complex index of refraction. If the number of
particles per unit volume with diameters between D and I} + d) 5
denoted by F(D)dD, then the spectral absorption coefficient is

o D2
Kos = f AT F(DYdD
0 4

nk

= 36
el T ey ot e (2

ar

Kas = Colw)fow (13)

where f,, is the volume fraction of soot. Generally, f, is of the order |
X 10~ (1 ppm) and Cg varies from 2 to 6. Often Cy is taken as constant
although that will not be done here.

For the absorbing gases, the Elsasser narrow-band model is used.
Here an array of equally intense, equally wide, equally spaced ab-
sorption lines is assumed to exist in a given spectral region. For these

conditions
o S.P; sinh 8, )
Fad < de > <cosh B = o8 2 (14

where z,, = 270/d 4, Bw = 277,°P,/d ., S, is the line intensity, d, the
line spacing, and v, is the line half-width at unit pressure. All of these
are functions of local temperature and are allowed to vary slowly with
w. The equivalent pressure, P,, accounts for collision induced line
broadening.

Equations (10), (13) and (14) are now substituted into the defini-
tions of kp e, kp e and «r. The integrals over wavenumber are accom-
plished in two steps. First everything but z,, is assumed constant over
one line spacing yielding

1 w N Sw<
Ro= o | T rdo=Cofyw + 3 2P, (15)
dy Jr i=1dy,;
K"l = "1'“ fwz ko tdw = !
dy Jor Cofow .
N § 9f; ~1/2
~z—~§f-——[1+gi2+-——£—‘-~] (16)
i=1 Cofvw tanh B

where w; = w = d /2, we = w + d /2 and & = (S,;P;)/(d.,iCofyw).
The second step is to integrate over all wavenumbers using these

average values. Considering that each absorption band, j, is narrow

enough that B, can be assumed constant, then equation (6) yields

o B,
kpo (T, P;) = j; Cofois—= ds

a = integrated band intensity

A, = spectral absorption efficiency for soot

B = Planck blackbody emissive power

Co = function defined by equation (13)

Cs = second radiation constant, 1.4388
cm-K

d = mean line spacing

D = soot particle diameter

fv = volume fraction of soot

F = soot particle size distribution function

I = radiant intensity

n = real part of the index of refraction

k = imaginary part of the index of refrac-
tion

P; = partial pressure for species {

P, = equivalent line broadening pressure

236 / VOL 100, MAY 1978

s.= path length
S = integrated line intensity
T = gas-soot mixture temperature

To = characteristic temperature of incoming
radiation

B. = line broadening parameter, 27y,°P,/
d,

v.? = mean line half-width at unit pressure
A = band half-width

€ = emissivity

{ = dimensionless wavenumber, wCs/T'

k = absorption coefficient

kp,e = Planck mean absorption coefficient
kp,e = Planck mean emission coefficient

kr = Rosseland mean absorption coeffi-

cient
A\ = wavelength
¢ = Stefan-Boltzmann constant
7 = optical depth
xi = gas-soot ratio parameter, pi/fo
w = wavenumber

Subscripts

b = blackbody

i = gas species [

J = absorption band j
M = mixture

P = Planck mean

R = Rosseland mean
§ = soot

w = spectral value
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N B, S
+ 2L —de (17
§ %: O'T4 Awj dw,,‘ ¢ ( )
or,
kpe (T, xi) N
R B = kpa(T) + T xinpi(T) (18)
fu i=1
where x; = Pi/f, is a measure of the relative amount of soot and gas.

The term &p s represents the contribution due to the soot and is given
by

= U BST) T e 15 ¢
= . o= dw-czj; Cow) Gy 4 09

where Ca = he/k = 1.4388 cm-K is the second radiation constant and
¢ = Caw/T. If Cy is constant the value of the integral is 3.83 Co, as
obtained before [9]. The term «p is sometimes called the Planck mean
absorption coefficient itself [10] and is given by

S, 0 (T
. __1_ = _._.l____
kpi(T) = %; o7 Jad, dw § a;j(T) - (20)

where a; is the integrated band intensity. Generally, the product,
a;j(T)-T, is a constant, a ;(T'0)-T'o, for most important bands so that

¢ a(T, i T) N T,
L% ~ w0 (To) + & (Xi -7—?) xpi(To)  (21)
or
kp,a (T, xi; To) o kp,e(To,xiTo/T) (22)

fo fo

Calculation of «g requires knowledge of the spectral distribution
of S/d as well as its integral since k,,~! is not a linear function of £;. The
exact distribution is very complex and must be simplified greatly if
a closed-form expression for «g is desired. The shape chosen here is
taken from the exponential wide-band model [11], where §,, does not
vary with w inside each band and

_Sézaj(T) <_2[w—wj|>.
do A TP\TTTAT)
Here A; is the band half-width and w; is the spectral location of the
band center. This model was developed to enable prediction of the
integrated band absorptance. The values of ¢; and A; are selected to
get a maximum agreement with experiment over a large range of
pathlengths. Since the model is somewhat arbitrary, these values of
a; do not agree exactly with those generally accepted [10]. In addition,
this model used the Goody narrow-band model rather than the El-
sasser mode] used here. However, the two models do not differ greatly

so the difference should not be significant.

Use of equation (23) implicitly assumes that there is no overlapping
of bands. This is not a good assumption at high temperatures where
4; is large. Fortunately under such conditions the soot generally
dominates since a; « T'~! and so the error is not significant. If it is now
assumed Cow and dB,/0(sT*) are constant over each of the bands,
equation (8) yields

(23)

fo 1
sR(T, xi, Pe) KRs(T)
dB,,
- Z 2 n{G; + (G; 2-e‘2"l)”2}——‘— (24)
i=1 ] Copwj 3(aT?)
or
fo 1 N 1
, = (25)
«r(T,xi,Pe)  krs(T) >=: kR, (T, xi,Pe)
where
- 1 4B,
kR (T) 0 Cowd(aT*)
C @ 5
Gopr LI5Sl o)

1 Jd Co47r4(e§'-1)2

and
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xi tanh 8 + 1
Cojwj

tanh §; + 1

For the case where Cgq is constant, kg s = 3.6CoT/Cs [9]. For high
pressures and temperatures, where 8; — o, this result reduces to

= 27

1+

—‘"Z

Xi(* (28)
KR,i Cojwj S

Cojwjdj

The values of kg, in contrast to «p; have not appeared previously
and have no meaning as f, — 0. This can be easily seen by noting as
fo =0, xi = < and g = fy-kr,; —> 0. This is to be expected as the
Rosseland mean absorption coefficient is not properly defined in pure
gases due to the presence of transmission windows [10]. In fact, the
present analysis is really correct only if the system is optically thick
even in those windows. That implies that the soot alone must make
the system optically thick.

Results and Discussion

The caiculation of xp s and kg s requires specification of the complex
index of refraction for soot at all wavelengths. A dispersion theory
model is used in which the constants are adjusted to fit experimental
data [12]. The integrals in equations (19) and (26) are then evaluated
numerically using Simpson’s rule, the results being shown in Fig. 1.
Note that the maximum deviation between «ps and xgr s is 17 percent
versus only 6 percent if Cp is taken as constant. This is because Cq
drops with increasing wavelength, increasing the variation of ..

For evaluation of the contribution of CO2 and H20 to the Planck
mean absorption coefficient, the value of the integrated band intensity
of each band is needed. The values at standard conditions are those
generally accepted [10] and the variation in temperature is determined
from a simplified quantum theory [11]. For Hy0, the 20 1 pure rota-
tion and the 6.3 g, 2.7 u, 1.9 p and 1.4 u vibration-rotation bands were
included. For COs the vibration-rotation bands considered are at 15
i, 104 1, 9.4 i, 4.3 p, 2.7 p and 2.0 u. The results are shown in Fig, 2.
This quantity is identical with the Planck mean absorption coefficient
for pure gases quoted elsewhere [10]. The rapid drop if xp; with
temperature results from the T variation of a; and the shift of
blackbody curve away from the infrared, where the absorption bands
are located.

Data for the Rosseland mean absorption coefficient are taken from
the exponential wide-band model correlation [11]. As noted pre-
viously, the values of a; here do not always agree precisely with those

35 T T T T T

(m'yx10°8

32" 1.5

0 i | 1 1 1 1
250 500 750 1000 1250 1500 1750 2000
T (°K)
Fig. 1 Mean absorption coetficients for pure soot
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used earlier but are used to insure consistency with the values for 4;
and 8;. The quantity 1/kgr is shown in Figs. 3 and 4 for H,0 and CO,
respectively. The equivalent pressure is calculated from

Pe =P+ P;(8.6VT*/T — 0.5) for Ho0O
o~ (P + 0.3P;)%7 for CO,

where T* , 100 K and all pressures are in atm. The exponent for the
CO; case varies somewhat from band to band, 0.7 being an average
value. Since most fires are at atmospheric conditions, and the partial
pressure of carbon dioxide rarely exceeds 0.2 atm, P, never deviates
significantly from 1 atm and so only that case is shown. For water
vapor, however, that is not true. If the temperature is low, the effective
pressure can rise to nearly two atms without Pu,o exceeding the

100

"

Kp i (m~tatm™)

C | i ! | ! ! ]

250 500 750 1000 1250 1500 1750 2000
T (°K)
Fig. 2 Contributions of CO, and H,0 to the Planck mean absorption coeffi-
cient
5[ ! I f B
2l- -
08 -
5 i
E L X0 = P/ B
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= 5x10atm
<
-7
10 |—
C Pe =1
[ for Pg#luse:
5t -
X0 = P/t {1+0.05 (R, -1}
I ! | | J |

2
250 500 750 1000 1250 1500 1750 2000

T(°K)

saturation pressure. Since the effect of P, is relatively small in thg
range, the simple correction shown on Fig. 3 is completely sufficien
and easy to use.

Using equations (18) and {(25) it is possible to readily calculate Ap,
and «g with the aid of Figs. 1 through 4. This is done in Figs. 5 andls
for two sets of conditions. In the first Pco, = Pr,0, and in the secong
Pco, = 2 Pyyo. The Planck mean emission coefficient does not depeng
on P, but the Rosseland mean does, the cases here corresponding g
P, = 1 atm. However, changing P, to two atm results in a maximyp,
change of these results of only ten percent, a difference which i
probably negligible for most purposes. Of course, other cases coulq
be easily generated if needed.

Figs. 5 and 6 demonstrate how insensitive the Rosseland meap

5 1 1 1 i 1 |

250 500 750 1000 1250

T(°K)

1500 1750 2000

Fig. 4 Contribution of CO, to the Rosseland mean absorption coefficlent
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Fig. 5 Mean absorption coefficients for luminous flames and smoke {XHz0

Fig. 3 Contribution of H,0 to the Rosseland mean absorption coefficient = Xgo,)
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Fig. 6 Mean absorplion coefticients for luminous flames and smoke (xco,
= 2Xp,0)

absorption coefficient is to the quantity of gas present, especially in
the important region x < 10* atm, Thus, for optically thick systems,
the radiative transfer is due primarily to the soot. For pure soot, kpe
and g differ by at most 17 percent. As the partial pressure of gas in-
creases, kp o rises relatively rapidly because of its linear dependence
on x;. Hence, in optically thin systems, especially at low temperatures
when the 20 ¢ Ho0 and 15 p COg bands are important, the gas plays
an important role in the heat transfer process. At high temperatures
the effect is much smaller since xp; drops rapidly with T as discussed

earlier. The reason the differences are larger in Fig. 6 is basically be-

cause there is 50 percent more gas present than for the same value of
x in Fig. 5.

Many engineering systems are neither optically thin nor optically
thick, of course, and for this method to be useful it must be possible
to estimate xas for these cases. If the temperature is high this presents
little problem because of the basic agreement between «p . and<x; in
that region. At low temperatures or high partial pressures that is not
true; however, a numerical comparison with Felske and Tien [1] shows
a maximum error in € of 15 percent exists if « is taken as g, even when
the optical depth of the soot alone is 0.3. This is not unexpected, based
on the pure soot results [6] which show a maximum error of 7 percent
in ¢ over all optical depths. Under the condition P;L <1 X 10~* m-
atm, «,[, << 1 even at the band heads, and «p, should be used. It
should be noted, however, that these two limits, xp . and «g, do not
necessarily bound the results, as can be seen from the pure soot case
[6].

As an example, consider radiative transfer in a polystyrene,
(CsHg),,, pool fire 30 cm across. Experimental data [3,7] show that a
reasonable mean flame temperature is 1486 K, and a mean value for
f» 18 0.675 X 1078 (see Table 1). For complete combustion, the product
gas will contain twice as much COg as H,0, the actual values de-
pending on conditions. The numbers used here are Py,o = 0.075 atm
and Pgg, = 0.15 atm. Thus xu,0 = 0.075 atm/6.74 X 10~7 = 1.1 X 10°
atm, with P, = 1.2 atm. The values «p o/f, and «g/f, can now be read
directly from Fig. 6 or computed using Figs. 1 through 4 with equa-
tions (18) and (28). The former is useful for quick estimates but the
latter method is somewhat more accurate because the interpolation
is simpler. These values are then multiplied by f,, giving xp, = 3.6 m™!
and kg = 1.74 m~L Multiplying these by the pathlengths, s = 0.3 m,
gives 7p = kp s = 1.1 and 7 = kg s = 0.52. Hence, this case is neither
Optically thin or thick. Based on the previous discussion, g is probably
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Table 1l Values of the soot volume fraction £, and the
soot temperature (T5) for various fuels [6]

C/H f, X108 T, (K)
Gas fuels methane, CHy 0.25 4.49 1289
ethane, CoHg 0.33 3.30 1590
n-butane, 0.40 6.41 1612
(CH3)(CHg)o(CHs)
propane, CgHg 0.38 7.09 1561
isobutane, (CHgz)3CH 0.40 9.17 1554
ethylene, CoHy 0.50 5.55 1722
propylene, CsHg 0.50 13.8 1490
isobutylene, 0.50 18.7 1409
Hs)o,CCH,
1,3-butadiene, 0.66 29.5 1348
CH,CHCHCH;
Solid fuels wood =~ (CH0), 0.50 0.362 1732
plexiglas, (CsHgO2), 0.63 0.272 1538
polystyrene, (CgHg), 1.00 0.674 1486

the best value to use, thus xps = 1.74 m~L. The emissivity would be ey
= 1 — exp(~xpL) o 0.40.

Conclusion

A method has been presented to allow the determination of the
mean absorption coefficient of gas-soot mixtures. This permits the
use of the gray-gas approximation when solving the equation of
transfer, and hence greatly simplifies radiative transfer problems in
luminous flames and smoke. Quantitative results have been presented
for the case where water vapor and carbon dioxide are the dominant
absorbing gaseous species, as in most important engineering systems.
For these conditions, close agreement has been found between the
various mean absorption and emission coefficients, helping to verify
the usefulness of the mean absorption coefficient concept. For many
such systems, the contribution of gas absorption has been shown to
be small. Unless P;L < 10~ atm-m, where the optically thin limit is
valid, it is best to use g for calculational purposes. Provided this gives
an emissivity greater than 0.3, reasonable confidence can be had in
the results. If neither of these limits is valid, this greatly simplified
approach fails and a more complete theory must be used. Fortunately,
a great many engineering systems fall in one of the two categories.
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calculate the spectral transmittance and total band absorptance of the 4.7u CO, 4.3u CO,,
154 COy, and 5.35u NO bands. Results are obtained for different pressure and path
lengths. These are compared with available theoretical and experimental investigations.

Total band absorptance values are available in the literature for certain pressure and
path length conditions for these gases. Total absorptances have been calculated for the
same physical conditions, employing line-by-line and quasi-random band models and the
continuous correlations of Tien and Lowder, Cess and Tiwari, and Felske and Tien. In al-
most all cases, the line-by-line results are found to be in excellent agreement with the ex-
perimental values. The range of validity of other models are discussed.

1 Introduction

In radiative transfer analyses, involving infrared active molecules,
it often hecomes essential to employ meaningful, computationally fast
and accurate spectral models for ahsorption by the ahsorhing-emitting
molecules. The most accurate theoretical procedure to compute the
absorptance of a vibration-rotation band is probably the direct in-
tegration (line-by-line) method. This employs an appropriate line
profile (Lorentz, Doppler, Voigt, etc.) for the given pressure and
temperature conditions, and calculates absorption at a large number
of frequencies within the spectral range of interest. Although it re-
quires the knowledge of individual line parameters and involves
lengthy calculations, the line-by-line method is quite reliable.

Several “narrow” and “wide” band models and band model cor-
relations for infrared spectral ahsorption have been proposed in the
literature [1-10].! Narrow band models (viz., Elsasser, statistical,
random-Elsasser, and quasi-random) can be used for spectral ab-
sorptance computations when high resolution is not required. Al-
though the use of these models results in considerable reduction of
computational time, the results, in general, have a lower degree of
accuracy than those obtained by the line-by-line method [12-14]. The
quasi-random band model, introduced by Wyatt, et al. [3], is the best
among the narrow band models to represent the absorption of a vi-
bration-rotation band accurately. In many engineering applications
involving a single absorbing-emitting gas, it is possible to make use
of the so-called wide band models [4-9]. The relations for total band
absorptance of a wide band are obtained from the absorptance for-
mulations of the narrow bands hy employing an exponential variation
of the line intensities. As such, these models are called the exponential

! Numbers in brackets designate References at end of paper.
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wide band models. In addition, several correlations for the total band
absorptance of a wide band are available in the literature {4, 10]. For
some gases, these correlations satisfactorily represent the band ab-
sorptance over certain ranges of physical conditions. Results of various
wide band models and correlations were compared in (2, 11]. It was
noted that different band models and correlations predict the total
absorptance of a band with varying degree of accuracy. Recently,
attempts have also been made to express band ahsorptance relations
directly in terms of the basic spectroscopic variables (15, 16]. All these
results indicate that while a particular formulation (band model
relation or correlation) may be applicable to linear molecules, it may
give erroneous results when applied to asymmetric or spherical top
molecules.

The purpose of this study is to calculate the spectral transmittance
and total band absorptance of 4.7u CO, 4.3u COg, 151 COs, and 5.35u
NO bands by employing the direct line-by-line integration and
quasi-random band model techniques. Specific results are obtained
for the temperature, pressure, and path length conditions for which
experimental measurements are available. Various theoretical and
experimental results are compared in order to establish the validity
of a particular formulation to specific applications. General results
for band absorptance are obtained for different temperatures, pres-
sures, and path lengths, and these are compared with the results of
various correlations.

2  Governing Equations
For a homogeneous path, the spectral absorptance, «., at wave-
number w is defined as

ap,=1—7,=1~exp(—x,X) 0]

where 7, represents the spectral transmittance, «,, is the volumetric
absorption coefficient, and X = py is the pressure path length. The
total (integrated) band absorptance, over a spectral interval Aw, i8
given by

A= j;w a dw = J;w [1 - exp(—x,X)]dw @)
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The total band absorptance of a wide band, in turn, is given by
A= 71 ep(-rX)ld( - e ®)

where the limits of integration are over the entire band pass and w,
is the wavenumber at the center of the wide band.

For the present study, it is convenient to define the integrated band
absorptance in a nondimensional form as

A= A4/Ag @)

where Ag is the band width parameter [5-8). Also, the optical path
length is defined as

u=SX/Ay= Spy/Ay 5)

where S represents the integrated band intensity.

Various theoretical formulations of narrow and wide band models
are reviewed in [2, 7-9]. The wide band correlations, whose results are
compared in this study, are discussed here briefly. A three-piece
correlation was introduced first by Edwards and Menard [4-5]. The
first continuous correlation was proposed by Tien and Lowder {6-7],
and this is of the form

Alu, B) = enluf(O)lu+ 2)/[u + 2((OR+ D (6)
where
ft) = 2.94[1 — exp(—2.60t)], t = B/2,8 = 2wy, /d

A continuous correlation introduced by Cess and Tiwari is given
by
Aw, B) = 2 £n(l + u/i2 + [ulc + n/26)]Y3) (N

Different values for constant ¢ in equation (7) are suggested in [2].
Ifit is desired to use only one value of ¢ for all 8 and path lengths, the
value of ¢ = 0.1 is recommended. Felske and Tien [10] have proposed
a continuous correlation of the form

Alu, B) = 2 E1(tpy) + E1(pu/2) — E1[(pu/2)(1 + 2t)]
+ énl(tp,)?/(1+26)] + 2v  (8)

where
o = [/ + (H))}12, v = 0.5772156

Since this correlation involves exponential integral functions, it re-
quires relatively longer computational time when used in radiative
transfer analyses [11]. Based on the theoretical formulation of Ed-
wards and Menard [4-5], Green and Tien have proposed a piecewise
correlation for NO in [25]. Results of these correlations are compared
with other theoretical and experimental results in Sections 4 and 5.

3 Computational Procedure

The procedure used for computing the spectral transmittance and
total band absorptance by employing the line-by-line and quasi-
random band models are described in detail in [3, 12, 18-20]. These
are discussed here briefly.

The direct integration (line-by-line) method consists of calculating
the absorption coefficient, and then the transmittance, at a large

number of frequency locations within the spectral range of interest.
Since the absorption coefficient is a fast varying function of the fre-
quency (varying by orders of magnitude over the width of a line), it
has to be evaluated at very closely spaced locations. The total ab-
sorption coefficient at any frequency location is made up of contri-
butions from a large number of lines in the vicinity of that frequency.
This method yields results with a high degree of accuracy. However,
the evaluation of total absorptance of a band with a large number of
lines requires a considerably long computational time. Drayson [18]
and Kunde and Maguire [20] have proposed a scheme for the evalu-
ation of transmittance using this method. The procedure and com-
puter program developed for this work is a modification of the
methods discussed in the above references. It makes use of the Lorentz
line profile for absorption coefficient and is relatively simple and ef-
ficient. The entire procedure is discussed in detail in [12]. The line
parameters needed in the calculation are obtained from McClatchey,
et al. [21].

The quasi-random band model was introduced by Wyatt, Stull and
Plass [3]. A revised version of this model was applied by Kunde [19]
to several planetary atmospheric problems and satisfactory results
were obtained. The method consists of dividing the entire spectrum
into narrow frequency intervals. The lines in each interval are grouped
into five intensity decades. Average transmittance for the interval is
computed for lines in each decade separately and the final transmit-
tance is obtained by multiplying them for the five decades. It is to be
noted here that adopting smaller width for the intervals increases
accuracy of the results but also steeply increases the cost of compu-
tation. A width of five cm~! was found to be consistent with the re-
quired accuracy and was adopted for the present work. The numerical
procedure used in the present work is different than that used by other
workers 3, 19]. It is very accurate and computationally much faster
than the other numerical schemes. The details of this method are
discussed in [12].

4 Specific Comparisons

For the gases under consideration, experimental band absorptance
results are available in the literature [17, 22, 23]. For the 4.74 CO
fundamental band experimental results were obtained from Burch,
et al. [22] and Abu-Romia and Tien [23]. For the 15x and 4.3u CO,
bands experimental results were obtained from Burch, et al. {22] and
for the 5.35u NO band the results were obtained from Green and Tien
{17]. By employing the line-by-line (LBL) and quasi-random band
(QRB) models, specific results were obtained for exactly the same
temperature, pressure, and path length conditions for which experi-
mental measurements were available. For the same conditions, results
were also obtained by employing the continuous correlations of Tien
and Lowder [6-7], Cess and Tiwari [8], and Felske and Tien {10]. The
correlation quantities required in the calculation were obtained from
[5-7]. Various theoretical and experimental band absorptance results
are compared in this section.

For the 4.7 CO fundamental band, the spectral band considered
is between 1975-2265 cm ™. In this range, there are 254 spectral lines.
The line parameters for this band were obtained from McClatchey,
et al. [21]. By employing the LBL and QRB models, spectral trans-
mittance results were obtained for this band in the spectral range
2070-2220 cm ™! for conditions 7' = 300 K, P, = 5l mm Hg and X =

Nomenclature

S, S(T) = total band intensity, atm—!-cm~2

A = total band absorptance, cm™!

Ag = band width parameter (correlation
quantity), cm™!

A( u, ) = dimensionless band absorptance,
A= AlAo

d = average line spacing, cm™!

p or P = gas pressure, atm

T = temperature, K

Journal of Heat Transfer

t = line structure parameter, t = 3/2

u = dimensionless coordinate, u = Spy/Aq
y = physical coordinate

a,, = spectral absorptance

8 = line structure parameter, 8 = 2¢ wg =
v, = rotationally averaged line half-width,

cm™E
k., = volumetric spectral absorption coeffi-
cient, (atm-cm)~1!
7, = spectral transmittance
w = wave number, cm~!
wave number at the band center,
em™!
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22.8 cm-atm [13]. A comparison of these with experimental results
(see Fig. 1) indicates that the LBL results are in good agreement with
the experimental values while QRB results exhibit appreciable dif-
ferences (particularly in the P and R branches of the band). By
employing the LBL and QRB meodels and the continuous correlations,
total absorptance results were obtained for this band at T = 300 K.
The results are presented in Table 1 along with other theoretical and
experimental results. The comparison shows that the LBL and QRB
results are in good agreement with the experimental results (LBL
being slightly better than QRB). Among other theoretical results, the
results of HHG (Hashemi, Hsieh and Greif [16]) provides the best
agreement with the experimental and LBL results. Among the results
of the correlations, it can be seen that, for the very low pressures, Tien
and Lowder’s correlation yields higher values of absorptance and Cess
and Tiwari and Felske and Tien’s correlations show better agreement.
For medium and high pressures, however, Tien and Lowder’s corre-

lation yields better agreement while Cess and Tiwari and Felske ang
Tien’s correlations yield much lower values. One may conclude,
therefore, that use of the Tien and Lowder’s correlation is justifieq
in radiative transfer analyses involving CO at relatively high preg.
sures.

The line parameters for the 156u CO; fundamental band were g,
tained from [21]. There are more than 7,200 lines in the spectral range
(550-800 cm™1) of this band. Spectral transmittances were calculateq
for this band by using the LBL and QRB models for T = 300 K, P,
= 1100 mm Hg, and X = 1.55 cm-atm [13]. These are illustrated iy
Fig. 2 along with experimental results. The agreement between the
three results is seen to be excellent. For this band, total band ab.
sorptance results were calculated by employing the LBL and QRB
models and the continuous correlations at T' = 300 K. The QRB re.
sults for this band are given also by Kunde [19] and Young [24). The
results are presented in Table 2 for six illustrative cases. Because of
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Fig. 1 Comparison of transmittances of the CO fundamental band at T
= 300 K. Fig. 2 Comparison of transmittances of the 15u CO, band at T = 300 K

Table1 Comparison of absorptance results for the 4.7y fundamental band of carbon monoxide at T = 300 K
(experimental data of Burch, et al. [22]); HHG = Hashemi, A., Hseih, T. C., and Greif, R. [16] LBL = line-by-line,
QRB = quasi-random band

Absorptance Results, A (cm™1)

Pr. Path Theoretical Correlation
Eff. Pr. Eff. Pr. Length Edwards Tien Cess Felske

[16] [22] {22] Opt. and and and and

A . Py Path Exp. HHG Menard Present Present Lowder  Tiwari Tien

(atm) (atm) (atm-cm) u [22] [16] 14,5] LBL QRB [6] 12, 8] {10]
0.0329 0.0329 0.0110 0.0686 0.84 0.92 1.3 0.737 0.974 1.0132 0.8091 0.8318
0.0345 0.0345 1.3752 85771 14.2 12.6 17.0 12.86 13.00 7.9414 11.9875 11.3233
0.337 0.3368 0.0028 0.0175 0.64 0.64 0.68 0.6560  0.678 0.6402 0.4906 0.5789
0.317 0.3171 0.4366 27231 205 21.4 22.9 20.55 19.88 22.6158  16.6929 17.1523
0.312 0.3118 15.175 94.647 110.0 108.0 119.7 110.24 104.45  113.3707  75.2403  83.3990
3.97 3.974 0.0028 0.0175 0.69 0.68 0.68 0.723 0.726 0.6635 0.5925 0.6543
3.91 3.908 0.0753 0.4696 16.3 16.5 17.4 16.50 16.11 15.6790  16.2476 12.7278
3.91 3.908 1.37562 8.5771 102.6 113.5 97.5 101.95 94.49  100.01656  58.6714 69.7060
3.91 3.908 15.175 94647 1834 187.6 188.6 185.31 184,43  193.0015 133.2973 155.5740
1.01 0.015 47421 295.765 184.6 1834 1977 187.05 186.93 196.6126 138.9117 160.9919

Table 2 Comparison of absorptance results for the 15u fundamental band of carbon dioxide at T = 300 K
(experimental data of Burch, et al. [22] and Kunde [19]); LBL = line-by-line; QRB = quasi-random band

Absorptance Results, A '(cm‘l)

Pr. Path  Pr. Path Correlation
Path  Eff. Pr. Eff. Pr.  Length  Length Theoretical Tien Cess  Felske
Length [22] {19] [19, 22 [22] Opt. Young Kunde and and and
y ., P, P,y oy Path  Exp. [25] 19] Present Present Lowder Tiwari Tien
(cm) (mmHg) (atm) (atm-cm) (atm-cm) u [22] QRB RB- LBL QR 16) [2, 8] [10)
400 15.6 0.0205 5.73 5.7474 87.378 34.6 43.3 34.4 35.44 37.49 17.36 16.08 15.72
400 63.6 0.0837 5.73 5.7474 87.378 547 67.3 53.6 56.42 57.54 39.11 27.81 28.90
400 304.0 0.4000 5.73 5.7474 87.378 81.9 94.0 79.2 83.23 83.47 69.93 46.25 51.68
400 767.0 1.0092 5.73 5.7474 87378 953 1039 93.2 86.39 96.91 88.41 58.89 67.85
1,600 3.77 0.0050 5.56 5.5558 84.465 21.7 26.7 20.1 19.88 24.7 5.48 8.57 8.02
1,600 6.24 0.0083 9.20 9.1958 139.804 32.6 39.3 30.4 30.81 34.18 12.68 13.43 12.91
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the large computer time required for the LBL computation, only six
sample cases were considered. The time required by the QRB model
was remarkably low (approximately a factor of 14 lower than the LBL
computation) for this band. An inspection of the Table shows that
the LBL results agree very well with the experimental results. The
present QRB results are higher than the experimental values for very
low pressures, but they agree well at moderate and high pressures.
Young’s results are consistently higher than the experimental values
for very low pressures, but they agree well at moderate and high
pressures. Young’s results are consistently higher while Kunde’s re-
sults agree very well. Looking at the results of continuous correlations,
it is noted that Tien and Lowder’s results are very low at lower pres-
sures but compare better at the higher pressures. The results of Cess
and Tiwari and Felske and Tien’s correlation are consistently lower
for all cases considered.

(1]

The line parameters for 4.3 COq band were also obtained from {21].
There are approximately 5,565 lines in the spectral range (2220-2420
em™1) of this band. Experimental and theoretical transmittance ro-
sults for this band are compared in Fig. 3 for T' = 300, P, = 274 nmun
Hg, and X = 0.338 cm-atm [13]. The agreement between the experi-
mental and LBL results is seen to be excellent. The QRB results,
however, exhibit a slightly lower absorption. By employing the LBL
and QRB models and the continuous correlations, total band ab-
sorptance results were obtained for 7' = 300 K. For this band also, only
six sample cases were considered because of the large time require-
ment of the LBL computations. No other theoretical results for this
band seem to be available in the literature. The results of present
computations are presented in Table 3 along with the experimental
values of Burch, et al. [22]. The table indicates excellent agreemexnt
between the experimental and present LBL results. The QRB results
also are seen to compare very well. Among the results of correlations,

N T_T_[_ EIX;ER:MEIN;A,_I Tien and Lowder’s results are seen to be lower for low pressures but
i {BURGH o A R they compare better at high pressures. Cess and Tiwari and Felske

o8 b o LINE-BY-LINE ~ and Tien’s results are again found to be consistently low.
(LORENTZ) For the 5.35x¢ NO band, the line parameters were obtained from the
w | HISTANDOM BAND l compilation of Goldman and Schmidt [25]. The spectral range con:-
% 08 - o278 . sidered for this band is 1750-2000 cm~! where there are approxi-
';: 5 x‘_o338m:“ _° _+ mately 1450 rotational lines. The integrated intensity for this band
2 “atm was found to be 112 em~2 atm=1. Goldman used a value of § = 1252
g M- 7 em~2 atm™1 in the generation of line parameters. This difference can
L - be attributed to the presence of additional lines in the wings of the
0, 4.3p BAND band beyond the above spectral range. The band correlation parar-
o 1 eters were obtained from Green and Tien [17]. The u and 8 values for
- - this band are listed also in [16]. By employing the LBL and QRR
oo Ll L Ll ity models and the correlations, total band absorptance results werz
2220 2210 2320 2 2420 calculated for 7' = 300 K. These are presented in Table 4 along with

WAVENUMBER, cm”!
Fig. 3 Comparison of transmittances of the 4.3y CO, band at T = 300 K

theoretical results of HHG [16] and theoretical and experimentai

Table 3 Comparison of absorptance results for the 4.3y fundamental band of carbon dioxide of T = 300 K
(experimental data of Burch, et al. [22]); LBL = line-by-line; QRB = quasi-random band

Absorptance Results, 4 (cm™1)

Pr. Path Correlation

Cell Pr. Path Length Tien Cess Felske

Length  Eff. Pr. Eff. Pr. Length [22] Opt. Theoretical and and and
¥y P, A Y Py Path Exp. Present Present Lowder Tiwari Tien

(cm) (mm Hg) (atm) (atm-cm) (atm-cm) u {22] LBL QRB i6] [2, 8] [10]
1.55 203 0.2671 0.0108 0.011 1.0663 11.7 12.03 11.75 11.19 6.79 7.43
1.55 812 1.0684 0.0234 0.0235 2.3103 29.1 30.03 27.92 26.40 15.00 17.78
1.55 137 0.1803 0.195 0.1948 19.253 48.3 47.80 45.00 40.14 28.83 27.92
12.8 810 1.0658 0.043 0.044 4,2455 41.2 41.90 38.71 36.84 20.94 24.62
12.8 24 0.0318 0.169 0.17 16.686 23.3 22.94 22.50 14.62 12.95 12.80
12.8 218 0.2868 2.55 2.5493 251.767 107.0 106.96 105.27 96.01 66.95 77.54

Table4 Comparison of absorptance results for the 5.35u fundamental band of nitric oxide at T = 300 K
(experimental data of Green and Tien [17]); HHG = Hashemi, A., Hseih, T. C., and Greif, R. [16], LBL = line-by-
line; QRB = quasi-random band

Absorptance Results, A (em~1)

Theoretical Correlation

Pr. Path Green Tien Cess Felske

Eff, Pr. Length Opt. and and and and
A Py Path* Exp. Tien HHG Lowder Tiwari Tien

(atm) {atm-cm) u [17 [24] {16] Present Present [6] [2, 8] [10]
1.0 0.845 2.69 35.76 36.2 31.0 37.93 45.09 28.91 18.43 19.60
1.0 2.45 7.81 67.37 64.6 53.0 64.33 75.83 48.43 30.78 33.06
2.025 1.71 5.45 64.99 65.6 62.0 69.51 78.24 54.38 32.23 35.87
2.0256 4.96 15.80 113.92 111.6 97.0 108.90 119.13 81.66 50.56 57.22
3.05 2.575 8.20 91.44 92.0 88.1 97.09 104.93 72.45 42.99 49.18
3.06 747 23.80 142.7 139.9 127.5 136.87 144.21 102.45 64.77 75.03
2.98 9.195 29.29 142.7 148.7 134.0 143.84 151.08 107.96 69.13 80.17
4.075 3.44 10.96 108.15 1117 109.5 113.64 119.83 85.95 51.75 60.21
4.075 9.97 31.76 157.54 159.6 146.7 153.59 159.47 117.16 75.75 88.42
4.075 12.56 40.01 1567.40 169.9 153.2 160.53 166.55 124.01 81.50 95.24

* u-values were obtained from [16]
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results of Green and Tien [17]. It is seen that the present LBL results
are in excellent agreement with the experimental values. Also, except
for a few cases, the present QRB results are within ten percent of the
experimental results. Among the correlation results, Tien and Low-
der’s results, although lower, compare best with the experimental
values. Cess and Tiwari and Felske and Tien’s correlations yield much
lower values.

In this section, results were presented only for T' = 300 K., Similar
results were obtained for 7' = 500 K by converting the line intensities
and half-widths to correspond to this temperature [21]. It should be
noted that the same procedure can be used to obtain results for
combustion temperatures without involving any additional compu-
tation effort. Results presented in this section consistently show that
the LBL results are in excellent agreement with the experimental
values. In most cases QRB results are better than results of any other
theoretical formulation. The results of various correlations agree with
varying degree of accuracy depending upon the nature of the gas.
Spectral and correlation parameters for the various bands investigated
here are presented in Table 5.

In order to give an idea of comparative computational time and cost
involved in calculating the total band absorptance, let us consider,
for example, the case of 15u COs band results presented in Table 3.
All these results were obtained from programs run on the CDC-Cyber
175 machine. The time and cost for computing these results by using
the LBL and QRB models are as follows:

Model Time (s) C. R. Units Cost
LBL 550 2244 58.00 dollars
QRB 40 180 7.00 dollars

This indicates that the time, computer resource (CR) units and cost
in dollars associated with QRB calculations are approximately an
order of magnitude lower than for the LBL computations. This will
be true for any band which has a large number of (several thousand)
lines. For bands which have smaller number of lines, this difference
is less dramatic. A single program was used to'compute the absorp-
tance for all four bands (4.7u CO, 15 CO», 4.3u CO», and 5.354 NO)
using all three correlations (Tien and Lowder, Cess and Tiwari, and
Pelske and Tien). The computer resource units used by this program
are, in general, a factor of five lower than those used by the QRB
program. It will be safe to assume, therefore, that the use of the various
correlations results in at least another order of magnitude reduction
in computer usage.

5 General Parametric Comparisons

General band absorptance results were obtained by employing the
L.BL and QRB models and the continuous correlations of Tien and
Lowder, Cess and T'iwari, and Felske and Tien. The sources of various
correlation quantities and line parameters used in the computation
are already mentioned in the previous section. For different gases
(4.7¢ CQ, 15u CO9, 4.3 COy, and 5.35¢ NO), results were obtained
for P = 0.01, 0.1, 1.0, and 10 atm and for 7' = 300 K and 500 K. The
results for T' = 300 K are compared in Figs. 4-6 for a few illustrative
cases. Extensive results for other conditions are available in [26]. In
this section, line-by-line results are treated as exact results.

For CO fundamental band results presented in Figs. 4 and 5 show
that the QRB values are in excellent agreement with the exact (LBL)
results except for very low pressures and small optical paths. It is
evident that all three correlations exhibit poor agreement with the
exact results at the very low pressure of 0.01 atm. At 0.1 atm, however,
Cess and Tiwari and Felske and Tien correlations yield better
agreement than does the Tien and Lowder correlation. At 1.0 atm,
all three correlations yield reasonable agreement, although Tien and
Lowder correlation yields higher values than the LBL results while
the others vield lower values. At 10 atm, T'ien and Lowder correlation
yields much better agreement than do the others.

Results presented in Fig. 6 show that for 15u COg band also the
QRB results are in excellent agreement with the LBL results except
for very low pressures and small optical paths. Of the three correla-
tions, the Tien and Lowder correlation shows fair agreement with the
exact results for the entire range of physical conditions. The Cess and
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Table 5 Spectral and co-relation parameters of the

bands at 300 K.
S(em~2atm™)  Aglcm™1) BZ=¢(/p,t
CO4.7u) 237.7 38.11 0.0838
CO2(4.3u) 1966.6 19.92 0.2425
CO3(15u) 339.7 22.34 0.0841
NO(5.35u) 122.0 29.93 0.0505
t P, = Effective or equivalent pressure
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Fig. 5 Errors in the total band absorptance by using the various correlations
and QRB formulation for the CO fundamental band at 7 = 300 K
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Fig. 6 Errors in the total band absorptance by using the various correlations
and QRB formulation for the 154 CO, band at T = 300 K
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Tiwarl and Felske and Tien correlations, on the other hand, yield
consistently lower values than the LBL results.

For the 4.3u COy band also, the QRB results (see Table 6) show an
excellent agreement with the LBL results. Among the correlations,
Cess and Tiwari and Felske and Tien correlations exhibit much better
agreement with LBL results at lower pressures, while Tien and
Lowder correlation yields much higher values. At moderate and high
pressures, however, Tien and Lowder correlation_ shows much better
agreement while the other yield results which are consistently

For the NO fundamental band, the QRB results (see Table 7) show
poor agreement with the LBL results for 0.01 atm and only fair
agreement at 0.1 atm. For 1.0 atm the agreement is good and it is ex-
cellent at 10 atm. Tien and Lowder correlation yields poor agreement
at lower pressures and fair agreement at medium and high pressures.
Cess and Tiwari and Felske and Tien correlations, on the other hand,
yield consistently lower values for the entire range of physical con-
ditions.

Results presented in this section indicate that, except for very low

lower. pressures, the QRB results are in general agreement with the LBL

Table § Comparison of integrated absorptances for CO, 4.3u band (T = 300 K); Ap = LBL = line-by-line results
(exact), PD = [(A — Ag)/Ar]1 X 100, QRB = quasi-random results

Opt. Integrated Absorptance, A = A/Aq (Nondimensional)

P Path LBL QRB Tien and Lowder Cess and Tiwari Felske and Tien

(atm) u Ag A PD A PD A PD A PD
0.01 0.00620 0.00914 47.0 0.0092 48.0 0.0066 6.5 0.0055 ~11.3
0.1 0.02981 0.03704 24.0 0.0544 82.0 0.0377 26.0 0.0401 34.5
0.01 1.0 0.12012 0.13533 12.7 0.1425 18.6 0.1567 30.0 0.1542 28.4
10 0.42952 0.45536 6.0 0.5157 20.0 0.5093 18.6 0.4977 15.9
100 1.36398 1.37231 0.6 1.9162 40.0 1.3407 -1.7 1.4050 3.0
1000 3.48728 3.352563 -3.9 4,0602 16.4 2.8021 —~19.6 3.1926 -8.5
0.01 0.00950 0.00959 1.0 0.0099 4.2 0.0083 -~12.6 0.0095 0.0
0.1 0.06973 0.06966 —0.1 0.0876 25.6 0.0593 —15.0 0.0697 0.0
0.1 1.0 0.31680 0.31561 —0.4 0.4751 50.0 0.2995 -5.5 0.3220 1.6
10 1.16636 1.13011 -3.1 1.5749 35.0 1.0083 —13.6 1.0792 -7.5
100 3.24933 3.06648 -5.6 3.5707 9.9 2.3740 ~27.0 2.6963 -17.0
1000 5.52244 5.47292 —0.9 5.8360 5.7 4,2643 -~22.8 4.9229 -10.9
0.01 0.00994 0.00999 0.5 0.0100 0.6 0.0091 —~8.4 0.0099 ~0.4
0.1 0.09499 0.09464 -0.4 0.0969 2.0 0.0754 -21.0 0.0905 —4.7
1.0 1.0 0.67912 0.64769 -4.6 0.7613 12.1 0.4561 —32.8 0.5570 -18.0
10 2.55122 2.35619 -7.6 2.7390 7.4 1.6189 ~-36.5 1.9140 ~25.0
100 4,89961 4.79504 -2.1 5.0633 3.3 3.4993 —28.6 4.0822 ~16.7
1000 6.92736 6.85839 -1.0 7.3705 6.4 5.67561 —18.0 6.3861 -7.8
0.01 0.00989 0.00996 0.7 0.0100 1.1 0.0094 -5.0 0.0099 0.1
0.1 0.09752 0.09808 0.6 0.0982 0.7 0.0824 -15.5 0.0963 ~1.3
10 1.0 0.85205 0.84544 -0.8 0.8244 ~3.2 0.5454 ~36.0 0.7334 -14.0
10 3.44692 3.39145 -1.6 3.1404 -8.9 2.0124 ~42.0 2.5426 -25.6
100 5.58567 5.60593 0.4 5.6428 1.0 4.2069 —24.7 4.8188 -13.7
1000 8.21852 8.26854 0.4 7.9753 -3.0 6.5340 —20.5 7.1321 -13.2

Table 7 Comparison of integrated absorptances for NO fundamental band (T = 300 K); Az = LBL = line-by-
B line resulis (exact), PD = [(A — Ag)/Ag] X 100, QRB = quasi-random band results
Opt. Integrated Absorptance, 4 = A/Ay (Nondimensional)
P Path L_}ESL — QRB Tien and Lowder Cess and Tiwari Felske and Tien

(atm) u Ag A PD Y PD A PD A PD
0.01 0.00607 0.01306 115.0 0.0068 12.0 0.0045 —26.0 0.0032 ~47.0
0.1 0.02375 0.03955 67.0 0.0180 ~24.0 0.0208 ~12.4 0.0204 -14.1

0.01 1.0 0.08086 0.132561 64.0 0.0303 ~-63.0 0.0756 -6.5 0.0706 ~12.7
10 0.28949 0.43065 49.0 0.1181 ~59.0 0.2420 —16.4 0.2248 ~22.0
100 0.92456 1.25337 35.0 0.7263 ~21.5 0.6930 —25.0 0.6746 -27.0
1000 2.656159 3.16153 24.0 2.4413 ~4.3 1.6805 —34.0 1.7994 -29.0
0.01 0.00894 0.00977 9.3 0.0093 4.0 0.0068 ~24.0 0.0067 -25.0
0.1 0.06350 0.07755 22.0 0.0578 ~9.0 0.0394 -38.0 0.0422 —-34.0

0.1 1.0 0.25462 0.34331 35.0 0.1600 ~37.0 0.1657 —35.0 0.1639 -36.0
10 0.86630 1.12599 30.0 0.5737 ~34.0 0.5396 —38.0 0.5304 -39.0
100 2.51921 3.06630 22.0 9.0365 ~19.0 1.4088 ~44.0 1.4866 —-41.0
1000 5.27990 5.75481 9.0 4.1978 ~20.0 2.9078 —-45.0 3.3235 —37.0
0.01 0.00991 0.01001 1.0 0.0099 —-0.1 0.0083 ~16.0 0.0095 —-4.1
0.1 0.09378 0.09655 3.0 0.0850 -5.1 0.0608 -35.0 0.0719 —23.0

1.0 1.0 0.63506 0.72239 14.0 0.5047 ~21.0 0.3121 —-51.0 0.3383 ~47.0
10 2.23890 2.63281 18.0 1.6738 ~25.0 1.0546 —-53.0 1.1378 ~49.0
100 5.04365 5.40347 7.1 3.6985 ~27.0 2.4628 -51.0 2.8097 ~44.0
1000 6.79166 7.14657 5.2 5.9678 ~12.0 4.3799 —36.0 5.0510 ~26.0
0.01 0.00991 0.00997 0.6 0.0100 0.9 0.0091 -8.1 0.0099 -0.1
0.1 0.09792 0.09851 0.6 0.0972 —0.7 0.0763 —22.0 0.0914 —6.6

10 1.0 0.87160 0.87741 0.7 0.7725 ~11.0 0.4660 -47.0 0.5750 —34.0
10 3.980560 4,04590 1.6 2.8026 ~30.0 1.6608 -58.0 1.9767 -50.0
100 6.22197 6.41691 3.1 5.1503 ~17.0 3.5744 —43.0 4.1673 —33.0
1000 7.41852 7.64331 3.0 7.4608 0.6 5.7666 —~22.0 6.4721 ~13.0
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results for all bands under investigation. It is also noted that no one
correlation can be expected to yield accurate results for all gases under
all conditions.

6 Conclusions

It has been demonstrated that the line-by-line model is probably
the best theoretical approach to calculate the spectral transmittance
and total absorptance of a vibration-rotation band. Although it re-
quires a considerably long computational time, the results obtained
by this model are in excellent agreement with the available experi-
mental results. The quasi-random band model requires relatively less
computational time and yields accurate results in most cases. As such,
use of these theoretical models is suggested for radiative transfer
analyses requiring a high degree of accuracy.

Relative validity of various correlations (Tien and Lowder, Felske
and Tien, and Cess and Tiwari), under different pressure and path
length conditions, has been established. These correlations require
significantly less computational time and yield results with varying
degree of accuracy depending upon the nature of the gas. The com-
puter time required by the Felske and Tien correlation is relatively
longer than by the Tien and Lowder and Cess and Tiwari correlations.
Results of specific and general parametric comparisons indicate that
the use of the Tien and Lowder correlation is justified to all gases
under investigation at relatively high pressures. Use of the Felske and
Tien, and Cess and Tiwari correlations is recommended for lower and
moderate pressures.
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Radiation From a Methanol Furnace

Monochromatic intensity measurements are taken in a water-cooled furnace, 20 cm in di-

ameter, burning methanol and a methanol/coal slurry. The primary interest is to deter-
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mine the contribution of particulate radiation to the total intensity. Temperature, carbon
dioxide, carbon monoxide, water, methanol, and particulate concentration levels are
quantitatively measured throughout the furnace chamber. A computer code is discussed
which integrates the equation of transfer over a nonhomogeneous path containing com-
bustion gases and particulates. This allows comparison of the measured intensity with
a theoretical prediction based upon known concentration and temperature profiles. The

intensity and emittance measurements from the methanol furnace are compared with
measurements in other experimental furnaces burning oil and gas.

Introduction

Methanol is an attractive alternate fuel for gas turbines, furnaces,
and internal combustion engines because of its physical and chemical
properties. Being a stable liquid at ordinary pressure and temperature,
it can be stored and transported much more cheaply and safely than
either methane or hydrogen. In pilot-plant and full-scale boiler
demonstrations, pollutants such as carbon monoxide and nitric oxide
are lower when burning methanol than when burning methane. Ad-
ditionally, existing carbon deposits within the furnace are removed
by burning methanol [1}.1

Currently, the cost of producing methanol is its major drawback.
In terms of dollars per million kilojoules, methanol is about 50 percent.
more expensive to produce than methane and 12 percent more than
hydrogen when coal is the raw material. Relative to well-head natural
gas, methanol costs triple the price [1]. There is some discussion of
producing methanol as a byproduct from the steel and electric utility
industries. Coal would be the primary fuel for steel, but the electric
utility could combine nuclear fuel and coal in an advanced cycle [2].
The economic attractiveness of methanol is certain to improve relative
to conventional fuels if the above methods are proved feasible and as
the cost of natural gas and petroleum continues to rise.

With methanol usage likely to increase, it becomes important to
predict its behavior in combustion systems. Based upon studies by
Street and Thomas [3], there is reason to believe that methanol will
produce much less soot than most other organic fuels in turbulent
diffusion flames typically found in furnaces and gas turbines. Emis-
sion from soot and particulates is the dominant source of radiation
in coal and oil flames. Fven in natural gas flames, soot emission can
contribute to the total radiation. If there is no soot in a methanol

1 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERS and presented at the AIChE-ASME Heat Transfer
Conference, Salt Lake City, Utah, August 15-17, 1977. Manusecript received
by the Heat Transfer Division September 30, 1977. Paper No. 77-HT-14,

Journal of Heat Transfer

Copyright © 1978 by ASME

flame, the total radiation could be less than for these other fuels. This
provides the incentive for measuring the monochromatic intensity
of a methanol flame in a model furnace. With this type of measure-
ment, the particulate radiation can be distinguished from gaseous
radiation. Also, the effect on flame emittance of mixing small amounts
of pulverized coal with the methanol can be assessed.

Experimental Apparatus

A complete description of the experimental facility is given in [4].
Briefly, the combustion chamber of the furnace is 19.6 cm in diameter
by one meter long with a water-cooled stainless steel wall. Access ports
are provided along the axis of the chamber to allow optical measure-
ments and probing of the flame. Fig. 1 shows a cutaway view of the
furnace burner. Methanol, flowing at 3 g/s, enters through a pressure
jet nozzle at the center of the burner. The nozzle is surrounded by a
swirling primary air stream. The bulk of the air is brought in past the
secondary swirl vanes with a swirl number of 0.6. 20 micron dia coal
is introduced directly into the methanol fuel tank as 5.3 percent of
the total fuel mass. The tank is continuously rotated to prevent sep-
aration of the coal/methanol slurry. A larger internal diameter fuel

ALUMINA QUARL

PRIMARY
AIR SWIRL VANES

FUEL NOZZLE

SECONDARY
AIR SWIRL VANES

Fig. 1

Cross section of burner assembly
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nozzle, used only when burning the slurry, prevents particle buildup.
However, since the fuel mass flow rate is held constant, the character
of the fuel spray changes, producing larger droplets with a smaller
divergence angle. For all of the experimental runs, the overall fuel/air
equivalence ratio is held constant at 0.9 and the thermal power is 60
kW.

The infrared radiation is measured with a Perkin-Elmer model 98
monochromator. In addition to the radiant intensity, the experimental
apparatus is also instrumented to measure flame temperature, con-
centrations of carbon dioxide, carbon monoxide, water vapor, and
methanol, and particulate levels.

Experimental Results

Flame Siructure. The temperature data were taken through each
of the twelve access ports located every 7.1 cm along the furnace axis.
About 20 data points were taken at each port, the distance between
points being dictated by the temperature gradients encountered. This
information, uncorrected for thermocouple radiation losses, is shown
on the temperature map in Fig. 2. The radial distance is expanded by
a factor of two to improve readability. The fuel nozzle is located at the
left of the figure on the centerline. The most striking feature is the
asymmetry about the centerline. This could easily be attributed to
buoyant forces if the temperature map were of a vertical slice through
the furnace centerline; but since it is a horizontal slice, the effect of
buoyancy is more subtle,

The importance of buoyancy in the tangential direction can be
estimated by comparing the tangential Reynolds number, Rey, to the
square root of the Grashof number, Gr:

G2 [(Ty — Tw)gD]?
Rey (VoT'7®)

where D is the furnace diameter, g is the gravitational acceleration,
T, and T, are the temperature of the hot gas and cold wall, respec-
tively, and Vy is the tangential velocity. For the present operating
conditions, Grl’2/Rey is of the order of unity in the first half of the
furnace. The fluid set in motion by the buoyant force is, thus, of the
same order as that induced by the swirl generator. The velocities are
parallel on the lower portion of Fig. 2 and counter on the upper por-
tion. The incoming swirl number is such that the tangential mo-
mentum is 60 percent of the incoming axial momentum. Therefore
the buoyant effect on the tangential velocity is enough to modify the
expected symmetrical flame structure.

The maximum temperature obtained is 1725 K. If the thermocouple
is corrected for radiation loss, the measured temperature is still over
250 K below the adiabatic equilibrium temperature, 2150 K. This is
due to heat loss to the walls and the mixing structure of the flow.

An adiabatic equilibrium calculation indicates that at an equiva-
lence ratio of 0.9, the mole fraction of major species is as follows:

Species: N H,O0 CO2 Oq CO CH30H
Mole Fraction: 0.658 0.204 0.102 0.022 0.001 <1075

Actual measurements in the furnace show that the maximum water
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Fig. 3 Radial temperature and conceniration profiles In a methanol-fired
furnace

concentration occurs in the primary reaction zone near the burner and
drops off to about 0.18 mole fraction near the furnace exit. The carbon
dioxide concentration is below the equilibrium value and varies little
in the axial direction along the last two-thirds of the furnace. The
carbon monoxide concentration is well above the equilibrium value
and reaches a peak of 0.08 mole fraction deep within the fuel jet near
the furnace entrance. The carbon monoxide is consumed as the gas
moves through the furnace, but even at the exit, the concentration
remains above the equilibrium value.

The only other species which is both infrared-active and of suffi-
clent concentration to contribute to the radiation heat transfer is
methanol. At an axial position to diameter ratio (X/D) of 0.65, the
maximurn methanol mole fraction is 0.0029. Elsewhere in the furnace,
methanol is detected but is generally less than 100 ppm,

Radial concentration and temperature profiles are shown in Fig.
3 for X/D = 3.0. The horizontal axis is the distance from the far wall
of the furnace with the centerline at 9.8 cm. The vertical axis is mole
fraction and temperature (corrected for radiation loss). The con-
centration profiles level off by X/D = 3.0 and do not alter greatly in

Nomenclature

£ = path length
A = furnace surface area

V{(r) = particle volume

A(r) = particle cross-sectional area

A = total particle cross-sectional area per
unit gas volume

D = diameter of furnace

g = gravitational acceleration

Gr = Grashof number

Iy = monochromatic intensity

I\ = monochromatic blackbody intensity

K, = absorption coefficient
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. = real component of index of refraction

N(r) = size frequency distribution function
per unit volume

¢ = energy rate

r = particle radius

r* = radius separating large and small par-
ticle limits

Rey = tangential Reynolds number

T, = gas temperature

T\, = wall temperature

V = total particle volume per unit volume of
gas

Vo = tangential velocity

X/D = axial distance to diameter ratio

¢p = particle hemispherical emissivity

x = complex component of index of refrac-
tion

X = wavelength

7\ = monochromatic transmittance
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the last half of the furnace. The temperature continues to drop as heat
is transferred by convection and radiation to the water-cooled
walls.

Temperature and concentration measurements were also taken
with the coal/methanol slurry as the fuel. Because fuel delivery
problems necessitated increasing the nozzle orifice, the fuel jet mo-
mentum is less. Therefore, the spray cone angle is smaller and the
droplets are larger, forming a longer and thinner flame than when
purning pure methanol. Enough measurements were not made to
completely map the temperature and concentration distributions,
put radial temperature profiles (corrected for radiation loss), carbon
dioxide concentrations, and particulate levels for X/D = 3.0 are shown
in Fig. 4. The particulate levels are given in units of grams of solid per
cubic meter of gas at the local temperature. Levels near 0.001 g/m3
are found in the pure methanol flame as compared to about 0.10 g/m3
in the latter regions of the slurry flame. As a reference, the incoming
pulverized coal level averaged across the inlet is 1.5 g/m? (corrected
to 1500 K). Inspection of particle samples under a microscope shows
that two categories exist. Thetlarge particles, one to ten micrometers
in diameter, are coal, while the vast number of submicron particles
are presumably flyash or soot. There are few particles of intermediate
size.

Radiation Measurements. The gaseous species which are im-
portant to the radiation heat transfer are listed in Table 1. Both the
15 um COg band and the 9.87 ym CH3OH band are strong absorbers.
However, at typical flame temperatures, the Planck energy distri-
bution biases the intensity toward shorter wavelengths. Therefore,
most of the energy lies in the wavelength region between one and eight
micrometers. Spectra taken at X/D = 3.0 are shown in Fig. 5. The
abscissa is the infrared wavelength in micrometers while the ordinate
is spectral intensity leaving the flame in a horizontal direction per-
pendicular to the furnace axis in units of Watts per square centimeter
per micrometer per sterradian. The largest contribution to intensity
is from the 4.26 um carbon dioxide peak followed by the combined
water and carbon dioxide peak centered near 2.7 um. Smaller water
peaks occur at 1.38 and 1.88 um. The 6.27 um water band extends from
helow 5 um to greater than 8 um. Since it is the area under the peak
and not the absolute maximum which is important, this band also
makes an appreciable contribution to the total heat transferred from
the flame. Carbon monoxide contributes to the intensity at 4.67 um,
but the peak cannot be resolved from the neighboring carbon dioxide
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Fig. 4 Radial temperature, CO, concentration, and particulate level profiles
In a slurry-fired furnace

Table 1 Imnfrared bands of gaseous species important
in methanol combustion

CO COs Hs0 CH30H
4.67 um 15.0 um 6.27 um 9.67 um
2.35 um 4,26 um 2.70 pm 3.52 um

2.70 um 1.88 pm 3.36 um
1.38 pm 2.72 ym

Journal of Heat Transier

band. The C-H vibration of methanol between 3.3 and 3.6 um is visible
only in spectra taken close to the fuel nozzle.

The combined effect on intensity of adding 5.3 percent coal to the
methanol and changing fuel nozzles can be seen by comparing the
solid line in Fig. 5 to spectra of the pure methanol flame (the dotted
line). The continuous radiation due to particles in the flame is no-
ticeable between the 1.38, 1.88, and 2.7 um bands. The contribution
to intensity in the 3 to 4 pm range cannot be attributed entirely to
particles. At a temperature of 1500 K, the maximum intensity of a gray
body occurs at 1.93 um. At a wavelength of 4 pm, the intensity is re-
duced by a factor of three. The relatively large value of intensity at
this wavelength is due to continuous radiation from the far wall of the
furnace. Even though the walls are water-cooled to below 373 K, coal
builds up on the surface when burning the slurry and acts as insula-
tion. Hot particles impact on top of this layer and radiate into the line
of sight. If it is assumed that the walls are black, the surface temper-
ature can be estimated to be about 700 K.

Radiation measurements were taken at several locations along the
furnace axis for both fuel systems. The spectra were numerically in-
tegrated to determine the total intensity in a direction normal to the
furnace axis in a horizontal plane. The results are shown in Fig. 6. The
abscissa is the distance along the furnace axis measured from the fuel
nozzle, in centimeters, and the ordinate is the total intensity in units
of Watts per square centimeter per sterradian. The methanol flame
intensity increases to a maximum value of 1.7 W/cm? — sr as the fuel
oxidizes and then decreases as heat is transferred to the walls. The
two sets of points for methanol at 67 and 86 cm were taken on different
days to assess reproducibility. With the slurry as fuel, the effect of the
coal and larger nozzle is to reduce the intensity early in the flame and
to move the point of maximum intensity further down stream. The
anomalously high data point at 34 cm is suspect and may be due to
operational difficulties. Near the exit of the furnace, as the importance
of the inlet jet momentum declines and the coal particles burn out,
the intensities of the two fuel systems approach a common value.
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The equivalent homogeneous emittance for the methanol furnace
can be estimated based upon an average fourth power of temperature
and the integrated measured intensity. This estimate has been made
for both fuels and is also shown plotted in Fig. 6. Note that although
the intensity from the slurry flame is lower than that of the pure
methanol flame, the emittance from the slurry flame is generally
higher. This is due to the increased particles and lower temperatures
in the slurry flame.

Discussion of Results

Comparison with Numerical Calculations. With the major
gaseous species, particle concentrations and temperature radial dis-
tributions known at any given axial position, it is theoretically possible
to integrate the equation of transfer across the line of sight to deter-
mine the monochromatic intensity leaving the furnace. This proce-
dure is much simplified if energy scattered into the line of sight is
negligible compared to the energy emitted. For gaseous systems and
particles of diameter much less than the wavelength of light (),
scattering can be neglected. For particles much larger than A, the ratio
of the scattering coefficient to the absorption coefficient approaches
the value of the reflectivity of the particle divided by its emissivity.
For coal and soot particles, this ratio is less than 0.25. For systems in
which gaseous radiation dominates the particle radiation (such as in
the experimental furnace), it thus becomes reasonable to neglect
scatter into the line of sight. The integrated equation of transfer be-
comes

4 ad
1\(&) = [, (0)7,(0, &) — j; I (&) 25 mde, e ()
with
&3
13(£1, £2) = exp <— fz 1 Kade) @)

I is the monochromatic intensity, 7, is the monochromatic trans-
mittance, [ is the Planck blackbody intensity, £ is the path length,
and K, is the monochromatic absorption coefficient.

The value of the absorption coefficient varies along the line of sight
as a result of contributions from different combustion gases and
particulates at varying temperatures. Different models can be used
to calculate the absorption coefficient of each species. For carbon
monoxide [5] and the 4.26 um band of carbon dioxide [6], the indi-
vidual vibration-rotation line strengths can be determined using a
diatomic anharmonic oscillator, nonrigid rotor model. The total ab-
sorption coefficient can be found by rigorously summing over both
the P and R branches of the spectrum for all significant vibrational
transitions. The 2.7 um band of CQOs cannot be treated exactly as a
simple diatomic oscillator, but Malkmus [7] discusses how this simple
approximation can be extended with empirical correlations to allow
evaluation of the absorption coefficient of this band. The absorption
properties of water cannot be calculated conveniently from first
principles, but tabulated experimental results [8] can be used. The
contribution of methanol to the absorption coefficient can be ne-
glected since large concentrations exist only in the cooler fuel jet at
the furnace entrance.

The Curtis-Godson approximation is used to sum up the absorption
effects along the inhomogeneous path. This approximation becomes
exact in the limits of large and small optical depths (see, for example,
[8], p. 138).

The contribution of particulates to the absorption coefficient can
be determined easily in the small and large particle limits [9, pp.
408-410]:

36w nk . 27r
Ky =— V, —«1 (3)
“ A (n?2— k24 2)2 4 4022 A
or
. 2
Ko = o4, -;1 > 1 4)

where n and « are the real and complex components, respectively, of
the index of refraction, r is the particle radius, ¢, is the hemispherical
emissivity of the particle, and V and A are the particle volume and
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area per unit volume of cloud. If the particle size distribution spap,
both limits, an approximate absorption coefficient can be found by
evaluating V and A as

Vir*) = j;r‘ N@F)YV(r)dr, (5)

A = T NOACYr )

where N(r) is the size frequency distribution per unit volume and r*
is that value of radius such that if all particles were of this size, the
small and large particle limits would predict the same value for K
The total particle absorption coefficient is the sum of the contriby.
tions from the small and large particles.

The monochromatic transmittance between any two positions along
the line of sight can be determined by summing the contributions of
the gaseous species and particulates to the absorption coefficient. The
equation of transfer can then be numerically integrated along the line
of sight to give the theoretical monochromatic intensity.

A program called RADCALC has been written to perform this type
of calculation. The general procedure outlined by Ludwig, Malkmus,
Reardon and Thompson 8] is followed. While written to determine
the intensity from the experimental furnace, the program is com-
pletely general and can be used to calculate the monochromatic and
total intensity from any nonhomogeneous mixture containing varying
amounts of carbon dioxide, carbon monoxide, water vapor, nitrogen,
oxygen, and particulates in the temperature range between 300 K and
2500 K and in the wavelength range between 1.25 ym and 8.33 ym.
Details are given in [14}.

The results of two RADCALC computations are shown as the solid
lines in Figs. 7 and 8. The dotted lines are included to allow compar-
ison with the measured results. For the pure methanol (Fig. 7), the
spectral variation is well modeled throughout the wavelength range.
However, the magnitude of the bands is consistently under-predicted.
This discrepancy can be accounted for by estimating the intensity
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which is reflected from the far wall of the furnace into the line of sight.
In the program, the wall is assumed cold and black, but the reflectivity
of weathered stainless steel is about 0.2. Therefore the measured in-
{ensity can be expected to be larger than the calculated intensity by
a factor of 20 percent or less, depending upon the monochromatic
transmittance of the gas volume. When integrated over wavelength,
the measured intensity is larger than the calculated intensity by 27
percent‘

When burning the slurry, the assumption that the walls are black
is valid, but since the walls are now hotter, the energy emitted into
the line of sight can become important. This explains the under-
prediction of intensity in the 3 to 4 um range of Fig. 8. The discrepancy
in the shorter wavelengths is the result of two additional factors:
particle sampling resulting in possible loss of mass on the probe walls,
and the use of an empirical size frequency distribution. The size fre-
quency distribution used is based upon measurements taken by Milne,
(reene, and Beachey [10] on a similar pulverized coal sample. T'o allow
for a reduction in particle diameter as combustion proceeds, the mean
particle diameter is assumed to decrease as the one-half power of the
measured particle loading. For a given particle load, it can be shown
that decreasing the particle diameter of a monodispersed cloud from
1.0 wm to 0.03 m can increase the intensity from two to three times
across the spectrum. Averaged over wavelength, the calculated total
intensity is 33 percent below the measured total intensity for the
slurry flame.

To determine the sensitivity of monochromatic intensity to species
concentration, RADCALC was used to predict the intensity from a
gas volume assuming homogeneous, adiabatic, equilibrium levels
across the furnace but a nonhomogeneous temperature distribution.
The only noticeable difference occurred in the 4.3 um band because
the equilibrium value of COgq is generally abhove the actual furnace level
while the CO equilibrium concentration is generally below.

A wide-band homogeneous model can be checked against RAD-
CALC by averaging concentrations and temperature across the fur-
nace. The Tien-Lowder correlation of the Edwards exponential
wide-band model [11] was used with the homogeneous concentration
levels of 0.09 for COg and 0.185 for Ho0O. The temperature used, 1549
K, was the average of the fourth power of temperature measured
across the furnace. The integrated band intensities predicted by the
model are in resonable agreement with the experiment. For this case,
the homogeneous calculation is 0.78 W/em? — sr as compared to (.74
W/cm?2 — sr from RADCALC and 1.02 W/cm? — sr from the experi-
ment.

Comparison with Other Experimenters. With the intensity
from the methanol furnace known, it is interesting to compare the
results with those of other experimenters. The radiative properties
of methanol can then be qualitatively ranked with other fuels. Com-
parison can be made by nondimensionalizing the intensity with the
incoming energy rate of the fuel (¢) and the internal surface area of
the furnace (4). The parameter #/(¢/A) can be viewed as the fraction
of incoming energy which is transferred by radiation to the walls.
Values greater than one are possible since the intensity used is the
normal value, which can be greater than the average hemispherical
value. Also, the entire unobstructed surface area of the walls is not
available to each volume of gas. Fig. 9 is a plot of nondimensionalized
intensity versus X/D for the present study (solid symbols) along with
earlier work done by the International Flame Research Foundation
[12, 13] (open symbols). For small X/D, the intensity from both the
gas-oil and gas-carbon-black slurry flames is up to three times greater
than that of the methanol flames, but the coke oven gas flame is less
than or equal to the methanol flames. The intensity of both the most
luminous and least luminous of the IFRF flames approaches a con-
stant value of about 0.4 at the furnace exit, but the methanol flame
intensities continue to drop. This effect is from the water-cooled walls
in the methanol furnace as compared to the adiabatic walls in the
IFRF furnace.

Sato, et al. [15] have measured the monochromatic emittance of city
gas in a cylindrical furnace, 40 cm in diameter. Their results for an
X/D of about 3.0 are shown in Fig. 10 compared to similar measure-
ments from the methanol and slurry flames. Higher levels of carbon
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Fig. 10 Spectral emittance of methanol, slwiry and city gas flames

monoxide increase the emittance of the methanol furnace at a wave-
length between 4.5 and 5.0 um when compared to the city gas flame.
The continuous emission from the pure methanol flame is also greater
than that of the gas flame. This may be due to different measurement
techniques and furnace wall conditions.

Conclusions

In summary, the monochromatic intensity has been measured in
a model water-cooled furnace burning methanol and a methanol/coal
slurry. The chemical and temperature structure has also been ex-
perimentally determined. A numerical program has been written to
calculate the monochromatic intensity from a nonhomogeneous
mixture of combustion gases. This allows comparison of the measured
intensity with the theoretical intensity. The following conclusions can
be drawn:

1 The infrared spectra of a methanol diffusion flame contains
little significant particulate radiation.

2 The emittance of a furnace burning methanol can be enhanced
by the addition of pulverized coal to the fuel, although the total in-
tensity may not be enhanced.

3 The radiative emission character of a furnace burning methanol
is not significantly different from a furnace using other clean burning
fuels, such as coke-oven gas and city gas.
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Laminar Mixed-Mode, Forced and
Free, Diffusion Flames

To explore the intersection of previous studies of inert mixed-mode flows and single-mode
diffusion flames, this analysis describes a laminar, forced and free, mixed-mode diffusion
flame adjacent to a vertically burning fuel slab. Shvab-Zeldovich variables, boundary-
layer and local similarity approximations are used. Five flaming and chemical parame-
ters are found necessary to describe this combusting system. The solution obtained herein
includes profiles of velocity, Shvab-Zeldovich variables and thereby enthalpy and species,
as well as surface fluxes, flame sheet locations and excess pyrolyzate. For comparison, the
finite-difference method is also employed. The local similarity solution for surface gradi-
ents lies within 20 percent of the finite-difference results. Good agreement with the afore-
mentioned simpler limiting cases is also obtained. The results indicate that the flow char-
acteristics of a mixed-mode flame are more complicated than a simple superposition of

Department of Mechanical Engineering,
Unlversity of California, Berkeley,
Berkeley, Calif.

1 Imiroduction

Compartment fires induce an internal fluid mechanics which
couples with the local flame buoyancy to produce mixed, free and
forced, convective boundary layers on burning surfaces within the
enclosure. As a first step toward understanding the complex full scale
turbulent phenomenon, a steady, two-dimensional, laminar diffusion
flame on a pyrolyzing, vertical, fuel slab is analyzed here. Fig. 1 shows
asystem schematic. It is assumed that the initial transient burning
has been completed. Radiation is neglected. The fuel flux escaping
downstream at the top of the fuel slab, called excess pyrolyzate, is the
primary unknown. Detailed profiles, surface fluxes, flame locations,
and temperatures are also obtained.

The small-scale, mixed-mode combusting problem considered lies
at a point of intersection of several previous fundamental studies, The
limits of pure forced and pure free convective combusting boundary
layers have been analyzed by Emmons {1],2 Kosdon, Williams, and
Buman {2}, Kim, de Ris, and Krosser [3] and Pagni and Shih {4]. Inert
mixed-mode convective flow has been studied by Merkin [5], Lloyd
and Sparrow [6] and Gryzagogridis [7].

In this diffusion flame analysis, it is assumed that all detailed
chemical reaction mechanisms can be represented by a single global
stoichiometry. With the additional assumptions of unit Lewis number
and transport properties independent of composition [8], Shvab-
Zeldovich variables are then introduced to eliminate heat and mass
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bndge Mass.
2 Numbers in brackets designate References at end of paper.
Contributed by the Heat Transfer Division for publication in the JOURNAL
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the two limiting flame cases.

generation terms in the species and enthalpy conservation equations.
Density variations are incorporated via the Howarth-Dorodnitzyn
transformation. Boundary-layer and infinite chemical kinetics ap-
proximations are introduced. The oxidant and fuel react only in a
flame sheet much thinner, as shown in Fig. 1, then the boundary-layer
thickness.

The local similarity approximation is applied to the governing
equations derived from the above model. The resulting two-point
boundary value problem is solved by the parametric expansion
method [9]. Results are compared with those obtained by the finite-
difference technique [10, 11}. Acceptable agreement in the wall gra-
dients suggests that local similarity, though less accurate than local
nonsimilarity [12, 13], can serve as a first approximation for the
complicated combusting mixed-mode problem.

2 Combusting Free and Forced Flow

The continuity, momentum, enthalpy and species equations de-
scribing a steady, two-dimensional combusting boundary-layer flow
over a vertical pyrolyzing fuel slab, neglecting dissipation and ra-
diation, are, respectively:

o o
— (pu) + — (pv) = 0 1
o (pu) o (pv) (1a)
ou ou 0 ou
R R 1
p -~ oy oy Yoy 8(po—0p (1b)
oh dh k oh .
pu—+t pv—=—<——>+q”’ (1c)
dx 9y Ay \cp Qy
oY; 2Y; o oY;
pu——-l-pv——--—( >+m”’ (1d)
ox oy Oy oy

where h = f%_c,dT and ¢” and ri;” are the volumetric heat and
mass generation rates, respectively. Assuming constant enthalpy and
fuel concentration at the wall, the boundary conditions are:
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* These assumptions are justified in {1-4].

Since similarity solutions exist in both limits of forced and fre,
convective flames [1-4], similarity variables should at least simpligy
equations (1, 2) in the mixed-mode case. Based on the transformatioy,
used in the limiting cases, the following general transformation g
adopted

7= j:: (o/p=)dy/Axove, and flx, 1) = ¥(x, ¥)/Cxec @

where ¥(x, y) is the stream function defined by
oY/dy = pufp. OY/Ox = —pu/pw (4)
and constants 4, a, C and c are to be determined. Equations (3, 4)
yield
of
u=f(x, 9)Cx~%Ap,, v = (anxc‘lf’ —cxC¢TH —x¢ a—) Copalp
x

(5)

Here the prime denotes derivative with respect to n. The source termg
in equations (1, 2) car be eliminated by introducing Shvab-Zeldovich
variables defined as

8= Yf/"fo - YOx/VO:cMOx: Y= —'h/Qp”OxMOx - YOx/”OxMOx (6)

It is convenient to normalize the Shvab-Zeldovich concentration and

enthalpy as
B=Be ¥— e
B S Y]
Buw =B Tw— Ve
and
y = ¢ = hihy = v/ve=J+ (1= )Ds 1 S 1p
Fig. 1 System schematlc of a steady, two-dimensional, laminar, mixed-mode with
sonvective flame on a vertical pyrolyzing fuel slab
¢ =h/hy = (y = B)/vw = (D3 +r)d/r,n = )]
where
r = Yor,wvfMp/YawoMo: and D3=@pYoro/hy  (9ab)

—pD Yy Unit Chapman constant, 1.e., pu/peits = 1, is also assumed. Substi-
k dh dy tuting in equations (1, 2) yields
Aty =0,u=0h=hy, Y¢= Y, ———=myL, m, = ———
¢p Oy Y=Y o 7~ f2AC(c — a)xateml + ff7ACcxatem!
(2a) h, A3 of . D
+ ¢t — gy, 2ydeme = ACyate <f’~[- - l) (10a)
Aty = o u = Ua, h =0, Yo, = You,0 (2b) cpTa C ox ox

m————l Oenclature

B = mass transfer number, (Q,Y¢,, —hy)/ M = local mass flux
L Pr = Prandtl number v/«
¢” = local heat flux

sion method
7 = local similarity variable

¢p = specific heat u = viscosity

D = species diffusivity

Dy = third Damkohler number, Q, Yoy «/
hy

{ = similarity stream function in boundary
layer

Gr, = Grashof number, g(T, — T)x3/
V2T

g = acceleration of gravity

h = gpecific enthalpy

J = normalized Shvab-Zeldovich concen-
tration, (8 — B)/(Bw/Be) or (¥ = Y= )/ (v
= )

f = conductivity

L = total enthalpy required to pyrolyse unit
mass of solid initially at T«

M = molecular weight

M = total mass flux
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Qp = heat of reaction per unit mass of oxy-
gen

Re, = Reynolds number, tox/ve

r = mass consumption number, Yo, «vM;/
wa "OxM 0x

T = temperature

u = x-direction velocity

v = y-direction velocity

Y; = mass fraction of i species

a = k/pcy

B = Shvab-Zeldovich variable, Y/v;M; —
Yox/vosMox

v = Shvab-Zeldovich variable, ~h/Qpro. Mo
- Y()x/ UOIM Ox

8 = boundary-layer thickness

es, €5 = remainders in the parametric expan-

y = kinematic viscosity, or stoichiometric
coefficient
£ = mixed convection number, Gri/Re,?

p = density

7w = shear stress at wall
¢ = hihy

Subscripts

e = excess

f = fuel

f€ = flame

£ = slab length
0x = oxygen

p = pyrolyzed
t = total

w = wall

« = ambient
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~ 3’:> (10b)

J” + Pr fJ'ACcxa+e=1 = Pr ACxate <f, o
ox ox

with the boundary conditions

et [£ 0, 0) ] _ B Jx,0)
o [c ox 1 0) Pr ACc

fx,00)=0,J(x, 0 =1, (lla)
Flx, ©) = %umuwx”‘c, J(x, ©) =0 (11b)

where
B=(QpYoye — hu)/L (12)

The transformation constants can now be chosen to minimize the x
dependence in equations (10). Two choices exist, corresponding re-
spectively to forced or free similarity, i.e.,

1

'Z—,A = 2 Uwra)2 and C = (Uoro)?2  (13)

1
a=-~,¢c=
and

3
g=—,c= n A = (depTofghyy 214

1
4
and C = (64ghyr2/c,T-)/* (14)

If equations (13) are chosen, the boundary conditions in equations
(11) become independent of x, whereas equations (14) produce f* ~
1”12 at the edge of the boundary layer. Introducing £ = Gr./Re, 2 =
18(Tw = Tw)/Twtt-? and equations (13) in equations (10, 11) yields
the general governing equations

w " - ’ ?.t — _a_i
[+ 117+ 85 = 2% (f i ag), (158)
J” + PrfJ = 2 Pr (f’ %5{ —J g’;) (15b)
subject to the boundary conditions
Af (&, B
280 0 =Ly 0 w0 =006 0=1 (6a)
o¢ Pr
g =) =2,J( =) =0 (16b)

The problem defined by equations (15 and 16) could be accurately
modelled by a two or three-equation local nonsimilarity approxima-
tion [12, 13]. However, since the simpler inert mixed-mode flow
problem has not been solved by this more accurate method, it seems
appropriate to use local similarity as a first approximation. Fur-
thermore, the flame problem involves many assumptions not present
inthe inert case, which are assailable at the same level of accuracy as
local similarity, e.g., radiation may easily be 210 percent of the con-
vective heating at the wall; the flame-sheet approximation simplifies
the profiles near the flames, etc. Using local nonsimilarity to strive
diligently for high numerical accuracy in the convective problem
would thus violate consistency.

The combusting mixed-mode problem in the local similarity ap-
proximation is obtained by neglecting as small the right side of
equations (15),

7+ 8t =0 (17a)
J'+Prff =0 (17b)
subject to the boundary conditions
f(£,0) = BJ'(§, 0)/Pr, f/(£,0) = 0,J(£,0) =1 (18a)
flg @) =2,J=)=0 (18b)

All streamwise dependence is contained in the similarity variable 5
and the local similarity parameter £.

These equations contain five parameters £, B, r, D3 and Pr. The
Mixed convection number, £ = Gr,/Re, 2 denotes the relative mag-
titude of bupyancy to inertia. The convective mass transfer number,

dournal of Heat Transfer

equation (12), gives the ratio of the chemical energy evolved in com-
bustion to the effective enthalpy of pyrolysis. When no mass transfer
occurs at the wall, B does not enter the problem. Named by analogy
to B, the mass consumption number, equation (9a), is the ratio of the
relative available oxygen, Yo, /Y, to the stoichiometrically required
oxygen, vo, Mo./vsMy. It ranges from zero to unity for common poly-
meric fuels with large values denoting small flame heights and small
values, i.e., insufficient oxygen, giving large flame heights. Although
it contains Yy, this parameter is completely defined a priori for a
given system as shown in Appendix A. A group related to the third
Damkohler number, equation (9b), is the ratio of the chemical energy
evolved per unit mass of the ambient gas to the specific enthalpy at
the wall. Typically, D3 = 4.0 for solid polymeric fuels.

3 Results and Discussion

The parametric expansion method [9], is used to numerically solve
the two-point boundary value problem, equations (17 and 18), for f(1)
and J (). This procedure is summarized in Appendix B. The surface
shear stress and heat flux can be obtained from equations (5 and 8)
respectively as

o
S— —“{ = potn?Re,~12f7 (£, 0)/2, (19)
by w .
ky Oh ’
Qu=—"2—] =hupete Re;~12J'(0)(1 — D3)/2Pr  (20)
Cpy, oy tw

using equations (3 and 13). Figs. 2(e¢) and 2(b) show the nondi-

rrr T i rTrr i rrirTTrorTria
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Fig. 2(a) Nondimenslonalized surface shear stress and heat flux versus ¢
for inert mixed-mode flow
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Fig. 2(b) Nondimensionalized surface shear stress and heat flux versus £
for combusting mixed-mode flow
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mensionalized surface shear stress and heat flux as a function of £
obtained from both local similarity and finite-difference for inert and
combusting flows. The local similarity results in Fig. 2(a) coincide with
[6]. The Patankar-Spalding finite-difference (GENMIX) method {10,
11] is employed for comparison. The initial profiles, stream function
and boundary-layer thickness at x = 0.01¢ are assumed from the
Blastus solution. One hundred cross-stream grid nodes and a step size
of one-twentieth of the current boundary-layer thickness are used.
The deletion of derivatives with respect to ¢ in equations (15 and 16a)
causes ~ten and 20 percent deviation from the finite-difference results
for inert and combusting cases, respectively.

For £ 5 0.15, the surface shear in a flame is smaller than that in an
inert flow since buoyancy effects are dominated at small x by the
blowing effect of pyrolysis. For £ > 0.15, the wall shear with a flame
is greater than the inert shear since buoyancy, which now governs the
flow characteristics, is greater in the combusting case. For all £, the
surface heat flux, proportional to | (1 — Dg)J’ (0)}, is larger with a flame
than in an inert flow.

In addition to Fig. 2, these initially unknown boundary conditions,
f7(£,0) and J’(§, 0), are listed to high accuracy in Table 1. The value
of D3 was chosen to permit comparison of J’(¢, 0) with the limiting
forced convection case {1]. The J”(£, 0) value for Pr = 0.72, 0.34174,
is lower than the reported value for Pr = 1.0, 0.39118, due to larger
thermal diffusivity. Seven significant figures are needed for £ > 1 to
generate accurate profiles since, in the combusting case, slight de-
viations from these large gradients lead to large profile errors. Due
to growth of the boundary-layer thickness with £, the dimensional
surface shear stréss and heat flux decrease as f7(£, 0)/£/2 and J/(0)/£1/2
and thus are very large near the leading edge. As { increases, the shear
stress initially decreases as in the forced convection case. Downstream
buoyancy becomes more influential, the flow accelerates and the wall
shear increases. The minima in combusting and inert wall shear
stresses occur at § = 0.1 and 0.5, respectively. Unlike the maximum

velocity, the flame temperature remains constant as £ increases. Thus

the surface heat flux decreases uniformly for both inert and com-
busting flows. Pyrolysis absorbs the additional flux in the latter case
and thus decreases similarly with £.

Figs. 3(a) and 3(b) show the velocity and enthalpy profiles at £ =
0.1 and 1.0, respectively. As £ increases, the flow accelerates due to
increased buoyancy, while the chemistry-controlled flame tempera-
ture remains constant. Note that n ~ x~/2 and £ ~ x implies an ~3
fold contraction of the abscissa in Fig. 3(b) relative to Fig. 3(a). From
the definition of J and the assumption that Y; = Yy, = 0 at the flame
sheet, the flame location is given by

JE ey = /(L + 1) @2n

The flame temperature is then from equations (8, 21)
hee(E, npe)/hy = (D3 +r)/(L+7) (22)

As Djy increases, both the temperature and velocity increase due to
an increased heat release. As shown in Fig. 3, the mass consumption
number, r, strongly effects the flame location and temperature. To
qualitatively determine y;,(r), consider that the fuel and oxygen
diffuse into the flame at relative rates determined by the stoichio-
metric ratio,

Ih/”/mox 7= UfM//l'oxMox (23)
Assuming equal diffusivities, equation (23) becomes

aY//ayly‘fe = ("fo/VOxMOx)a YO.r/Q}'ly*/z (24)

Now approximate 0Y;/dyl,~, = Yp/yre and Yo /dyly+, ~
—Yor,«/ (5 = yte) and solve for

Yre~ 8/(L+7) (25)

So as r decreases, the flame location moves outward as indicated by
the hatched lines in Figs. 3(a),{b). ys¢ — 6 asr — 0 to maintain the
required oxygen flux to the flame. To qualify the influence of r on the
flow field consider first the influence of r on T, as given by equation
(22). This expression can be obtained physically by equating the en-
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Fig. 3(b) Normalized velocity and enthalpy profiles at £ = 1.0 parameterlzed
in r for both inert mixed-mode flows and flames

ergy convected from both sides of the flame to the heat liberated by
reaction,

Qpfox” = (Qh/dy|y-1p = Oh/0Y |y kse/coy, (26)

Approximating again 9h/y|,~;, ~ (hse — hw)/yfe and oh/OY |yt ™
hse/ (5 — yse) and using unit Lewis number and equation (25) yields
equation (22). Since D3 > 1 and r < 1 flame temperatures increase 8
r decreases, as shown in Figs. 3(a),(b). For smaller r and thus larger
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puoyancy, the gas flows faster, inducing larger entrainment,

3
o] ~ {7 pudy =i, @7
dx Jo
Also for smaller r, the reaction zone shifts outward, tending to carry
the velocity maximum outward. However, this peak-velocity shift is
opposed by the increased entrainment rate, and therefore it lags the
flame shift,

Not presented here for clarity of the figures are species concen-
tration profiles. The fuel concentration distribution is almost linear
insicle the flame sheet. The oxygen concentration beyond the flame
sheet, is also nearly linear except near the ambience where it levels
oft. Profiles at other values of £ can be obtained using the listed
missing initial conditions in Table 1 and integrating equations (17 and
18a).

The physical distance normal to the surface, y, is recovered by in-
verting the Howarth-Dorodnitzyn transformation:

2
. j;" {pe/p)d7

Y™ Re, /2

2x
Re, 172

For a combusting flow where large density variations occur, the usual
Boussinesq assumption is invalid and the similarity displacement 7
is greatly compacted relative to the physical distance y. The flame
stand-off distance is obtained from equation (28) as:

£ =TT+ dn @8)

2x
Re, /2

where 5y is given by equation (21). Fig. 4 shows y;, as a function of
¢parameterized in r. For small £, ys, is closely proportional to £1/2 as
inforced convection. As £ increases, the integral in equation (29) de-
creases in contrast to a constant obtained in both pure convection
limits [4]. The physical flame location, ys¢, which is proportional to
the product of £1/2 and the integral, becomes less dependent on § as
tincreases. It is approximately proportional to £1/6 when ¢ = 2.0 as
shown by the dashed line slopes in Fig. 4.

Now consider the excess pyrolyzate generated in the mixed mode
case. The local pyrolysis rate at the surface from equation (5) with ¢
=1, C = (Uwr.)V/? and the deletion of df/0x, is

Mp = pply = —PmumRex_l/Qf(g; 0)/2

29

Ve = j;m [p{Ty = T Tw + 1]dy

(30)

The total pyrolysis rate is obtained by integrating the local pyrolysis
rate from 0 to x,

M, (x) = fo i (x)dx =’-’2‘1'i(umum)1/2 j: [~£(&, 0)x~1/2]dx

(31)

The excess pyrolyzate, i.e., combustible gases which are not consumed

Table 1 Nondimenslonalized surface shear siress and heat flux. For flames,
8= 1.03613, D3 = 0.04114, Pr = 0.72 and #0) = BJ(0)/Pr

Inert

Pr = 0.72 r=1.0 r=20.1

{0} -J'(0) (o) ~J'{0) (o) -3'(0)

0 1.3282300  0.5912700 0.6810400 0.3417400 0.6810400 0.3417400
1.32824° 059123

A 1.8877751 0.631533) 1.9317077 0.4373798 2.3053323 0.4740793
0.6316%

i3 3.7001323  0.7325672 5.,2863886 0.5809416 6.4983728 0.6502058

R 5.5673162  0.8115057 8.5668836 0.6722847  10.5715533 0.7588374
0.8116°

5 7.2263569  0.8696914  11.4417937 0.7353202  14.1348623 0.8331177

o 8.752783¢  0.9167745  14.0805133 0.7847417  17.4030195 0.8911061
0.9168%

Lioyd and Sparrow [6]
8lasius

lournai of Heat Transfer

in the flames that produced them, can be obtained by evaluating the
fuel flux between the fuel slab and the sheet flame as

Mox) = fy” puYdy = 2o (torer)V2Yp,
0

nfe
X f Pl +1d = ridy (32)
0
The unburned fraction of the total pyrolyzate from 0 to £ is then

2Bg1/2 ‘J;W/'(g, L+ r)J(E n) — ridy
M ())/Mp (%) =

(33)
13
(B+r+1) ﬁ [—f(&, 0)EV2]de

where the transformation of x to § is performed at constant Grg/Re,%
Fig. 5 shows the excess fraction of the total pyrolyzate as a function
of £ parameterized in r. In the two previous pure convection cases {4},
M, (x)/M,(x) remained constant with x since the total pyrolysis rate
and the streamwise fuel flux had the same x dependence. In the
mixed-mode flame, this excess fraction increases as ¢ increases since
buoyancy effects produce larger velocities near the wall where a large
amount of fuel vapor exists. Thus, as £ increases, the fuel flux increases
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faster than the total pyrolysis rate. Furthermore, since the external
flow always aids the buoyancy-induced flow to transport the fuel
vapor downstream, the excess fraction of the unburned fuel in the
mixed-mode flame will eventually exceed that in the free convective
flame.

4 Conclusions

A steady, two-dimensional, mixed-mode flame on a pyrolyzing fuel
slab is analyzed. The local similarity solution lies within 20 percent
of comparable finite-difference results. Five parameters, the mass
transfer number B, the the mass consumption number r, the third
Damkahler number D3, the Prandtl number Pr and the mixed con-
vection number £, are required to describe this laminar mixed-mode
flame. In comparing combusting and inert mixed-mode flows, surface
shear is smaller in the former for small £ due to blowing and larger
downstream due to increased buoyancy. The combusting case surface
heat flux is always larger than its inert counterpart. In both inert and
combusting flows, the wall shear stress decreases with ¢ near the
leading edge and then increases downstream due to buoyancy. The
wall heat fluxes decrease monotonically with £ The velocity and en-
thalpy distributions in the combusting flow are largely influenced hy
£and r. As £ increases, the flow accelerates but the flame temperature

remains constant. Asr decreases, the flow is heated and accelerated,

the reaction zone shifts outward significantly and the velocity peak
moves outward slightly. For future extensions of the present work,
the numerical accuracy can be improved using the local nonsimilarity
approximation. Radiation should be accounted for. Related problems
of gravity unaligned with u. may also be considered. Experiments
are needed to compare with the current predictions.
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APPENDIX A

Surface Fuel Mass Fraction
Species conservation written for fuel at the surface gives

fhpYﬂ = Thprw - prY[/ay‘u, (A*l)

It is assumed that the Lewis No., /D, and the Chapman const,,
pu/paties, are unity. It is also assumed that no oxygen exists inside the
flame, i.e., Yo, = 0 for g < 5y¢. Therefore the fuel concentration profile
can be expressed in terms of J(£, y) using equations (6, 7) as

Ye(e, )/ Yo = (L+r)J(E 0) ~ 1 0 < e (A-2)
The surface fuel gradient is then
dYy/aylw = Ypu(l + )" (¢, 0)0u/0y | (A-3)
where, from equations (3, 13)
on/oyw = puRe, M2 (2xpx) (A-4)

Substituting this 2Y;/0y|,, and m, expressed by equation (30) with
the first of equations (13a) into equation (A-1) gives

Yju= YuB/(B+r+1) (A-5)

Solving for Y, from equations (9a and A-5) yields the surface fuel
mass fraction as

fu = [thB - Yﬁx,w"fo/V()xMOx]/(B +1) (A-6)

Thus, for a given system, i.e., fuel and ambiance, Yz, and, conse-
quently, r are known a priori.

APPENDIX B

Parametric Expansion Method

The parametric expansion method is a noniterative technique [9]
to solve two-point boundary value problems {14, 15] which is useful
when (1) solutions are highly sensitive to the missing initial conditions
and (2) wide ranges of parameters are to be examined. It improves the
parametric differentiation method [16, 17] which is subject to large
truncation errors due to its linear approximations. The procedure is
applied below to the present combusting mixed-mode problem.

Equations (17) can be replaced by an equivalent system of five
first-order equations:

I =fo fd =fs fd' = —f1fs = 8t o = fo. fs' = =Prfifs (B-1)
subject to the boundary conditions:
B
f1(0) = Efs(o),}%(o) =0, fa(0) =2,f4(0) = 1,fy(») =0 (B-2)

The two missing initial conditions, f3(0) and f5(0), are the nondi-
mensionalized wall shear stress and heat flux. The function f; at an
arbitrary £* can be expanded about £* + AL

filg* + AE ) = fi(k*, 7) +—-f - (A&)
atle
0%; (a§)?
-t B-3)
&% gr+ar 2 PR AL (

Solutions at £* + At are obtained once the first derivatives, second
derivatives and the remainders are found. With the same procedure,
solutions at any ¢ can be obtained. For demonstration, only ¢ is varied
here. Differentiating equations (B-1) with respect to £ once and then
twice yields

81" = g0, 89’ = g3,

83 = —f18s — fag1 — B¢ — By
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&4 =85 85 = —~Prfsg1 — Prfigs (B-4)
gith the boundary conditions
B
£:1(0) = Eg5(0),g2(0) =golw) = g4(0) =g4(=) =0 (B-5)
and
hy' = hg, hy’ = hg,
h3' = —fihg — fsh1 — 8&pg — 28183 — 164y,
hy =hs hs' = =Pr fshy — Prfihs —2Prgigs (B-6)
gith the boundary conditions
B
h(0) = P—rhs(o), ho(0) = ha(®) = hy(0) = hy(=) =0 (B-7)
The missing initial conditions are defined as
£3(0) = a, g5(0) = a, h3(0) = B; and  h5(0) =6 (B-8)

Combining these ten functions, g; and h;, with thirty auxiliary func-
tions, gi®Y and h;®), (notei = 1,2...5,and k = 1-3) as
gi= iU+ agi® + @, hy = 1A+ Bohi @ + 1 (B-9)

and substituting them into equations (B-6, B-8), one obtains six sets
of initial-value problems. Their initial conditions are:

g110) = goW(0) = g4(0) = gsM(0) =0, 2300 =1, (B-10)
£12(0) = B/Pr, g22(0) = g52(0) = g42(0) = 0,5,2(0) = 1,

(B-11)
£19(0) = £:M(0) = g3(0) = 2,4(0) = g5¥(0) =0, (B-12)
R1(0) = hsD(0) = hyM(0) = hsD(0) = 0, As(0) = 1, (B-13)

1 (0) = B/Pr, hy®(0) = hy®(0) = hy®(0) = 0, hs(0) = 1,
(B-14)

hi®(0) = ho®(0) = hy®(0) = hy®H(0) = hs®(0) =0 (B-15)

Journal of Heat Transfer

All solutions at # — « can be obtained using a Runge-Kutta inte-
gration technique. From these solutions, one obtains the originally
arbitrary coefficients:

_ 828(=)g, () — g3 (=)gy (=)
£20(2)g4 (=) — g2 () V()
_ 829(=)g4 V() — g51()g4 (=)
g20(2)g4D () — go®(w)g V()
_ R @(2)h BN (@) = hyBN(@)hgD(w)
" hyW(@)hy@ () — hy®(@)hy ()
_ hg®(w)h (@) — hyD(w)h ()
" By (@)hy@ (=) = hy® (e0)h D ()
The final form of the original missing initial conditions can be deduced
from equation (B-3) as
f3(0) = f2*(0) + ga(0)[AL] — (1 + e)ha(0)[(A8)4/2]

f5(0) = f5*(0) + g5(0)[AE] — (1 + e)h5(0)[(A8)%/2]

ayg

g

1

2 (B-16)

(B-17)
(B-18)
where the remainder terms, e3 and ¢; are obtained in [9] as

e3 = [(Yas — Vo) (s — Yapz) — (Yus — Va) (Yos — Yor)]/0(3, 5)

(B-19)
65 = [(Yas = ¥2)(Was — Puags) — (Yus — W) (Yo — Poyrs)} /045, 3)
(B-20)
0(3, 5) = us(Parz = Yars) — Yae (bars — Wars) + Vara Yars — Yoraduss
(B-21)

Here (5, 3) is obtained by interchanging 3 and 5 in (3, 5). ¢ is the
terminal-point boundary value, e.g., ¥ = 2 and ¥4 = 0 in this problem.
For terms i and yf, ] = 3 or 5, the first subscript denotes the missing
initial condition, the second subscript “f” or “s” denotes first or sec-
ond-order approximation, respectively, and the third subscript de-
notes “f;5(0)/f;19” kept the same as frs”. In this analysis, the para-
metric marching starts from simplest cases, i.e., a pure forced con-
vection flame with £ = 0 and an inert mixed-mode flow with D3 = 0.
The missing initial conditions thus obtained are listed in Table 1.
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Shi-chune Yao'
R. E. Henry

An Investigation of the Minimum
Film Boiling Temperature on
Horizontal Surfaces

The frequency and magnitude of liquid-solid contacts in the film boiling of saturated eth-
anol and water an horizontal flat stainless steel and copper surfaces are examined with
electrical conductance probes. It (s observed that, at atmospheric pressure, contacts occur
over a wide temperature range and are generally induced by hydrodynamic instabilities.
In the ethanol system, these contacts can account for the entire heat transfer rate at the
minimum film-boiling temperature. The area and duration of contacts are strongly in-
fluenced by the dominant nucleation process, and thus, depend on the interface tempera-
ture and wettability of the solid. At elevated pressures, direct liquid-solid contacts in film
botling are essentially nonexistent for stainless steel and the first major contact corre-
sponds to quenching of the surface. Under these conditions, spontaneous nucleation upon
contact seems to be the controlling mechanism for the mintmum film boiling temperature.
The minimum point appears to be determined either by a Taylor instability vapor remov-
al limitation or by spontaneous nucleation. The governing mechanism is the one which
s stable at the lowest wall temperature.

Argonne Natlonal Laboratory,
Reactor Analysis and Safety Divislon,
Argonne, Nl

Introduction by lLloeje, et al. [5}, the direct contact heat transfer of drops to a wall

was included in a model of dispersed flow heat transfer.

In the present experiment, the existence and importance of hy-
drodynamic instability induced liquid-solid contacts of saturated
ethanol and water are examined by electric conductance probes. The
objectives of this paper are to investigate:

a The liquid-solid contact behavior in film boiling, i.e., the area,

An understanding of liquid-solid contact behavior and the associ-
ated heat transfer mechanisms in film boiling is of importance in the
interpretation of posteritical heat flux energy transfer results, in the
determination of a rewet temperature for emergency core cooling
systems in light water reactors, as well as in many other industrial
app!lca.tmns .where high solid t,emperat}.lres ar.e.encount.er.ed. duration, and frequency of contacts as a function of system pres-

Liquid-solid contacts, under stable film boiling conditions, were sure
observed by Bradfield [1],2 and it was found that the liquid subcooling b ’
and surface roughness played important roles in the occurrence of
contacts. The instability induced contacts in liquid-liquid film boiling
systems was also observed by Henry, et al. [2] in experiments for a
lighter liquid boiling on a mercury surface. Henry, {3] postulated that
such intimate contacts could produce significant thermal transients
in the solid wall and that these surface transients could then lead to
the progressive breakdown of the film boiling regime. Recently,
Swanson, et al. [4] measured the solid surface temperature variations
in film boiling and confirmed the contact hypothesis. However,
through their indirect method, they were not able to arrive at a
quantitative description of the contact behavior. In a recent paper

The contribution of direct contact heat transfer to the overall
film boiling heat transfer,

¢ The relationship between the minimum film boiling tempera-
ture and the system pressure.

Experimental Apparatus and Procedures

This set of experiments was conducted in a pressurized containment
apparatus which is shown in Fig. 1. This test apparatus, which could
operate at. pressures up to 1.5 MPa, allowed visual observations of the
basic film boiling behavior of water and ethanol on flat horizontal
surfaces of both copper and stainless steel. Specific interest was given
to boiling regimes for which large scale mechanical disturbances were
always present, i.e., the liquid globules were large compared to the

! Present address: Department of Mechanical Engineering, Carnegie-Mellon
University, Pittsburgh, Pa.

2 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER. Manuscript received by the Heat Transfer Division
March 11, 1977.
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most. dangerous wave length resulting from a Taylor instability
analysis. This assured that the vapor removal was governed by such
considerations, and the presence of such large disturbances increased
the propensity for liquid-solid contacts and essentially precludEd any
metastable film boiling effects as observed in [6].
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Fig. 1

It has been proposed [3, 7, 8] that the thermal properties of the
surface affect the minimum film boiling temperature, as the result
of transient liquid-solid contact, and such dependence has been ob-
served experimentally [9, 10]. Intimate contact between two semi-
infinite slabs, with constant thermal properties, will result in the in-
terface temperature given by [11}

1 T + Tev (ké’pé’cﬁ)/(kspscs)
Y 1+ VRepeC o) (hapsCy)

As shown in [12], the parabolic heat conduction equation is valid
for time intervals longer than 10712 seconds. Consequently, the in-
terface temperature given by equation 1 is accurate after 10712 secs
and remains a valid representation until either thermal penetration
of one slab occurs or vaporization is initiated at the interface. Va-
porization can result from preferred sites (crevices, entrained gas
hubbles, etc.) and/or spontaneously produced vapor embryos gen-
erated by density fluctuations in the liquid (spontaneous nucleation)
which is highly temperature dependent [13]. However, the nucleation
site density which can be produced by spontaneous nucleation is or-
ders of magnitude larger than that characteristic of preferred sites
(10* sites/cm? as reported in [14]), so that, if the necessary tempera-
tures are established at the interface and within the thermal boundary
layer to produce spontaneous nucleation, it will be the controlling

(1)

Nomenclature

Sz

TG ARGON

GAS TANK
/’

- RELEF vaLve

/— PRESSURE GAUGE

MEMORY
OSCILLOSCOPE

N
TO VACUM PUMP

Pressurized film bolling test apparatus

phenomenon. In the time interval during which the thermal boundary
layer is developed to sufficient depth to support a critical size vapor
bubble [15, 16] (dia ~ 100 &), equation 1 is an accurate representation
of the contact temperature.

Since the copper and stainless steel surfaces have much larger
values of thermal conductivity and density with respect to water and
ethanol, the thermal transients in the metal surfaces produced by
liquid-solid contacts are small, and the interface temperature is close
to the measured bulk temperature. However, if significant oxidation
of these surfaces occurs, the initially governing thermal physical
properties at the solid interface would be those of the oxide layer.
Under such conditions, the surface would experience significant
thermal transients and the thermocouple within the plate, which
would be insensitive to these transients, would not represent the
surface temperature upon transition. In order to prevent excessive
oxidation of the copper surface at the high temperatures required for
the film boiling regime, the upper polished surface was piated with
a 15-micron soft gold layer (99.96 percent pure). The similar thermal
properties of gold and copper assure that the interface thermal be-
havior will not experience significant thermal transients during
intimate liquid-solid contacts. In addition, experiments were con-
ducted on both a plain stainless steel surface and a gold plated
stainless steel plate. Gold plating of the steel surface was accomplished

A = area
@ = grea ratio

C = gpecific heat

R = electrical resistance
r = radius of a critical size cavity
T = temperature

Ap = wavelength
p = density
¢ = surface tension

§ = acceleration of gravity t = time

hz = latent heat of vaporization V = battery potential Subscripts

J = yolumetric nucleation rate v = contact volt..age ¢ = contact

k = thermal conductivity W = work required to form a nucleus i = interface

k) = Boltzmann’s constant 1674 £ = liquid

P = pressure 3(P, — Pp)? SAT = saturation
Q = energy transferred « = thermal diffusivity s = solid

9 = energy transfer rate A = difference v = vapor
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by initially plating the surface with a 1 um layer of chromium and then
adding an 8 um gold layer onto the chromium base. The comparative
results enable the role of surface oxidation of the steel to be quantified.
1t also allows a comparison of the thermal stability of copper and
stainless steel, independent of any possible differences in surface
wetting characteristics (both are gold plated) which will effect spon-
taneous nucleation. The experiments were performed in an inert argon
atmosphere and, as a final precaution, only reagent grade ethanol and
triple distilled (quartz still) water were used as boiling liquids.

The plates were heated from below by a 860 W heater, and the wall
temperature in each plate was measured by a grounded sheath ther-
mocouple inserted from below to within 0.8 mm of the surface. In
conducting these experiments, the dish was first heated to the desired
temperature, then saturated liquid was poured onto the surface. The
liguid-solid contacts during film boiling were detected by measuring
the electrical conductance between the boiling liquid globule and the
solid dish. Considerable care was taken in the calibration of these
voltage probes in terms of the instantaneous area of contact between
the boiling liquid and the solid surface, and while there is, perhaps,
typically a factor of two uncertainty in the interpretation of contact
area, order of magnitude behavior can be ascertained. A description
of this calibration procedure is given in the Appendix. As illustrated
in Fig. 1, the probes were inserted into the liquid to within 1.5 mm of
the solid surface, and the voltage difference across a resistor was re-
corded by a memory oscilloscope. The relationship between the film
boiling behavior and the voltage signals was examined by high-speed
movies which simultaneously recorded the liquid behavior and-the
oscilloscope trace.

In the film boiling configuration, the oscillating liguid boundary
and the solid wall provide a varying electrical capacitance which can
confuse the interpretation of the temporal voltage signals. In order
to ascertain the importance of such a varying capacitance on the
voltage signals, the water electrical conductivity was varied by adding
minute amounts of HNO; to the water. The additive will remain in
the water during vaporization as opposed to being transferred to the
vapor film. Consequently, no change would be expected in the voltage
signals if a variable capacitance is the controlling phenomenon, but
a large change would result if intimate contacts occurred. Large
changes in the voltage output were indeed observed while the nor-
malized signal shapes remained the same. Consequently, the contri-
bution of varying capacitance was insignificant and the observed
signals represent direct liquid-solid contact.

Experimental Results
Low Pressure. Intimate liquid-solid contacts in the film boiling
regime, as discussed in [3], were postulated to result from the return
of liquid toward the surface after the departure of a vapor bubble. As
discussed above, in order to insure that such departure phenomena
existed within the liquid globule, only liquid geometries with diam-
eters greater than the fastest growing wave length [17] were considered
in this experiment.
12
__ﬁ.‘f.,._)] ()

&lpe — po
For water at atmospheric pressure, the most dangerous wave length
is 2.7 cm, which is in good agreement with the 3.0 cm average vapor
dome spacing observed by Hosler and Westwater. [18] A similar
spacing was also observed in the high speed movies of this study.
As proposed in [3], when a vapor bubble either breaks through the
overlying liquid layer or detaches from the vapor film at the interface,
the liquid collapses toward the solid and can produce direct liquid-
solid contacts. In this investigation, the contact frequency was de-
termined by allowing the memory oscilloscope to record all the con-
tacts for a given interval, typically five seconds, and then divide the
total by the time span. The water data demonstrated contact
frequencies of 10-20 Hz for plate temperatures slightly greater than
the minimum film boiling point. This is in good agreement with the
bubble departure frequency observed on movies taken of these tests.
However, as will be shown, these contacts were of very short duration
(less than 10 m) and of little significance in the overall energy transfer.

>\D=27r[
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Similar measurements with ethanol show a contact frequency of 5.1
Hz, which was much less than the bubble rate for the size of the liquig
mass used which was typically 6-9 cm in diameter. In contrast to the
water data, the contacts in the vicinity of the minimum point depy,.
onstrate durations greater than 100 m, and these can be responsip)e
for a significant fraction of the measured energy transfer. This ig
discussed in the section on energy transfer.

From the above discussion, it is not clear whether the contacts are
directly induced by bubble departures, but contacts are definitely
measured. In order to determine the relevance of these contacts in the
film boiling regime, it is necessary to quantify their magnitude, fre.
quency, and duration as a function of the wall, or interface, temper.
ature. Fig. 2 shows typical contact signals, produced by ethanol in film
boiling at one atmosphere on a gold plated copper surface, as a fune.
tion of the interface temperature. There is a dependence of the contact
behavior upon the interface temperature. As the interface tempera.
ture increases towards the homogeneous nucleation temperature of
the ethanol, the magnitude and duration of the contacts are reduceq
to an insignificant level. At the temperature levels characteristic of
nucleate, transition, and, in some cases, film boiling, the vapor for-
mation results from preferred site nucleation (surface cavities,
scratches, entrained gas bubbles, etc.), but in this elevated tempera-
ture region, nucleation can initiate within the liquid independent of
these preferred sites. This spontaneous production of nucleation sites,
which results from density fluctuations within the liquid, [13, 19] is
strongly dependent upon temperature, and in the temperature range
where such nucleation becomes significant, it is capable of producing
nucleation site densities that are many orders of magnitude greater
than those characteristics of preferred sites.

Spontaneous Nucleation Processes

Spontaneous nucleation can either be heterogeneous, i.e., the vapor
cavities are formed by density fluctuations at the interface hetween
the liquid and solid as a result of imperfect wetting, or homogeneous
in which the nuclei are formed completely within the bulk of the lig-
uid. The calculation of heterogeneous spontaneous nucleation rates
requires a knowledge of the transient wetting behavior between the
liquid and solid system on a microsecond time scale. Such experi-
mental details are not presently available, but homogeneous nu-
cleation rates per unit volume, which provide an upper bound on this
spontaneous behavior, can be calculated by the expression

w

J = AT exp ( le) @®)
The pre-exponential term A((T') contains the specific details of the
molecular vaporization and condensation as summarized in [20].
Generally this term is of the order of 10% when describing nucleation
rates per cubic centimeter, but, as will be illustrated below, this
quantity can be in error by several orders of magnitude without sig-
nificantly changing the temperature at which spontaneous nucleation
becomes significant. Homogeneous nucleation rates as a function of
temperature are shown for ethanol and water in Tables 1 and 2, re-
spectively, for a system pressure of 0.1 MPa. Homogeneous nucleation
is of practical importance only if the temperature lies above the
threshold value of approximately 195°C for ethanol and 305°C for
water, However, if the temperature does lie above this value, the
volumetric nucleation rate provided by density fluctuations is many
orders of magnitude greater than that supplied from preferred sites.
Consequently, one would then expect the energy transfer behavior
to be dominated by the spontaneous nucleation behavior when the
temperatures fall within this range. With such a dominant, high
density nucleation mechanism, intimate liquid-solid contacts should
experience an early termination as a result of the coalescence, through
physical interference, of these small but numerous vapor cavities as
proposed in [15]. The details of this coalescence involve nucleation
site densities, thermal boundary layer development, and bubble
growth characteristics, as have been quantified for liquid-liqUid
systems in [15]. As a result of this early termination, the liquid-solid
contacts would provide an insignificant amount of energy transfer
in comparison to the total energy transfer rate in film boiling at these
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Tablel Homogeneous nucleation for ethanol
Pyp=0.1MPa

Te P, o r J
o MPa N/M A sites/cm? s
170 1.68 0.0080 108.3 <1099
180 1.97 0.0087 72.0 3.3 X 107%9
160 2.43 0.0055 47.0 3.6 X 1072
200 2.96 0.0043 29.8 3.0 X 1022
210 3.58 0.0031 17.8 2.1 X 10%0

Table 2 Homogeneous nucleation for water

Pe=01MPa

T, P, o r J

o MPa N/M A sites/cm?® s

290 7.44 0.0187 45.6 5.2 X 107%

300 8.59 0.0143 33.9 7.8%107¢

310 9.87 0.0121 24.8 1.2 X 1016

H20 11.29 0.0099 17.7 1.1 x 10%
330 12.86 0.0078 12.2 2.9 X 1080
temperatures,

"The spontaneous nucleation mecheanism proposed herein is similar
to the mechanism proposed by Spiegler, et al. [21] which was based
Upon a maximum liguid superheat as derived from a van der Waals
Equation of state. Such an approach gives values somewhat lower than
the homogeneous nucleation limit and modifications have been pro-
Posed to account for differences with measured spontaneous nu-
cleation temperatures. {22,23] However, this concept of a limiting
liguid superheat does not describe (1) how the vapor is formed, (2)
the role of surface wetting, and (3) the role of surface thermal prop-
erlies. Minimum film boiling conditions have been obtained in poorly
Wetted systems, such as mercury on stainless steel [24] and water on
Surfuces coated with polyetrafluorcethylene and silicone grease, [14]
f"ith the wall temperature only slightly greater than saturation. This
18 due to the very low spontaneous nucleation temperature of a non-
Welling system. For a completely nonwetted surface, spontaneous

Journal of Heat Transfer

nucleation of the heterogeneous type is significant for any surface
temperature above saturation. Consequently, while homogeneous
nucleation is used for simplicity in this paper, real systems can be
limited by spontaneous nucleation at considerably lower tempera-
tures.

It is also noteworthy that the spontaneous nucleation minimum
film boiling mechanism discussed herein is identical to that proposed
for liquid-liquid systems. [15, 16, 25] A heated liquid surface has no
interface imperfections (cracks or crevices) to act as preferred sites.
Consequently, when the interface temperature upon contact is less
than the value required for spontaneous nucleation sites there are no
preferred sites to provide the vapor required for levitation of the liquid
phase.

Elevated Pressure Results

One effective means of demonstrating the contribution of sponta-
neous nucleation in establishing film boiling is to measure the mini-
mum film boiling temperatures and liquid-solid contacts at elevated
pressures. Such experiments provide a very accurate measurement
of the minimum point by two different techniques. In this study, the
minimum film boiling point was determined by an increase in the rate
of surface cooling as the wall temperature decreased and by visual
observations as well. For the stainless steel surface, there was little
uncertainty or difference in these observations.

Fig. 3 compares the minimum film boiling predictions of the Taylor
instability models of Berenson [17] and Henry [3] and the limiting
superheat models of Speigler [21] and Baumeister and Simon [8] with
the experimental results for water on both stainless steel plates. The
experimental results do not agree with each other or any of the ana-
lytical models referenced above over the entire pressure range in-
vestigated.

The stainless steel plates demonstrated a very marked transition
from the film boiling regime in terms of both cooling rate and intimate
liquid-solid contacts. When the surface temperature was greater than
the minimum point values shown in Fig. 3, intimate contacts were
essentially nonexistent similar to the ethanol data shown in Fig. 2.
The first significant contact resulted in an immediate shift to tran-
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sition boiling and an increase in the contact signal to a level closely
approaching complete contact. The gold plated copper surface
demonstrated a significantly different behavior and, as shown in Fig.
4, considerably lower minimum film boiling temperatures. When the
temperature of the copper surface was well above the homogeneous
nucleation temperature, no significant contacts were observed. As
illustrated in Fig. 4, when the surface temperature was in the near
vicinity of this value, intimate liquid-solid contacts were observed,
but the instantaneous cooling rate and visual observation both indi-
cated that the system was in the film boiling regime, i.e., the cooling
rate was decreasing as the surface cooled and the liquid mass appeared
to float on the surface. At a lower temperature, the cooling rate began
to increase slightly as evidenced by an inflection in the temperature
versus time cooling curve. This point should closely correspond to the
minimum heat flux condition, but the liquid still gave the appearance
of being levitated over the surface. Finally, at the temperatures shown
in Fig. 3, the cooling rate increased sharply (sharp turning of the
cooling curve) and visual observation confirmed that the liquid mass
was no longer levitated over the solid surface. The temperatures at
which these three observations were recorded are shown in Fig. 4.
The hydrodynamic model proposed by Berenson [17] is indepen-
dent of the heater surface properties and consequently there is only
one prediction in Fig. 3 for all the surfaces used. Henry [3] proposed
a modification to Berenson’s hydrodynamic model which resulted in
a correlation for the thermal stability of the wall during instantaneous
contacts and microlayer evaporation. At the elevated pressures, the
predictions of these hydrodynamic models are far greater than the
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measured values. If, as observed in this study, significant liquid-solid
contacts do not occur when the wall temperature is considerably above
the homogeneous nucleation limit, then the microlayer considerations
of [3] would certainly not be valid. When the wall temperature de-
creases to the level where intimate contacts occur, such considerations
are valid, but the large discrepancy between the copper-water pre-
diction of [3] and the high pressure data indicate that the current
understanding is unsatisfactory.

The foam limit model proposed by Speigler, et al. {21] is also in-
dependent of surface properties and predicts minimum film boiling
temperatures that are considerably less than the measured stainless
steel data and greater than that of the gold platter copper surface.
This model was modified for heated surface properties by Baumeister
and Simon [8], and their prediction for a gold surface is also shown
in Fig. 3. This prediction is unrealistic at higher pressures since it is
less than the saturation temperature.

A similar comparison of measured minimum film boiling temper-
atures for ethanol on various surfaces is shown in Fig. 5 along with the
predictions discussed above. Again none of these analytical formu-
lations provide reasonable predictions at elevated pressures.

For temperature ranges where spontaneous nucleation rates far
exceed the preferred site density, the temperature of greatest interest
in determining the propensity for film boiling is the interface tem-
perature upon contact (equation (1)) and not the wall temperature
far removed from the interface. Fig. 6 compares the experimental
results from the two stainless steel dishes in terms of the interface
temperature upon contact. The interface temperatures of the plain
stainless steel surface are based on the properties of chromium oxide,
which is the protective oxide that stainless steel forms even in the inert
environment employed in this study. (Both boiling liquids contain
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oxygen, and the argon also contains some impurities.) For the mi-
crosecond or less time scales of interest in developing a vapor film from
spontaneous nucleation, an oxide layer of 1 um will appear to be a
semi-infinite slab. For the gold plated surface, an 11 gm layer would
appear to be semi-infinite in this time frame, and since the 8 um layer
approaches this thickness, the interface temperature was evaluated
from the thermophysical properties of gold. The contact interface
temperature provides a remarkable correlation for the two surface
conditions. At elevated pressures, the interface temperatures repre-
sentative of the minimum film boiling conditions closely approach
the homogeneous nucleation temperature limit. At lower pressures,
the interface temperatures at transition are lower than the homoge-
neous value but certainly in the range of measured spontaneous nu-
cleation temperatures for water. [20]

The interface temperatures for copper is in good agreement with
the stainless steel data at lower pressures, but at the elevated pres-
sures, the copper results are consistently lower. This may indicate that
the different base surfaces are limited by the same mechanism for near
atmospheric pressures, but different mechanisms at elevated pres-
sures. Future experiments and analyses will concentrate on this re-
gion.

The interface temperature representation is shown for ethanol in
Iig. 7. Again very good agreement is observed between the two steel
plates when the minimum film boiling point is correlated on contact
interface temperature. For the stainless steel surfaces at high pres-
sures, the first contact corresponds to transition. The gold plated
copper surface did not exhibit a definite characteristic at these ele-
vated pressures and the measured minimum film boiling temperatures
are consistently less than those measured with the stainless steel
surfaces. For some of the copper data shown in Fig. 7, the first contact
and the onset of transition boiling occurred simultaneously, but for
other tests, under similar conditions, persistent contacts began about
20-30°C above the minimum film boiling point. Consequently, while
the stainless steel-ethanol system is governed by nucleation charac-
teristics at elevated pressures, the governing mechanism for the
copper surface is not as straightforward. In fact, the system appears
to be very close to a boundary separating nucleation and hydrody-
namic dominated behaviors. This is to be expected since the measured
temperatures for stainless steel and copper are in close agreement as
opposed to the elevated pressure measurements with water on the
same surfaces. At the lower pressures, both the stainless steel and
copper surfaces were determined by the hydrodynamic instability
behavior of the ethanol as will be illustrated in the next section.

¥nergy Transfer Behavior

The minimum film boiling point on these horizontal solid surfaces
appears to be limited by either hydrodynamic instability or sponta-
neous nucleation upon contact, where the controlling mechanism is
the one which is stable at the lowest wall temperature. Consequently,
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cryogenic fluids, which typically have a comparatively small tem-
perature difference between their normal boiling points and ther-
modynamic critical temperatures, are usually limited by nucleation
dynamics. Conversely, the minimum film boiling of liquid metals on
a horizontal solid surface is generally limited by hydrodynamic in-
stability. However, if the liquid metal is an extremely poor wetting
liquid such as mercury, spontaneous nucleation can oceur at tem-
peratures approaching local saturation, and film boiling can be gov-
erned by nucleation characteristics. If hydrodynamic instability is
the controlling mechanism, sufficient and continuously available
preferred nucleation sites must be present to sustain the vapor flow
required to prevent the liquid from returning to the surface com-
pletely. This is the major difference between solid-liquid and lig-
uid-liquid systems, i.e., the former has such sites with surface cracks
and crevices whereas the latter does not.

Estimates of the energy transfer to the liquid as a result of direct
contacts can be made from simple conduction theory since the voltage
probes provide measurements of contact area and duration. Assuming
that the contact duration is sufficiently short so that both the liquid
and the solid behave as semi-infinite slabs, with no nucleation within
the liquid, the interface temperature upon contact is given by equation
(1), and the energy transfer, which can be evaluated from the standard
error function solution, is given by

A
- @
Tog

Q1 min = 2R: A,

This represents the minimum energy transferred during a contact
since the interface behavior is determined by conduction alone. If
significant nucleation was experienced at the interface, the interfacial
temperature could be considerably less than the value given by
equation 1. The lower limit of the surface temperature would be the
local saturation value, which would result in the maximum amount
of energy transfer during a contact:

At
Q1 max = 2k, A, \/“‘;‘ (T — T'sat) (5)
Tl

These limiting values of transient conduction heat transfer can be
used to determine the importance of liquid-solid contacts in the
overall energy transfer process.

The contacts were recorded on both the memory oscilloscope and
FM tape. The contacts for wall temperatures in the near vicinity of,
but greater than, the minimum film boiling point were evaluated for
area and duration. From these measurements the energy transferred
by direct contact was evaluated according to the two limiting
boundary conditions discussed above. This value was divided by the
time interval over which the contacts were surnmed (typically 10-100
s) and divided by the average area of the liquid mass to obtain an
average heat flux resulting from the intimate contacts. In addition,
an average heat flux to the liquid was evaluated from movies by
measuring the change in projected area over a given time interval as
discussed in {2].

The measured contact areas and durations are illustrated in Figs.
8 and 9 for ethanol and water, respectively. One very significant dif-
ference is immediately apparent between the two liquids, In the vi-
cinity of the minimum film boiling point, the measured contact areas
for ethanol are the same order of magnitude as the vapor dome area
(AD?2/2), but for water the measured areas are an order of magnitude
smaller. However, as the interface temperature approaches the ho-
mogeneous nucleation temperature, the contact areas of both liquids
decrease dramatically. The contact durations for ethanol decrease
by two orders of magnitude as the interface temperature approaches
the homogeneous nucleation value. The water data demonstrates a
significant change in the 1-10 ms contacts for temperatures ap-
proaching the homogeneous nucleation value. However, there are
signals of less than a millisecond duration which are essentially in-
dependent of temperature. These may be actual contacts or they may
be very local electrical discharges resulting from the high temperatures
and the d-c circuitry. These are of no significance in the energy
transfer, but they are included for the reader’s reference.
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The large variations shown in Figs. 8 and 9 are characteristic of the
contact behavior, and do not represent experimental scatter in the
true sense of the word. However, the most interesting aspect of the
contact measurements is their importance in the overall energy
transfer. As discussed above, the energy transfer for the interface and
saturation temperature boundary conditions was summed over a given
time interval and then cast in the form of an average heat flux over
this interval. These calculations were made for conditions in the near
vicinity of the minimum film boiling point at atmospheric pressure,
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Table 3 Minimum film beiling heat ﬂaxgs

T —
Ethanol Water
(Experimental)
2.0 W/em2-—Henry, et al. 3.46 W/em2—Hosler and
Westwater

3.0 W/em2—Henry, et al.
2.9 W/cm?—this study
(Analytical)
2.7 W /em%—Zuber
(Contact heat transfer)
0.02 W/cm®—interface
temperature
0.5 W/em?%—saturation
temperature

1.7 W/cm2—this study

2.3 W/em2—Zuber

0.1 W/cm2—interface
temperature

7.5 W/em?—saturation
temperature

and they are compared to the average heat fluxes from this and other
experimental studies in Table 3. The measured minimum film boiling
heat fluxes from this study are in good agreement with those measured
in previous investigations [2, 18] as well as with the analytical pre-
diction of Zuber [26] which is given by

q " Ug(l)f - pu) 174
== hgpy [me} (6)
A 24 {pe + po)

This comparison illustrates that the bounding caleulations for the
energy transferred via intimate contacts with ethanol bracket the
measured minimum heat flux value, and could be the mechanism by
which essentially all the energy is transferred. This is in marked
contrast to the water data in which the maximum contribution is less
than 20 percent of the measured heat flux. Consequently, the data
indicate that the limiting mechanisms for ethanol and water at at-
mospheric pressure may be quite different, i.e., the ethanol appears
to have a hydrodynamic limitation while the water is ostensively
limited by spontaneous nucleation.

Conclusions

The following conclusions can be made from this study.

1 The minimum film beiling point for pool beiling on a horizontal
surface can be determined either by a Taylor instability vapor removal
limitation or by spontaneous nucleation upon contact. The governing
mechanism is the one which is stable at the lowest wall tempera-
ture.

2 When the system is controlled by the Taylor instability, sig-
nificant liquid-solid contacts are measured in the film boiling regime.
For ethariol at atmospheric pressure, the transient heat conducted
during these contacts can equal the total energy transferced at the
minimum point. As the surface temperature is increased above the
minimum point, the energy transferred by direct contact is dramat-
ically decreased.

3 If spontaneous nucleation upon contact is the controlling
mechanism, no thermally significant contacts are measured for wall
temperatures above the minimum value. For systems with such a
limitation, the first major contact, which occurs when the contact
interface temperature drops below the level required for spontaneous
nucleation, results in quenching of the surface.
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APPENDIX

Calibration of the Conductance Probes

In order to provide estimates of the contact areas, the probes were
calibrated for voltage output as a function of this area. The probe tree,
which was made up of six probes on each of four arms, was calibrated
by measuring the voltage produced across a 100K Q resistor by a given
contact area. These areas were represented by various size copper
electrodes in the base of a lucite dish which was filled with either water
or ethanol, and the calibration points are shown in Fig. A.1 for both
test liquids. The dependence upon angular position was investigated
by rotating the lucite dish with respect to the probe tree and the error
bands shown in Fig. A.1 represent these variations. Such measure-
ments show that there can be a factor of two changes in the output
voltage with the location of the contact.

The lines through the experimental data are the calibrations used
to interpret the measured contacts, and thus, to provide the estimates
of the energy transfer by the intimate liquid-solid contacts.
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Determination of Void Fraction,
Incipient Point of Boiling, and Initial

Point of Net Vapor Generation in
Sodium-Heated Helically Coiled
Steam Generator Tubes

Void fraction was measured with high-speed photography in a 26.7 m and a 40.1 m long,
sodium-heated helically cotled steam generator tube of 0.018 m ID. The ratio of coil diam-
eter to tube diameter was 38.9. The operating conditions for the tests were as follows: Pres-
sure: 418 MIN/m?, mass velocity: 429-1518 kg/m?2s, heat flux: 0.013-0.42 MW/m?, outlet
subcooling: 0.3-12.5 K, outlet steam quality: 0.000032-0.075. For vapor volumetric rate
ratios greater than 0.4, the so-called distribution parameter is not affected by centrifugal
forces, and is equal to 0.875. For vapor volumetric rate ratios smaller than 0.4, this param-
eter is affected by centrifugal forces and the aforesaid ratio. The incipient point of boiling
and initial point of net vapor generation were determined with high-speed photography
in the aforementioned 26.7 m long helical coil for the following range of operating condi-
tions: Pressure: 4-18 MN/m?2, mass velocity 757-1518 kg/m?2s, heat flux: 0.082-0.413 MW/
m?2, outlet subcooling: 4.4-12.5 K. The data were correlated by using both the average and

local values of the operating conditions.

Introduction

Void fraction is of importance in determining pressure losses and
instability conditions in steam generating equipment. The Incipient
Point of Boiling (IPB) is the point in a boiling channel where the first
bubble forms and gets detached from the heated surface. The Initial
Point of Net Vapor Generation (IPNVG) is the point in a boiling
channel where the activation of a significant number of nucleation
centers takes place. At this point void fraction also rises suddenly. IPB
and IPNVG are of importance not only for understanding boiling
phenomena, but also for evaluating void fraction, instability condi-
tions and heat transfer surfaces in steam generators.

The present paper reports the results of the experiments carried
out to determine the void fraction, the IPB and the IPNVG in a so-
dium heated helical coil with D./d = 38.9. The experiments model
the subcooled nucleate flow boiling region of a sodium heated steam
generator. In the aforesaid type of boiling, the liquid bulk temperature
is below the saturation temperature. A high-speed photographic
technique is used to determine the void fraction, the IPB and the
IPNVG.

Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER. Manuscript received by the Heat Transfer Division
August 12, 1977.
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To the knowledge of the author no literature exists on void fraction
for the flow boiling of water at elevated pressures in helical coils. Data
for void fraction for the adiabatic flow of gas/liquid mixtures in helical
coils are given in [1-5].! Most of these works deal with the flow of
air/water mixtures. Rippel, et al. [1] measured void fraction for the
concurrent downflow of air/water, helium/water, Freon-12/water,
air/2-propanal mixtures through a coil with D./d = 19.9. With the
exception of high values of void fraction, the results of their air/water
tests fit the correlation of Lockhart and Martinelli well [6]. This
correlation is based on data obtained in horizontal tubes. Banerjee,
et al. [2] also reported that the data for void fraction obtained for a
wide range of fluids and coil diameters fit the aforesaid correlation
well. The air/water data of Boyce, et al. [3] taken in a coil with I)./d
= 48 were also correlated with the aforesaid correlation. Akagawa, et
al. [4] measured void fraction for the flow of air/water mixtures in two
helical coils with D./d = 11 and 22.7. They correlated the data for (.18
< B = 0.95 with the equation given below

Bla =12 (0

where

! Numbers in brackets designate References at end of paper.
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The data of the last mentioned authors do not fit the correlation of
Lockhart and Martinelli well. Kasturi and Stepanek [5] obtained data
for void fraction for two-phase cocurrent flows of different gas and
liquid mixtures in a helical coil with D./d = 53.2, and compared the
data with the correlation of Hughmark [7]. The data do not fit this
correlation well.

It can be shown that the void fraction data of Rippel, et al. [1],
Boyee, et al. [3], and Akagawa, et al. [4] for the flow of air/water
mixtures in helical coils can be correlated within ten percent accuracy
with the following equation

g= 2

Bla=C 6)]

where C = 1.12. For these data 0.18 < 8 < 0.99 and 11 < D,/d < 48,
and C, the so-called distribution parameter, is not affected by cen-
trifugal forces.

It is worthwhile mentioning that for the flow of air/water mixtures
in horizontal tubes the value of the distribution parameter is reported
to be 1.2 [8] and 1.27 [9-10] for 0.3 < 8 < 0.9. It follows from the above
that for the flow of air/water mixtures the distribution parameter in
horizontal tubes is greater than the distribution parameter in helical
coils.

Due to the complex nature of two-phase flow in helical coils, results
of the experiments given in [1-5] for the flow of gas/liquid mixtures
can not be extrapolated to the flow boiling of water at elevated pres-
sures. In the latter case, vapor velocity and radial accelerations are
much lower than those in an atmospheric gas/liquid system.

A velocity field which is useful for characterizing the flow of a
two-phase mixture is given in [11]

Vold = C+ Vyld (4)
where
J=G(X/p, + (1 =X)/p1) (5)
In order to determine the void fraction, equation {4) can be written
in a different form {11}
Bla=C+ Vy/J (6)

For horizontal pipes or for helical coils with small helix angle equa-
tions {4) and (6) reduce to

Vold = C = p/a (7

since Vg, the drift velocity is zero or negligibly small. It follows from
equation (7) that for the determination of void fraction it is sufficient
to measure V,, the weighted mean velocity of the vapor phase, since

J and B in equation (7) can be predicted from the known operating
conditions. In the present work, the aforesaid velocity was determined
by the use of a high-speed photographic technique.

The validation of this technique for the determination of void
fraction is given in {12-13] and outlined below. For vertical channels
and for high pressures and mass velocities, equation (4) reduces to
equation (7), since V4/J <« 1 and C = 1. In the study reported in [12],
first the value of C was determined by the use of the photographic
technique described in the present paper and the equation (V,/J =
C) for the subcooled nucleate flow boiling of water in a 10 m long
vertical tube. In this study pressure varied between 4.1 and 15.9
MN/m? and steam quality was up to 2.9 percent. The number of data
was 42. Subsequently the equation (C = 8/a) was compared with ex-
tensive data of various investigators taken for the saturated bulk
boiling of water and for the flow of steam/water mixtures without heat
addition in vertical circular tubes, annuli and rectangular channels.
For these data Vg/J <« 1 and the number of data was 497. The range
of operating conditions and geometries for the data was: Pressure:
2-13.8 MN/m2; mass velocity: 388-3504 kg/m?s; steam quality: 0-88
percent; void fraction: 0-99 percent; heat flux: adiabatic and 0.01-2.0
MW/m?2 hydraulic diameter: 4.7-34.3 mm. The equation (C = f/a)
fitted the aforesaid data accurately to 12.5 percent.

To the knowledge of the author, no literature exists on data for the
IPB and IPNVG in helical coils. For the subcooled nucleate flow
boiling of water in vertical channels, the determination of the IPB is
given in [12, 14-16] and that of the IPNVG in [17-21]. It is shown in
[12, 21] that the ratio of the heat flux due to suppressed forced con-
vection to the total heat flux (i.e. A ATu1,/q) is constant at the IPB and
the IPNVG for a wide range of operating conditions in vertical
channels.

Experimental Apparatus and Procedure

The photographical test section was an adiabatic, square sapphire
channel of 0.016 X 0.016 X 0.02 m. The wall thickness of the channel
was 0.003 m. This test section was mounted at the end of a 26.7 m long
test tube (i.e., 12 coils) of 0.018 m ID and of 0.026 m OD. A 0.058 m
long transition piece was mounted between the photographical test
section and the test tube. The cross-sectional area along the whole
length of this piece was practically equal to the cross-sectional area
of the test tube and of the photographical test section. This transition
piece was perfectly insulated. The subcoolings used in the present
study were low. It was therefore assumed that the bubbles (or plugs)
did not collapse along this transition piece. This assumption was
verified by measuring the bubble (or plug) diameters along the pho-
tographical test section. These diameters were approximately con-
stant.

The test tube was manufactured from stainless steel-316 and was
placed concentrically in an other helical coil of 0.049 m ID. The above
described test set-up was installed in a heat transfer loop, which is

Nomenclature

foens

A = cross-sectional area (m?)
B = volume of photographical test section

two-phase mixture (m/s)

V4 = weighted mean drift velocity (m/s)
V, = weighted mean velocity of vapor phase

(m3)

C = distribution parameter

D = equivalent bubble or plug diameter
(m)

D, = mean coil diameter (m)

d = tube internal diameter (m)

e = total number of plugs and bubbles in test
section

Fr = Froude number (G%/D.py2%g)

f = number of bubbles in a sample

(G = mass velocity (kg/m?2s)

& = acceleration of gravity (m/s2)

h = single-phase forced convection heat
transfer coefficient {W/m2K)

J = average volumetric flux density of a

Journal of Heat Transfer

K K, = dimensionless constants

m = number of axial positions

Nu = Nusselt number

P = pressure (N/m?)

Pr = Prandtl number

Q = volumetric flow rate (m?%/s)

g = heat flux (W/m?)

Re = Reynolds number

AT = difference between sodium and
water/steam side temperature at exit of
test tube (K)

AT = subcooling on water/steam side
(K)

V = instantaneous bubble or plug velocity

(m/s)

(m/s)

X = steam quality

x,y,and z = Cartesian coordinates (m)

« = void fraction, average over cross-sec-
tion

8 = vapor volumetric rate ratio

p = density (kg/m3)

Subscripts

a = refers to average over the periphery of a
helical coil

b = refers to bulk condition

I = refers to inside position in a helical coil

L = refers to liquid phase

v = refers to vapor phase
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described in detail elsewhere [12, 22]. The flow in the sodium side was
downwards in the annulus between the aforesaid helical coils. The
flow orientation in the test tube (i.e., water/steam side) was upwards.
The helix angle was 8 deg 50"

The test tube was very heavily instrumented. It will be sufficient
to mention here that values of inlet and outlet temperature, tem-
perature at the beginning of the last coil, and pressure and mass flow
at both the sodium and water/steam side were measured with pre-
calibrated instruments, collected on an on-line data acquisition system
and processed by a computer-system, Hewlett Packard-2216B.
Water/steam-side temperatures were measured with inconel
sheathed, chromel-alumel thermocouples of 1 mm OD and the max-
imum error in determining the temperature was 1.2 K. Both water/
steam-side and sodium-side mass flows were measured with turbine
flowmeters, which had errors less than one percent. Water/steam-side
outlet pressure was measured with a dead-weight balance manometer,
which had an error of 0.03 MN/m?2,

During the tests demineralized water was used with an oxygen
content less than 15 pph, with a conductivity less than 0.5 pS/cm and
with a pH between 8.5 and 9.

For some void fraction experiments (i.e., 8 > 0.12), a 40.1 m long
test tube (i.e., 18 coils) instead of the above-described test tube was
used. The bore and wall thickness of the latter were equal to those of
the first test tube.

The pictures of boiling were taken in two dimensions perpendicular
to the direction of flow through the sapphire test section with a
high-speed rotating prism camera (Hycam Model, 120 m) at a fre-
quency of 10,000 frames per second. The schematic description of the
optical system used is given in Fig. 1. This system permits following
a particle on a developed film in three dimensions as illustrated in Fig.
2. A particle at the location A (x, y, z) on the (x — y) plane in the
sapphire channel is shown on a developed film. The three coordinates

- mirror

test tube,

a

/

- prism

auxiliary lens

lights

camera lens
diaphragm
channel

Lmirror

Fig. 1 Schematic description of the optical system used
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Fig. 2 System of coordinates
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of the particle and the (x — z) and (y ~ 2) planes are also indicateq
in the figure. The position of the sapphire channel with respect to the
test tube is also shown in the figure.

During the experiments, subcooling at the end of the test tube wqg
slowly decreased, while pressure, heat flux and mass velocity were kept
constant. It took half an hour to reach steady state conditions, after
which photographs were taken.

Void Fraction

In total 44 runs were analyzed. In these runs bubble and plug floy
regimes were observed and the range of operating conditions was: p
= 4-18 MN/m?; G = 429-1518 kg/m%; g = 0.013-0.42 MW/m?2 (ay.
erage heat flux for last coil); AT = 0.3-125K; X = 0.000032—0.0753;
8 = 0.00018-0.579; V, = 0.817-3.48 m/s. After developing the filmg
bubble (or plug) velocities and diameters were measured with a Boscar
motion analyzer in order to determine V,,, the weighted mean velocity
of the vapor phase.

Determination of V, for the Plug Flow Regime. For pressures
of 4 and 8.1 MN/mZ, plug flow started immediately after the initial
point of net vapor generation, and one or two plugs (i.e. large bubbles)
and several comparatively small bubbles in a liquid continuum were
visible on the developed films, as shown schematically in Fig. 3. For
almost all the test runs analyzed, the magnitude of the equivalent
diameter of a plug was in the same order of magnitude as the hydraulic
diameter of the sapphire channel. The first plugs appeared at the
vicinity of the wall of the coil somewhere between the inside (near coil
axis) and the top position. When the steam quality was increased,
plugs became larger and agglomerated. A single plug was then present
in the test section. For steam qualities higher than about 7 percent,
wavy flow was observed and the vapor phase started to occupy the
whole right-hand side of the cross section of the coil.

The velocity of every plug and bubble appearing on the film was
measured at several axial positions (between 16 and 75 positions).
Thus the number of velocities measured varied between 20 and 80 for
each test run. The reason why the velocity of a plug or a bubble was
measured at several axial positions was to determine the time-aver-
aged value of the velocity.

Since the plugs for low values of outlet steam quality and all the
bubbles were approximately elliptically shaped, the equivalent di-

inside
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Q! =

Lo b
L 3%r

a - plug flow
(P.8.1MN/m?; G431 kg/m®s; ATy,- 2K)
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Fig. 3 Plug and bubble flow
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ameter of such a plug (or a bubble) was determined by averaging the
measured major and minor axes of the plug (or bubble). These axes
were measured on the (y — 2) plane. At higher values of steam quality,
plugs assumed the shape of a cylinder or a cylinder with a spherical
cap. The dimensions of this type of plug were measured in the (x —
z) and (y — 2) planes, and the equivalent diameter of the plug was
determined by equating the volume of the plug to that of a sphere.
A cylindrical volume was approximated by the volume of a rectangular
parallelepiped. No deformation in plug (or bubble) shape was ob-
served during measurement of the velocity of a plug (or bubble).

In order to determine the weighted mean velocity of the vapor phase
(or velocity of the center of gravity of the vapor phase in plug flow)
the following equation was used

T & oy /D3 m
Vu‘”ﬁvZ.De3=—‘!'v<_L > Vn
6 e=1 6 m m=1
D3 m D3 m
Y VA Y Vm> ®)
m m=1 m m=1

and it was possible to determine this velocity up to 72 percent void
fraction. For 8 = (.12, one large plug was present in the test section,
which drastically simplifies equation (8).

Determination of V, for the Bubble Flow Regime. For pres-
sures of 12, 16 and 18 MN/m?2, numerous small bubbles of different
sizes in a continuous liquid were visible on the developed films up to
about a steam quality of one percent. This flow pattern, i.e. bubble
flow, is shown schematically in Fig. 3. Bubbles were observed at the
vicinity of the wall of the coil between the inside and top position.
When the mass velocity was decreased from 1450 kg/m?s to 760 kg/m?s
at 16 MN/m?, it was clearly seen that bubbles climbed towards the
top of the coil. When the steam quality was increased, bubbles began
to coalesce, and wavy flow was then observed.

Since the number of bubbles was large on a film, the weighted mean
velocity of the vapor phase for this flow regime was determined by a
statistical method from the measured velocities of a sufficient number
of bubbles taken randomly from the bubble population. For each test
run, a sample of three to nine bubbles was taken from the bubble
population and the velocity and diameter (or major and minor axes
when they are elliptically shaped) of each bubble in the sample were
measured at several axial positions (between 13 and 40 positions).
Thus the number of velocities measured varied between 63 and 300
for each test run. Analyzed bubble populations were selected such that
a representative bubble sample could be taken from them. For this
flow regime, it was possible to determine the weighted mean velocity
of the vapor phase up to 8.2 percent void fraction, and this velocity
has been calculated with the formula below

1/ m
Vu::_z <_ Z Vm) (9)
f f=1 \IM m=1 f

Determination of Steam Quality. Inorder to determine J (see
equation (5)), steam quality has to be known. During the tests heat
losses were compensated by installing trace heaters in the insulation
material which covered the sodium side. Steam quality was therefore
calculated from the heat balance for the whole test tube by a proce-
dure similar to that given in [12]. This was the true steam quality, i.e.,
the quality based on thermal nonequilibrium. The properties of so-
dium and water were taken from [23, 24].

The steam quality was also determined by solving the following
fundamental identities, which hold for any two-phase flow

Qv =V,A, = XGA//’U (10)
a=AMAL+ Ay) = A /A (1)
as given below
apsVy
X=— 12
G (12)

«, the void fraction in equation (12), was determined with the fol-
lowing equation

Journal of Heat Transfer

T €
a=—73 D;*B (13)
6i=1

The arithmetic average of the steam qualities calculated by the
above-described procedures was considered for further analysis. J/,
calculated by the use of the aforesaid average steam quality, deviated
by at most 6 percent from the J calculated by using the steam quality
from the heat balance (or from equation {12)). The reason why the
above-mentioned averaging procedure was used for the determination
of the steam quality was that flow pattern instabilities were observed
at 4 and 8.1 MN/m?, These instabilities are discussed later. Although
the determination of the steam quality may include some errors, these
errors are not of much significance in predicting J, since the steam
qualities were low and the pressures were high for the data presented
here (see equation (5)).

Results and Discussion. The data obtained were first compared
with the correlation of Lockhart and Martinelli {6]. For the experi-
ments carried out, X, the so-called Lockhart-Martinelli parameter,
varied between 2.71 and 860. For most of the tests both water and
steam were in turbulent motion. For 2.71 < X < 6.04 the data fitted
the correlation rather well. For Xy > 6.04 the agreement between
the data and the correlation was far from satisfactory.

For correlation of the data, C, the distribution parameter was first
determined by the use of equation (7). Next, for 0.00018 < § < 0.4,
this parameter was correlated as a function of the vapor volumetric
rate ratio and the Froude number, as shown in Fig. 4. The correlation
is given below

C = (100{40.294 — 52 + 0.48]*/2 — 633.9)

X (1 —0.33 exp — [108 + 3.5Fr]) (14)

For the data correlated, P = 4 — 18 MN/m? and G = 754 — 1518
kg/m?2s. The Froude number in equation (14) shows the ratio of cen-
trifugal to gravity forces for the liquid phase. For 8 < 0.4 the centrif-
ugal forces affect the phase distribution in the test tube and thereby
the distribution parameter. For 8 < (.1, the distribution parameter
is found to be less than 1. It is reported in [8, 25], that for the flow of
air/water mixtures and for the diabatic flow of steam/water mixtures
at elevated pressures in horizontal tubes the distribution parameter
is less than 1 for 8 < 0.3.

For 0.4 < 8 <0.579, the distribution parameter is not affected by
centrifugal forces, and is equal to 0.875, as shown in Fig. 4. For the data
considered, P = 4.2 — 8.1 MN/m? and G = 429 — 1493 kg/m?2s.

Armand and Treshchev [26] report the value of C as 0.98 and 0.95
for 4.2 and 8.1 MN/m? respectively for the diabatic flow of steam/
water mixtures in horizontal tubes for 8 = 0.3 — 0.9. Analogous with
the data for the flow of air/water mixtures, C, the distribution pa-
rameter for the flow of steam/water mixtures in helical coils is smaller
than the distribution parameter for the flow of steam/water mixtures

® 4and 4.2 MN/m?

X 8.1 MN/m?
o 12 MN/m?
Cl1.033exp.(100+3.5F)1 sy + 16 MN/m”?
15t v 18 MN/m?
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Fig. 4 Correlation of the vold fraction data
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in horizontal tubes for 8 > 0.4. It has to be indicated here, however,
that the void fraction data of Armand and Treshchev were obtained
by an indirect method.

iPB and IPNVG

Experimental Data. For the determination of the IPB and
TPNVG, the pictures of the subcooled nucleate flow boiling were taken
at constant pressure, heat flux and mass velocity, while subcooling
was decreased slowly., When the first bubble was seen on a developed
film, the conditions at which the film was taken were specified as those
of the IPB, as given in Table 1. Per definition, void fraction increases
sharply at the IPNVG. Therefore, in order to determine this point,
the volume of all the bubbles on a developed film was measured and
plotted versus subcooling, as shown in Fig. 5, for example for 16
MDN/mZ2 The best fitting curve was drawn through the experimental
points. The interception of the tangent drawn to this curve with the
subcooling axis gives the subcooling at the IPNVG, as illustrated in
the figure. The IPNVG-data are summarized in Table 1. The heat flux
at the IPB and IPNVG (i.e., at the end of the test tube) was calculated
from the formula, g, = U AT. U in this formula, the overall coefficient
of heat transfer, was determined for the last coil.

Corvelation of Data by Using the Average Values of Operating
Conditions. The data were correlated by modifying the IPB and
IPNVG correlations of the author [12, 21] for vertical channels as
follows

Tablel IPB and IPNVG Data

1PB IPNVG
P G ATgw qa P G Alswp 4o
MN/m? kg/m?% K = MW/m2MN/m? kg/m% K MW/m?
18.01 1460 125 0.390 18.01 1454 7.3 0.413
16,10 1458 12 0.323 16.08 1435 7.3 0.350
12.00 1471 118 0.263 12.00 1470 6.2 0.289
813 1b16 117 0.226 811 1499 64 0.236
402 1518 7.3 0.148 403 1517 4.5  0.157
16.02 757 4.4 0.082 — e s —
200+
150 P+ 18MN/m?

G- 1454 kg/m’s
q = 0413MW/m?
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Fig. 5 Determination of the IPNVG
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ho AT P1p%78/q, = K = constant 15)

K, the constant in equation (15) is equal to 0.762 for the IPB and 0.434
for the IPNVG. h,, the peripheral average heat transfer coefficient
in equation (15) was evaluated by the correlation given in [27)

Nup = 0.0225 Rey*8Pr, “4(1 + 8.4 d/D,) (16)

This correlation fitted our heat transfer data well. The IPB ang
IPNVG correlations are shown in Fig. 6.

Correlation of Data by Using Local Values of Operating
Conditions. It isshown in [12, 21] that

hATgp/q = Ky = constant (17

at the IPB and IPNVG for a wide range of operating conditions and
channel geometry for the subcooled nucleate flow boiling of liquids
in vertical channels. K, the constant in equation (17), is 0.24 for the
IPNVG for velocities higher than 0.45 m/s and 0.665 for the IPB for
water. Equation (17) was derived from the following heat transfer
equation for subcooled nucleate flow boiling [21]

q = hATyy + CrAL" (18)

where n is a constant for a given fluid and C; for a given fluid, pressure
and heating surface. The second term on the r.h.s. of equation (18)
is the heat flux due to boiling and the first term is the heat flux due
to suppressed forced convection. It follows from equations (17) and
(18) that the ratio of the heat flux due to suppressed forced convection
(or heat flux due to boiling) to the total heat flux is a constant at the
IPB and IPNVG. This result has been verified below for the suhcooled
nucleate flow boiling of water in helical coils. Heat flux, heat transfer
coefficient and temperature vary along the periphery of a helical coil,
For an extensive range of conditions and for some of the present tests,
the peripheral local values of the aforesaid quantities were also de-
termined at 12 axial locations per coil. This was done by using the
values of two temperatures measured in the wall of the test tube at
known radial positions at the inside, top, outside and bottom of the
test tube and by using Fourier’s law of conduction and Newton’s law
of cooling. At the inside of the coil the wall temperature is highest, and
consequently the IPB and IPNVG have to be located here. Using the
local operating conditions at the aforesaid location, the IPNVG-data
can be correlated as follows

x 1PB data(K:0.762)
o IPNVG data (K.0.434)

q,K
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Fig.6 Correlation of the IPB and IPNVG data by using average values of the
operaling conditions
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(h/Q)IATsuh =0.24 (19)

The data are compared with equation (19) in Fig. 7. (h/q); in the
equation was evaluated from the following correlation established by
using our data and the data given in [28]

(ha/qa)/(h/q); = 8.12 (d/Dc)* " (20)

for Re = 11800 — 439000 and D./d = 17 — 104. As stated before,
equation (19) applies also to the subcooled nucleate flow boiling of
water in vertical channels. From the aforementioned it is concluded
that equation (18) applies to the subcooled nucleate flow boiling of
water in helical coils, if local operating conditions are considered. For
the IPB, K, the constant on the r.h.s. of equation (19), is equal to
0.445, as shown in Fig. 7.

Flow Pattern Instabilities

During the analysis of the developed films a flow pattern instability
was observed. For pressures of 4 and 8.1 MN/m? and for low values
of steam qualities, the flow regime varies from bubble flow to plug flow
with a frequency of between 10 and 50 Hz. During the measurement
of void fraction on a 10 m long sodium heated vertical tube of 0.008
m ID, a similar type of instability was also observed for P = 4.3 — 14.2
MN/m? and G = 51 — 107 kg/m?2s [13]. Jeglic and Yang [29] detected
analogous instabilities in an electrically heated vertical tube.

In literature the cause of this type of instability is related to the
variation of the pressure drop in the bubble-slug flow and in the an-
nular flow regimes {29, 30]. Since the present test tube is very long
the variation of the pressure drop in the different flow regimes can
not be the cause of the instabilities observed. Moreover, no annular
or wavy or stratified flow was observed during these instabilities. At
present the cause of the instabilities observed is speculated to be the
suppression of bubble growth. Bubbles grow at the inside wall of the
test tube, depart from the heated surface, coalesce, and form a plug.
Under the influence of centrifugal forces, this plug glides along the
inside wall of the test tube, presses against the thin superheated liquid
layer adjacent to the tube wall, and destroys this layer. This delays
the growth of bubbles. For the time interval in which enough bubbles
are produced to form a plug, the bubble flow regime exists in the test
tube and the plug flow regime thereafter. The other type of insta-
hilities relevant for a long steam generator tube is discussed in [22,
30-31].

Conclusions
For the flow of steam/water mixtures in helical coils and for g =

x 1PBdata(K,.0445)
o IPNVG data(K,.0.24)
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Fig. 7 Correlation of the IPB and IPNVG data by using local values of the
operating conditions
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0.4-0.58, P = 4.2-8.1 MN/mZ2, G = 429-1493 kg/m? and D./d = 38.9,
the distribution parameter is not affected by centrifugal forces. It is
constant and is equal to 0.875.

For the flow of air/water mixtures in helical coils the value of the
aforesaid parameter is also constant and equal to 1.1 for § = 0.18-0.99
and D./d = 11-48.

At elevated pressures and for 0.4 < 8 < 0.58, the distribution pa-
rameter for the flow of steam/water mixtures in helical coils is smaller
than the distribution parameter for the flow of steam/water mixtures
in horizontal tubes. This conclusion also applies to the flow of air/
water mixtures for 0.3 < 8 < 0.9.

For the flow of steam/water mixtures in helical coils the distribution
parameter is affected by centrifugal forces and volumetric rate ratio
for 8 = 0.00018-0.4, P = 4-18 MN/m?, G = 7541518 kg/m?s and D./d
= 38.9.

At the IPB and IPNVG in helical coils, the ratio of the heat flux due
to suppressed forced convection to the total heat flux (i.e., h ATsu/q)
at the inside of the coil is constant. If the operating conditions at the
inside of a helical coil are considered, the IPNVG can be predicted
from the correlation given in [21], which was established for the
IPNVG for vertical channels,
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Choked Expansion of Subcooled
Water and the I.H.E. Flow Model

The isentropic, homogeneous, equilibrium (I.H.E.) model for two-phase flows is discussed
with special regard to recent experimental and theoretical information. Over the past
years, the I.H.E. model has been misrepresented many times and its deficiencies have
been overstated. More recent studies have indicated that the . H.E. model may be quite
valid for certain types of flows and this paper is presented to amplify these results. It is
noted here that the I.H.E. model, under certain reservoir conditions, will over-predict flow
rates, that an essential discontinuity of the I.H.E. sound speed may play an important
role in choking, that the mass flux-pressure derivative is not continuous at the saturation
line, and that the maximum error of the I H.E. flow rate is about 60 percent at the liquid

saturation line.

Introduction

Barly investigations (e.g., [1], [2], [3], [4], [5])? of the flow of sub-
cooled and saturated liquids through nozzles and orifices led to the
conclusion that the experimental flow rates are significantly greater
than those computed using the isentropic homogeneous equilibrium
(I.H.E.) flow model. This result was generally attributed to the non-
equilibrium effect of the super heating of the liquid to a metastable
state as it passes the throat of the aperture. Further studies, such as
[6] and other more recent investigations, have essentially verified the
existence of metastable flows. Experimental data of these early studies
appear to have been generally limited to flows from reservoirs which
were saturated or only slightly subcooled liquids. The experimental
data of Simoneau {7] on liquid Nitrogen, Sozzi and Sutherland [8],
and Schrock, et al. [9] on water, include reservoir conditions in the
highly subcooled reservoir range and provide a basis for more valid
correlations with theoretical models. When these data are compared
with the LH.E. flow model, some interesting results are observed. The
most important being that the I.H.E. model actually over-predicts
flow rates under highly subcooled reservoir conditions. The intention
here is to present additional information to reinforce recent, valid

conclusions concerning the effectiveness and deficiencies of the LH.E. .

flow model.

The characteristics of the choking process are fundamentally dif-
ferent for short, converging passages than for longer, constant area
passages. It has been noted that metastable effects are stronger in low

! Numbers in brackets designate References at end of paper.
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L/D apertures. Sozzi and Sutherland [8] data show metastable in-
fluence on flow lengths of less than 12 cm. Also indicated was the effect
of reduced mass flux G with increased diameters, a result previously
noted for saturated reservoirs by Ogasawara [10]. Moody [11] dis-
cusses the apparent existence of two choking phenomena (homoge-
neous and slip), dependent upon the length of a uniform pipe section
attached to the aperture discharge. The emphasis of this paper will
be on mass flow rate predictions of water flowing through low L/D
apertures of relatively small diameter.

From observations of experimental data from highly subcooled
reservoir states, it becomes apparent that choking may be controlled
by the strong discontinuity of the L. H.E. acoustic speed in spite of the
highly metastable character of the actual flow at the aperture exit or
throat plane. In this regard, it is important to note that theoretical
choking of single component LH.E. flows from highly subcooled states
do not choke at the sonic condition of Mcyg = 1.

Choking of I.H.E. Flows

For short sections, where the primary cause or driving function for
the change in fluid properties is reduction of area, the L.H.E. model
may have some significance depending upon the capacity of the fluid
to transfer heat, mass and momentum between phases. Here we
consider the determination of mass flow rate for the LH.E. model with
emphasis on the expansion of subcooled water through converging
channels. The theoretical basis for isentropic, homogeneous, equi-
librium flow has been presented in previous papers (see especially
[25]). Since most of these papers generally have been concerned with
expansion from saturated liquid or two-phase reservoirs (a notable
exception being [25]), a brief review is presented here for complete-
ness. Also the occurrence of discontinuous choking is noted here.

The fluid is assumed to flow in a channel of converging cross section,
accelerated by a pressure differential between reservoir and discharge.

MAY 1978, VOL 100 / 275
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Isentropic flow is assumed and when liquid and vapor phases are both
present they are assumed to be in thermal and mechanical equilibri-
um. Therefore, the expansion process may be represented directly
on any of the various thermodynamic property diagrams such as
pressure-volume, temperature-entropy, etc. Hence, standard refer-
ence tables or equations such as those given in [12] may be used to
compute required properties for various points along the expansion
process. The energy equation for such a process is h + u?2/2g. = hg,
and the mass flux is G = m/A = u/v. Since isentropic flow is assumed,
s = sg and the expansion process is completely determined by these
equations for given reservoir conditions and a downstream flow
property such as pressure. Assuming that the back pressure is'suffi-
ciently low, the stopping criterion will be the point at which @ is a
maximum. This is a point of fundamental interest here.

If @ is a continuous function with continuous derivatives along the
isentrope, a necessary condition that & be maximum is:

(dG/dB)s =0 (1)

This condition is used extensively in the literature as a key step in
determining theoretical models of choked flow {e.g., [1], [13]). It must
be recalled, however, that (1) is not necessary for a maximum if G has
discontinuous derivatives at some point along the isentrope since the
maximum could occur there. When using the . H.E. model, equation
(1) is generally valid on the interval of the isentrope only when the
reservoir is saturated liquid or a two-phase mixture. If the reservoir
is subcooled, G will have discontinuous derivatives at the saturated
liquid line and therefore (1) is not a necessary condition although it
may still be useful in determing Gmax. A brief discussion on the
discontinuity of G at the saturation line is given in the appendix at
the end of this paper.

The discontinuity of certain derivatives of some properties of
equilibrium substances (e.g., (0p/dv)r) at the saturation lines is well
known. However, except for studies concerning acoustic speeds (e.g.,
{14}, [15], [16]) in two phase media, and Perry and Bomelburg’s work
{17}, the effect does not seem to have been sufficiently exploited in
explanations of choked flow phenomena from subeooled liquid res-
ervoirs. Keenan pointed out the possibility of this choking effect in
this text [18]. Since the LH.E. model indicates a great increase in
volume when the expansion isentrope crosses the saturated liquid line,
the mass flux reaches its maximum there, provided the reservoir
pressure is high enough. Hence, the I.H.E. model will indicate “dis-
continuous choking” at the saturation line for sufficiently high res-
ervoir pressures. As illustrated subsequently, this effect becomes most
notable in experimental results at higher reservoir pressures.

The computational procedure used by this writer for calculating
the LH.E. choked flow of water from the subcooled liquid state fol-
lows. Given the reservoir conditions (8p,6p) and having calculated (5o,

Nomenclature

Ro, Do) the intersection of the saturation line and the isentrope is de.
termined by solving for §gar from iteration of the [12] equations;

Bsar = B(fsaT); and 5(0sat, Bsar) = 5o

finding OsaT gives Bsat and hgat, Dsar may be determined. The flow
speed is determined as:

Tisar = [2(ho — hsa)] 2

The homogeneous equilibrium sound speed @ in the two-phase lig.
uid-vapor region is determined from:

(1/@)2 = ~{(1 — x)(dU7/d0) + x(dTg/d0) ~ [dss/do
+ x(dS/d0)|Dpe /57, 1/ [DHAB/dB)sar]  (2)

where the quality of x = 0 at the liquid saturation line. The derivatives
are analytically determined from differentiation of the region 1 and
region 2 property equations of [12].

The stopping criteria used is the equivalent to finding the maximum
value of G. The choke condition is reached whenever:

uza 3)

occurs along the isentrope as one proceeds from the reservoir state,
The equality is satisfied when the expansion starts from a nearly
saturated, subcooled reservoir or a saturated mixture reservoir. The
inequality holds at the saturation line for sufficient expansions from
the subcooled reservoir. From the subcooled reservoir the velocity
increases along the isentrope but the sound speed in water is quite
high, so that in the liquid portion of the expansion u < a and the choke
point is not reached. At the saturation line the sound speed drops
drastically. For example, at 300°F the sound speed drops from over
4500 ft/s for pure liquid to about 30 ft/s on the mixture side of the
saturation line at x = 0+. Therefore, if the reservoir enthalpy is great
enough, the fluid speed at the saturation point x = 0+ can be con-
siderably greater than the acoustic velocity and hence 7 > @ and the
flow will be choked. If the reservoir is only slightly subcooled the flow
velocity & will be less than @ on “both sides” of the saturation line and
expansion will continue on into the saturated mixture region until
= @ although G itself has a discontinuous derivative.

Fig. 1 shows four types of expansion. Type I is expansion from a
saturated liquid reservoir and proceeds with continuous dG/d# until
the maximum G is reached (or @ = &) at which point the flow is
choked. Type II flow begins in the subcooled region and reaches the
saturation line with insufficient velocity to choke, therefore the ex-
pansion proceeds into the saturated mixture region until & = @ and
the choke point is reached. Note that in this case, although the G
function has discontinuous derivatives, the flow is not yet choked at
the saturation line. Type III flow begins in the subcooled region and
chokes at the saturation line as 7 > @. Type IV is similar to Type I1I

a = acoustic or sound speed

@ = reduced sound speed = a/Vp.v.g.

A = channel area

A = dimensionless channel area = A/A

= universal inertial constant

= mass flux = m/A

reduced mass flux = GVo./Vp.ge

enthalpy

h = reduced enthalpy = hd/p.v.

J = energy unit conversion factor (778 ft
Ib/Btu, etc.)

m = mass flow rate

Mcy = Mach number at choke = u/1

P = pressure

s = entropy

T = temperature
= gpeed of flow

]
i

I 0% =
i

1l

wr e
It

Subscripts

276 / VOL 100, MAY 1978

R¢ = bubble nucleus radius

5 = reduced entropy = sJT./pcbc

reduced speed of flow = u/v/ p.vcg.
specific volume

reduced specific volume = v/v,
mass fraction or quality of fluid

= reduced pressure = p/pc

@ = reduced temperature = T/T,

¢ = property at critical point of fluid

f = property at saturated liquid line

g = property at saturated vapor line

0 = property at reservoir

EXP = experimental data

IHE = isentropic homogeneous equilibrium
value

SAT = property in saturated liquid-vapor
region

Values at Critical State of H,O

Pe = 3208.2 Ibg/in.2 = 2,17 X 107 N/m?
T.=1165.14 R = 6473 K

ve = .05078 ft3/lbm = 3.17 X 103 m¥/kg
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except that choking flow cannot be reached due to the high back
pressure of the nozzle.

Fig. 2 illustrates typical G function variation throughout the ex-
pansion for Types I, I, and 111 flows shown in Fig. 1.

Note also that at constant 8y, as 8y is reduced from the highly sub-
cooled region until Mcy = 1 at the nozzle exit, the LH.E. vapor for-
mation plane will stand just to the downstream side of the exit plane.
purther reduction of pressure (8q) causes the vapor bubble plane to
move upstream into the nozzle until the reservoir itself becomes two
phase. The reservoir pressure then equals the saturation pressure (8

= fgaT)-

Correlation With Experimential Data

In order to properly evaluate the validity and deficiency of the
LH.E. model, it must be correlated with experimental data. Although
spveral comparisons have been made for saturated mixture reservoir
conditions, it is only in the past few years that appropriate presen-
tations of the LH.E. model for subcooled reservoirs have been made.
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Fig. 1 Temperature-entropy diagram llustrating LH.E. flow from four reservoir
pressures at a reservolr temperature of 8y = 0.8—not 1o scale
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Simoneau [7] has shown LH.E. correlation with experimental data
using Nitrogen (and other cryogens) while Sozzi and Sutherland [8]
have shown comparison with water at 8o = .296 for high L/D apertures
(9-140) and notes that choking flow rates are reasonably well ap-
proximated by the LH.E. model for longer length pipes.

The experimental-theoretical comparisons of Simoneau [7] clearly
indicate the existence of metastable flow conditions mixed with vapor
formation in all cases. The amount of superheated liquid present and
vapor present depends, to a large extent, upon the reservoir condi-
tions. Although this data, [7], was taken using Ng, similar results using
Hy0 data are noted here and it is likely that these results may be
considered as general for most fluids.

BSubcooled reservoir data for short nozzles and orifices from several
sources have been collected and compared with the LH.E. model in
this paper. Comparison is made by taking the reported reservoir
pressure and temperature and inputting these values into the LH.E.
computer program. The reported mass flux is also input and the per-
cent deviation from the computed Gy value is obtained and plotted
against reservoir pressure in Figs. 3 and 4. The reservoir temperature
is indicated for each data point. Also shown are approximate iso-
therms, faired through data, which help to indicate trends of the ac-
curacy (or deficiency) of the LH.E. model.

Fig. 3, which was produced mostly from data of Schrock, et al. [9],
shows very definite trends in the deviation. It is clearly noted that the
1L.H.E. computations produce the largest error when the reservoir
condition is near saturation and that the error appears to diminish
considerably with increased subcooling or compression. Although the
amount of data presented is less than desirable, it strongly indicates
that for relatively low reservoir temperatures the LH.E. model may
over-estimate actual water flow rates, in short, converging passages.
(Note: It was brought to this author’s attention that the data of run
number 3 of [9] was in error and that error has been corrected in the
presentation of Fig. 3 data herein.)

Fig. 4 was produced from the data of Sozzi and Sutherland [8]. In
order to present the data in 8o, fo parameters it was necessary to
compute g from the “negative quality” parameter used in [8]. This
revision may have led to some error here, but the trend of the data
should be reasonably accurate. Only the low L/D data presented by
Sozzi is shown and it compares well with the data of [9]. The dashed
isotherms of Fig. 4 are reproduced from Fig. 3.

Fig. 5 compares the LH.E. model with the orifice data of Yarnall
(see discussion in [3]). The reduced mass flux is plotted directly
against reservoir pressure at constant reservoir temperature. In terms
of deviation, it is observed that the trends are very much the same as
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for the nozzle data of Figs. 3 and 4. The larger deviations occur for
saturated reservoir conditions and smaller for highly subcooled or
compressed reservoirs. The isotherm (fy = 0.609) indicates again the
over-estimation of mass flow rate at reservoir pressures above about
o > 0.05.

Although flows from two-phase reservoir conditions are not the
primary consideration of this paper, it is interesting to observe the
I.LH.E. deviation of such reservoirs as the saturation line is approached.
Data typical of converging sections is given in [9] and [19]. Fig. 12 of
[19] shows that percent deviation increases as the saturation line is
approached through lower reservoir qualities. If the percent deviation
is revised by normalizing with Ggxp (as done here) rather than Giug
(as done in [19], then it appears that the maximum deviation ap-
proaches a value just above 60 percent as the reservoir quality x¢
approaches zero for all reservoir pressures (or temperatures).

Consideration of these results leads to the conclusion that the LH.E.
model does represent physical flows for reservoir conditions suffi-
ciently removed from the liquid saturation line. At the saturation line
the deviation from observed H5O flows is about 60-65 percent. The

278 / VOL 100, MAY 1978

_609/ I t
5 / v
/ 72.651
¢ /, /
/

/ /
’
L1/ 695
‘ N — Sl
/ / =
Y/ 4 / /N
2 i 47 saturated __|
// d liquid
Y / g
/‘V

0 0z 04 06 08 0
B, - REDUCED RESERVOIR PRESSURE

Fig. 6 Comparison of theoretical models. Dashed lines from data of Henry
and Fauske [13]. Sofid lines are the author’s L.H.E. model. Parameters indicated
are reduced reservoir temperature

G - Rebucep Mass Flux
. . ,

0

significance of such observations may directly relate to the more
fundamental question of the likelihood and degree of the accurrence
of metastable, or superheated liquid flow.

Comparison With Other Models

Several mathematical models have been developed over the past
years to predict flow characteristics for expansion from subcooled
liquid reservoirs. Early models of Silver {1] and Bailey [4] are rea-
sonably accurate at relatively low pressures and temperatures al-
though somewhat cumbersome in their utility. Recent papers have
described more useful and accurate models.

Henry and Fauske {13] have proposed a model which shows good
correlation with experimental data. This model is quite useful as it
can be used to produce flow rates and pressure distributions directly
from given reservoir temperatures and pressures. Simoneau [7]
suggests a necessary improvement in the model in the use of constant
entropy expansion of the liquid rather than constant temperature as
proposed. This model is compared to the 1.H.E. result for Hy0 ex-
pansions in Fig. 6. Revised theoretical data of Fig. 12 of {13}, are shown
to be generally superior to the LH.E. model, especially near the sat-
uration region when Figs. 5 and 6 are compared. The model of [13] and
the LH.E. model may also be compared in [7] and [20] for N calcu-
lations.

Simoneau and Hendricks [20] have produced reduced mass flux
charts from both IL.H.E. computations and the improved Henry and
Fauske model. Although these charts were prepared using the Ny
equation of state, they are valid for other simple molecules such as
Oxygen and Methane as discussed in [26]. The mass flux of [20] is
reduced as G, = G(v.Zc/g:p.)'/? where: z, = p.v./RT. is the com-
pressihility factor at the critical state. The mass flux computed in this
paper is Gug so that G, = Gag VZ,.

Fig. 7 is presented to provide a chart for the determination of H20
(I.H.E.) mass flux as a function of reservoir pressure and temperature.
The curves of Fig. 7 are primarily intended to show flow rate char-
acteristics for subcooled reservoirs; however, results from the satu-
rated liguid-vapor reservoir region for qualities of 10, 20 and 30 per-
cent are also indicated.

If the curves of [20] and Fig. 7 are compared using V'Z, = 0.4845
for HoO they show results which are essentially identical for reservoir
pressures sufficiently above saturation, while some difference is found
for reservoir conditions near saturation. This difference at the satu-
ration line may be due to difference in the equations of state used in
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each case (ASME, [12] versus [20]) and to the particular numerical
procedures used in each case.

Concluding Remarks

Although the LH.E. flow model is not generally reliable for use in
predicting accurate choke flow rates in nozzles and orifices, the fol-
lowing important observations from studies of presently available
experimental data can be made:

1 The IL.H.E. flow model does not under-predict observed flow
rates in every case but does, in fact, over-predict under certain
conditions of reservoir temperature and pressure.

2 The LH.E. model predicts choking of subcooled liquid reservoirs
at the saturation line when the reservoir pressure is sufficiently
above the saturation pressure at the reservoir entropy. There-
fore, the condition dG/dp = 0 does not generally apply for the
prediction of choking from subcooled reservoir states in the
LH.E. model.

3 The choking phenomena from highly subcooled states may be
strongly related to the L.H.E. sound speed discontinuity at the
liquid saturation line. It is therefore informative to note that
the L.H.E. discontinuous choke condition produces choking
Mach numbers greater than one at the downstream side of the
choke plane.

4 The I.H.E. under-predicts experimental data by about 60 per-
cent as the reservoir approaches the saturated liquid line from
either the subcooled or two-phase reservoir regions.

5 The LH.E. model has a significant role in the future develop-
ment of useful flow models of the expansion of subcooled liquids
in channels of varying area.

Concerning the last comment above, it is noted that flow models
presented to date have some limitations. A flow model is desirable
which will not only predict flow rates and choking pressures but
property profiles and interface transfer effects as well. A model of such
elaboration is indispensable for proper understanding of the me-
chanics of two-phase flows. In Giot and Fritte [22], and Smith, et al.
123], it was noted that many earlier investigators, presumably in the
interest of simplicity, have not considered all available physical laws
or governing equations in developing their models. Hence, they are
forced to make some (arbitrary) assumptions as to certain key pa-
rameters such as velocity or slip ratio. If continuity, momentum, and
energy are written for each phase, then six first order differential
equations may be written. When assumptions are made on the flow,
the equations may be reduced in number. Also, the reductions
themselves shed considerable light on the physics of the restricted
flow equations and the consequences of the assumptions.

Journal of Heat Transfer

When the LH.E. restrictions are applied to the general two-phase
system of equations, three first order differential equations arise.
These equations can then be integrated along the nozzle axial coor-
dinate and various characteristics of the flow such as heat transfer
rate from liquid to interface, necessary to establish equilibrium, can
be determined. Although this I.H.E, flow may not accurately represent
the observed flow, it does provide a necessary basis for the study and
evaluation of heat and mass transfer limits between phases and hence
is very useful for developing more elaborate and accurate flow mod-
els.

The recent paper by Bouré [24] discusses this problem from a
general point of view and Moody [11] derives equations for flow from
consideration of the three basic laws and uses the second law of
thermodynamics to establish stable slip ratio ranges by establishing
the maximum slip ratio.

It is from considerations such as these which this author believes
will lead to appropriate mathematical relationships for the under-
standing and prediction of flow rates and pressure distributions for
two-phase flows.
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APPENDIX

A brief discussion on the discontinuity of (65_/_ 08); at the saturati(in
line is provided in this appendix_._Given that: G = G/0and @ = [2(ho
~ h)]¥2, and also noting that (dh/d8)s = U, then it follows that:

G2 ) )]

Consider the point of intersection of the expansion isentrope and the
liquid saturation line. Let the liquid side of the intersection be denoted
as (—) and the mixture side as (+). The jump ¢ of the derivative at this
point is then:

1= () -G =S G) -6 ] e

Also the thermodynamic sound speed can be introduced as: @2 =
—02(9p/d0)s so that

(A-1)
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(A-3)

and

" -
s ()~

Equations of state for simple compressible substances have beey,
developed from experimental data and tabulated (e.g., [12]). These
equations have been used to determine the derivatives and equilily.
rium sound speeds above. Typical examples of past studies of thege
thermodynamic variables are found in Karplus {14] and Perry [17),
In computations used to prepare Fig. 7 of this paper, it was found that
(@)~ > (@)* > 0 along the liquid saturation line, excluding the triple
and critical points. Therefore, from (A-4), J > 0 and (bﬁ/aﬁ)s is
discontinuous along this line,

It is also evident that if G is to be a maximum at the saturation line,
(9G/0p); must change sign or: SIGN(2G/08)* = — SIGN(dG/ap);.
Now (@)~ is a large value compared to Tgat as long as the reservoir
pressure is not too high (under 150,000 psi level for H20). Hence fror
(A-3) (0G/08); < 0 and the subcooled liquid does not choke. Hence
for Gmax to occur at the saturation line it is necessary that (oG/ B!
> 0. Using either (A-1) or (A-3) and applying these results give the
necessary condition for a maximum G at the saturation line:

(A-4)

(00/08)F < —(U;/tisaT)?
or:
Mcp = tgar/(@)* > 1

The second condition is indicated on Fig. 7 of this paper. These
computations may therefore be considered as proof of the existence
of this discontinuous or supersonic choke—at least for H,0.
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Longitudinal Heat Propagation in
Three-Phase Laminated Composites
at High Exciting Frequencies

The performance of a laminated composite depends critically on the behavior of the inter-
faces. This behavior cannot be explored with the usual analysis which employs a smearing
out of the temperature across the widths of the laminas, but requires a rigorous solution
of the problem in the vicinity of the interfaces. This task can be accomplished by aug-

menting the usual bilaminate arrangement of matrix M and filler F with binder layers

University of Massachusetts,
Ambherst, Mass.

B (of volume fractions fu, fr, fg) into trilaminates MBFBMBF. . .and then considering
the condition fg — 0. The unexpected result is obtained that for high exciting frequencies

w the case fg ~> 0 does not reduce to the case fg = 0. This thrusts into the foreground two
questions: (a) What are the physical implications of such an “unreasonable” result? (b)
What constitutes high frequency, what constitutes low frequency? The problem posed ad-
mits a rigorous solution.

1 Introduction

In analyzing heat propagation in bilaminates in the direction x
of the laminas, matrix layers of volume fraction fjs alternating with
filler layers of volume fraction fr, most of the studies in the literature
use a smearing process in the transverse (our y) direction, and visu-
alize behavior as superposition on an average temperature in each
layer of a departure temperature which usually is assigned a linear
variation across the layer. See, e.g., Koh [1],2 and references cited in
[1], who also surveys further approaches used in the past. Note that
alternate approaches also use averages over each layer, but introduce
different interaction terms to express the effect of one constituent
on the other, e.g., Ben-Amoz [2] and Nayfeh [3]. It is pointed out in
these studies that the statically determined equivalent diffusivity

Req = [farkn + frke)/[Far (G + fr(50)F] (1)

is applicable only at very low exciting frequencies, . (£ = conduc-
tivity, p¢ = heat capacity; omission of bar, e.g., «, indicates that the
quantity has been nondimensionalized with respect to length, the
physical stacking height £ having been assigned the dimensionless
value 27, see Fig. 1.) But little is divulged about behavior at higher
Irequencies, at best only recipes are provided for calculation of specific
examples. Moreover, nothing is said about the very nature of the in-

! This paper is partly based on Part II of E. 8. Kaczenski’s thesis [8], sub-
mitted to the University of Massachusetts in partial fulfillment of the re-
guire{ments for the Master of Science degree. (Part I of the thesis is condensed
into 7}).

2 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer division and presented at the Winter
Annual Meeting, Atlanta, Ga., November 27-December 2, 1977, of THE
AMERICAN SOCIETY OF MECHANICAL ENGINEERS. Manuscript received by
the Heat Transfer Division October, 19, 1977. Paper No. 77-WA/HT-10.
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terface of the composite. In fact, this cannot be explored by the cur-
rently used methods of smearing in the y direction. Still, interface
behavior is crucial to the performance of the composite and therefore
deserves, indeed it demands, evaluation.

I 1In a first paper [4] by Horvay, et al., on the subject of an
MFMFM. . .composite (for convenience of analysis it fills the half
space x = 0, see Fig. 1 with fg = 0) subject to a time harmonic exci-
tation

T(0, y, t) = e~ivtx(y) (2)

e -

(1+fp )

L e &

(fmtfB) T =(1-f) T

b — . s @ o D

s . cm— v o

Fig. 1
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on the face x = 0, it was pointed out that the statically determined
equivalent diffusivity (1) is valid, true to its definition, only under the
condition w =~ 0 and that at higher frequencies a dispersion rela-
tion

Req(w) = Reg(0)[1 + iF(w)] 3)

is appropriate. (Function F, for low frequencies, is real and linear in
w)

II It was also shown that the problem of longitudinal heat prop-
agation can be solved exactly so there is really no need to solve the
vroblem approximately.

IIT A further result of [4] was the demonstration that the
boundary distribution x(y) may be expanded into eigenfunctions
¢n(y) of the governing equations (for the time being ignore the B
equation)

(i+ o %Vhwslx,y) =0 J=MBF (4a)
Tu
T(x,y,t) = e iotwx,y) = { Ty (4b)
Tr
d)Mn(y)
Wjn = e-—Xn:( N ¢Bn(y) (4C)
(t)Fn(y)

subject to appropriate boundary conditions, using the biorthogonal
expansion formula

x(¥) = Zn(y) (6 )/ {dn, ®n) (5a)

where

@n = ke (5b)

are the “flux” eigenfunctions, and () is scalar product in the inte-
grated sense. Conversely, if x(y) represents boundary flux, then the
expansion formula is

x(y) = 28, (¥){x, ¢n)/{bn, ®pn)

IV A basic assumption must be pointed out here, used apparently
by everyone in the business, but stated, insofar as the present writers
were able to ascertain, only by Sun, Achenbach, and Herrmann [5]:
the periodicity A of x(y) must conform to the periodicity € of the
microstructure, i.e., x(v) may have a period £/n (n = 1,2,3,.. ), but
not a least period A = né (n = 2,3, ...). This is not a severe restriction
since, when £ is very minute (as it is in most applications), x(y) will
vary slowly over aggregates of hundreds of £, and so x{y) may be re-
garded as stepwise constant, where the steps are very low and are far
in-between [6]. In the example of this paper we shall assume x(y) =
const. Incidentally, this is the condition used also in all papers by other
authors, so they don’t violate the requirement of conforming peri-
odicity.

V  The presumably simple case of equal volume fractions, far =
fr = Y, turns out to be, from a computational point of view, the most
cumbersome of all cases [7-8], because it leads to 0/0 expressions
which must be evaluated by special limiting processes.

VI The governing differential equation (4a), on taking w = =,
reduces to w = 0. Thus, for high frequencies the problem may not be
solved by conventional perturbation methods, but requires the
techniques of singular perturbations. This is carried out in {9]. The
method has first been used for the

1+ o 1d2/dx2)y(x) =0

(5¢)

equation by Carrier [10], and was further discussed by Smith [11].
Equation (4a), for iw = real — «, is also treated by Eckhaus [12] (for
the single phase case), but differently than it is treated here.

VII Having presented this sketch of previous work on the MFM
... composite we now come to consideration of the MBFBMB ...
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composite of Fig. 1. The binder layer has volume fraction fg, ang
fu+fatfr=fotfr=1 ()

What prompts incorporation of a binder layer? Either it is there by
design, e.g., as some poorly conducting thin layer of cementing mg.
terial, or by mishap, such as by segregation of impurities into the iy.
terfaces during setting or just by accumulation of tiny airpockets ing
the interfaces. If we want to know how a minuscule fg — 0 interface
layer affects the behavior of the presumably two-phase composite we
had better incorporate B with volume fraction fg and see what hap.
pens when fp — 0. A very strange thing happens. The results do no
reduce to the fg = 0 case of the MFMFM. . .composite, at least not
at high frequencies. The fg — 0 case still retains dependency on the
conductivity and diffusivity of the B phase, whereas in the strictly
two-phase composite there is, of course, no B effect. This is a totally
unexpected result, although, in retrospect, when we recall the stregg
concentration factor in a plate with a hole (when the radius r = 0 the
s.c.f. is 1, whereas for r — 0 the s.c.f. > 1), it should not be surprising,
For low frequencies, however, fg — 0 gives the same results as fp =
0 [14]. Thus it behooves us to establish for what wwe are in the low-
frequency regime. The answer is that when the magnitude of the ;.
mensionless frequency

v = (8/27)2xpt — ¥~ o (8)

is «1, we are in the low-frequency regime, and when |v| > 1 we are
in the high-frequency regime. The value |»] ~ 1 separates the two
regimes. (In the example we shall treat in Section 7, |v| ~ 0.1 will be
found to be the approximate dividing point.)

VIII Animportant question prompted by the foregoing: given a
certain two-phase composite, what frequency w puts us on the dividing
line |#| = 1? For the nickel matrix, aluminum filler, we have been
using as an example in {4,6-9,13]

(7a)
(ib)

i.e., for eutectoid bilaminates, as used, for instance, by turbine or
compressor blade manufacturers, we shall always operate in the
low-frequency regime; but

jv] = 1 corresponds to

w/2w = 54 megaherz when £ = 1 um

w/2m = 4.7 cycle per day when £ = 1 m (7¢)

i.e., for geological formations of vast thicknesses, we shall frequently
operate in the high-frequency regime, particularly, since the materials
encountered usually have diffusivities much lower than nickel and
aluminum

Knon-metal ™ 10_3’\'&1

Thus cycle/year may very well be a separating frequency for some such
formation.

IX A further interesting result. It is found that for |v| 2 1 thefs
= 0 layer behaves as a shock layer. As-will be shown in [14], tem-
perature jump and flux jump occur across it.

X The practical solution of the eigenvalue equation (14), leading
to complex roots {o, {1, {2, - - . (e, a0, St - 5 $BO, -+ 5 $FOy - )
(ranked by their moduli at very low frequencies), is of considerable
interest, per se. The strange result is found that the eigenvalues {o,
{3, {6, - - . behave alike, and so do the {1, {2, {4, {5, {7, . - - eigenvalues.
But crossings occur between members of the two families as the fre-
quency is increased [7, 13]. For low frequencies ascending power series
representation for { in » may be used; for high frequencies descending
power series in »1/2 are appropriate. However, in order not to require
the determination of too many terms in the series (the determination
of five coefficients in the descending series is rather easy, but deter-
mination of three coefficients in the ascending series requires con-
siderable effort), Padé’s method [15], of representing the available
terms of the power series as rational fraction of two polynomials, is
used to improve the eigenvalues; and this is achieved in a spectacular
manner, except for the range 0.1 < |»] S 10, where Padéing is sup-
plemented by Newton’s method to achieve adequate improvement.
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Outline of Paper. The governing differential equations
(V2 —ky~13/at)Ty =0 J = M,B,F ®)

lead, for harmonic excitation (4b), to (4a). The temperature obeys the
gymmetry conditions

y=0,70T/dy =0 (9a,b)

and the interface conditions
y = furm: Ty = T, kpsoTa/0y = kpoTp/dy (9¢,d)
y= (1~ fp)m: Tp = Tr, kgdTg/dy = kpdTr/dy (9e,f)

in addition to the left-face condition (2), and the right-face condi-
tion:

at x = o the temperature vanishes (92)

In Section 2 the eigenvalue equation (14) is established that results
[rom substituting (4c) into (4a) and imposing (9), and the eigenmodes
oY), 0B (Y), drr(y), (12), are also determined. Section 3 states
the Fourier coefficients of x(y) = 1 in its expansion into the modes
$r(3). Section 4 establishes the high-frequency expressions of the
roots

Cop = wzge = wlxgy +iyae) = wlog, —igg)  J=MBJF (10)

of A = 0. Section 5 lists the appropriate formulas for the two-phase
composite. They cannot be obtained from the three-phase formulas
by placing fg = 0. In the light of the change in notation from the earlier
work it was thought desirable to again list these formulas. Note that
in the earlier work [3, 6-9, 13] the present symbols fr, fas, v, {, 2, dar,
¢r were denoted by f, 1 —f, v/(1 — /)2, §/(L — ), 2/(1 = ), ¢, ¥, and that
the previously used symbols a = f/(1 — f) and b/a = kp/kym are now
not used at all. (It would also have been desirable to redefine » in (6)
as the negative of the right hand side so as to assure that, in light of
the usual situation, kg > kpy, v will be positive when o is positive.
However, this would have entailed an uncomfortable number of
changes. Thus, it should be understood that we assign a negative value
to w in this paper in order to render v positive.)
Section 6 derives the important result

(lim 5 — 0){(lim » — =){p/2{g~! tan fp{pl]

= fka, kB, kp) # 0, (1la)

whereas, of course,

(lim » = @)[(lim fg — O)p/2{p~  tan fp{pl] =0 (11b)

Because of the critical role of this factor in the eigenvalue equation
(14), the results for fg — 0 do not reduce to those of fg = 0 at high and
moderate frequencies. The example in Section 7 shows that the sin-
gular behavior penetrates down to frequencies v ~ 1. Section 8 pro-
vides a few more comments and perspectives.

2 The Eigenvalue Equation
Substituting (4¢) into (4a) leads to the differential equations?

dur” + ()\k2 + iw/Rs)pgr =0 J=MBF (12a)

where prime denotes y-differentiation. Solution of (12) subject to the
conditions (9a,b) gives

dnmr = Ap €08 2ppY, dFk = By cos zpp(n — y)

¢pr = Cp, cos zppy + Dy, sin zgry (12b)
Here the eigenvalues 2, are related to the decay parameter
Ae = N H DN (13a)
by

¥ Tor the moment, length is dimensional. But in (14) we revert to dimen-
Sionless length.
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(13b)

M2 =z — iw/ky = 252 — lw/kp = zpp? — lw/ip

The interface conditions (9¢,d,e,f) impose the requirement that the
determinant of the coefficients A, B, C, D vanish. Omitting, for sim-
pler writing, the subscript &, this leads to

A= {kp? cos farla cos fplp cos fripld =0 (14a)
Here
(YA = [§8% — ka'kr Sarle tan farfar tan frip|p~!
X tan fgis + As  (14b)
and
Ao = k' Ty tan far{y + kE/$p tan frlr (14c)

It will be recalled from [4, 6-9] that Ay = 0 is the eigenvalue equation

of the two-phase problem. We use the notation
ky' = kylkp, Ry’ = kplkp, k' = kp/ky (18)

One of the coefficients A, B, C, D in (12) may be assigned arbitrarily.

We select
C=1 (16a)

(In Table 2 we shall find it more advantageous to normalize to A =
1.) Then solution of the system gives

A = [cos fp B + Dassin fmg)/cos fariu, B

= [cos fa{p + Dp sin fatgl/cos frir (16b,c)
In the foregoing
_ $ptan fulp ~ kv tan fauCu
B+ kar' Car tan far$ar tan farle
o= B tan folp + kp'{F tan frir (16d.¢)

" ¢p ~ k' {p tan folp tan frir

are two expressions of the coefficients D, equal by virtue of (14). For
detailed derivation see the Appendix of [8]. The eigenvalues are re-
lated, in the light of (13), by

zpl=zp2 iy, 22 =zp%+ ipy (17a,b)
= (p =y Ne,  p=(p =y D/ pmt = k™Y
(17¢,d)
Note that in the absence of a binder layer
fB=0fu=1-fr (18a)

and (14) reduces to the two region eigenvalue equation
AQ ={)
that was treated earlier, in [4, 6-9, 13].

3 Fourier Expansion
The expansion of the temperature w(x, y) in terms of the eigen-
modes wy (x, y) is given by

- bate(¥), 0<y=<fyr
wlx, y) = 3 Cee™k* « { dpu(y), fur <y s (- fr)r (19a)
0
orely), (I—fr)xs<y=<a

where the expansion coefficients Ci, are determined from the bior-
thogonality formula (see [4, (20)])

Cr = [ fo ”x(ym(y)dy] / [ fo ”qak(y)@k(y)dy] (19b)

Here
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0<y=<fur
fur Sy < (1~ fr)r
A—fr)lr<y=<nw

kardamr (),
kpdpr(y),
kror,(y),

Py = (20)

are the “flux” functions. For the special excitation

x(y) =1 (21)

we find (omitting subscript k)

C = 4{{kp/ {ar)A sin [y iy + (kp/{F)B sin frir
+ (kp/tp)]sin folp — sin fylp + Dfcos fu{n
~ cos fa{B)/{knt/ {ne) A2(2f pr Sar + sin 2farar)
+ (kp/{r)BX2fpép + sin 2fp{F) + (kp/{)|fala(l + D?)
+ (1 — D?%)(sin 2f2¢p — sin 2fp{B)

+ 2D(cos 2fas{B — cos 2f2ip)]} (22)

4 High-Frequency Formulas of the Roots
Reference [9] and expressions (17a, b) suggest that for v — « we
should expect the roots k = 0,1, 2. .. to behave as

Case A: Oup2— ~ vk =0,3,6,...)

CaseB: tm?2—in2wi(k=1,2,45,7,810,..)

Case C: &y 2 — —iw2pv

(23)

Case D: ¢ 2 — in2py

In the Appendix it is demonstrated that Cases C and D cannot exist.

For Case A we write, as in Appendix B of {9],*

G = &2+ g0 + gy 24 L fp = ha® g2
Fhow 4., g = Juat 4 jo® o2

tan frip = eypl2 +eq® + e_y Y2+ . (25a,b,c,d)

We shall adopt the notation

5_[—1 B [i'—l/Q/\/1-p - {il/Z/ﬂ—p L=0>0 oo
! VNG =1 2 12— T p—1>0
-1 iV =y V2 =p —p>0
5={ , 3={ ‘ ,r4=[‘ ; 27)
1 V2N i"Y2NpT p>0

On substituting (25) into (14) and observing (17), the roots k = 0,
3,6,...0f Case A are established in the form

K=0,12...
(2K + )w (2K + L)ky’
hO =, R-12 = _FI'"_—'”'—; h—l
2fr 2fp?
(2K + LDky!
il S
2frBw (1~ p)
2fr 2 .
= Ty~1 = sgiye =17 Y20 g =0,
€1/2 1 (2K + 1)kF,,GZO QK + Dr g1/2 go
2K + 1)2r
_ = 1/2,.__..~_.._’ g
g-1/2=1 8fp £-1
. (2K + 1)%ky e (2K A+ 1)?
= _il/zl‘\l(___..?__l'-,g_g/z =2
4f 3 8fpim
3kr’ (2K + 1)%227 .
N h+w )]1/2
1-p 16

4 An intermediate step, writing (25d), as in [9, (B5)], in the form

tan fpiF = tan [QK + U)w/2 ~ o] = cotana = o™t~ a/3 ..., a =0 (24a)
is also involved here. We also note (see (10)) that for f5 > 1
cosfg“zée"ff, sin f o~ —~ée"ff (24b)
while for fy » 1
cosfj’z%e“'ff, sinfg”e:ée“"ff (24¢)
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. . . 2K + 1)2%#
=Dy jo=0,joyg = Iy,

8fr®
=5 (2K + 1)2kp’
-1 “““*‘*—“4}(173(1 ) 5 J~3/2
2K + 1)2 2K + 1)%z2
= ~L'F2__(___.__)__~[3kp,/2+_(._u_j| (98)
8rfri(l —p) L 16 -

Furthermore, with extremely rapid convergence (see Tables 1 and 2
of [9]),

tan far{y — —i

YD tan fyrts w0 29)
For Case B set
Sp=quot?hqo® o, Sy = red R oy V2
$p = prort? 4 po® -+ tan farly = myg 2 me®
(30)

Theroots k = 1,2,4,5,7, ... are determined from

K=012...
2K + D= L (2K + Dky’ . (2K + Dkyy?
ro= T, reyp = ~lg T oy = EI
2fm 2fm 2fapr
myje = 37t 2y me = 2 34
/2 = 3 - 3
QK+ Dy 0 @K+ D
2K + 1)%
=i, qo=0,q-1/2= i‘l/z(“’“fﬁhy
8far®
. 2K + 1)2kp/ 9K + 1)2[ ka2
gy = 11/2114(__.—..._)..,,}./{_, q-3/2 = L'l/ZS_u.m)_.[}_.M__(l + 28)
4fp? 8fat o
(2K + 1)%72
+——————|ip1e=Ty"lr, po=0,p-1p
16
r (2K + 1)2% 5 (2K + D)ky!
= by yP-1= — s P-3/2
8far? 4farp
\ 2K + 1)2 2K + 1)%x%
- ip, KL [}eM/Z(l +25) + ﬁ-————)”—] (31)
8wxfatp
Furthermore
1 -
vy 1 { anfple =i (32)
D, tanfoig — *i,ps 0
We prove (32). For {p? — #%p:
¢ — mei™/412 tan fplp = tan [p1%fpr (1 + )/V3)
_tan fpw V/2 + i tanh fpev//2
1 — i tan tanh
i tanh?~1+1 - tantanh
tanh 1~ tan tanh
. he
ot {1 . Mfeosh? } i (33b)
tanh 1 -1 tan tanh
B2 = tp? + inlp — D — wivp (33¢)

and, as above

—i(=p)1/2
tan fo{p — tan [u1/2f27r [ L(_ p)] ] —Fip=s0 (33d)
ip

Thus, for p < 0:

maye = 2027/ =p far) (2K + Vs’ o (3%e)
The branches of the squareroot are so chosen that the phases bracket
0 as p is changed from negative to a positive quantity.

5 The Two Material Composite

In light of the fact that the /g — 0 case does not reduce to the fs =
0 case, the formulas for fz = 0 cannot be obtained by placing fn = 0
into the Section 4 formulas. They must be derived directly from (25b,
d, a), (30b, d, a), (10a, b), (11c). B.g., hi—1/2, g—1 in (28) involve the
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conductivity ratio kg’ = kp/kp as well as the expression p, (14), in-
yolving all three diffusivities. In a strictly two material composite
there cannot appear a kp factor or a kg term. The appropriate two
material coefficients have been listed in [3] employing the awkward
former notation (see comments to (10)). We list them again in our
present notation (note (14c)).

Rootsk =0,3,6,...;K=0,1,2,...:

2K + U . 2K + 1)k’
ho= "=, hoyp = =i~V ——,
2fr 2fr?
(2K + 1)k’2
L et
2xfp3
2fr 2 .
= 1/2 L eq = =12 g =
€1/2 i (2K+ 1)k/ €g 7|'(2K+ 1)1g1/2 2 » 80 01
1 K + D2 (2K + 1)%’
5 g = U ——— g m - ———— g
g-1/2 8fr? g-1 T £-3/2
Y (2K + 1)2 [3k’2 + 2K + 1)27r2] (35)
8nfrt
Furthermore (29a), i.e.,
»>> 1itan fydy — —i (36)
also holds. On the other hand
Rootsk =1,2,4,5,7,...; K=0,1,2,...:
2K + )n 2K +1 2K+ 1
I‘():«‘—’_’,I‘_.l/Q:'“ll/Q s IT—1 =1 3
2fm 2f a2k’ Arfa3k’2
. 2fmk’ 2 .
) = ;—1/2 = e —e = ;1/2 , =0,
Tl w1 T T K vy AT
_p CK+ 1)27 (2K +1)?
- = l ————) e = - ——.———_J -
q-1/2 8far? 1 YTy q-3/2
ey (2K + 1)2 [_?i_ + 2K + 1)21\-2] 37
8ufat Lk'2 16
v>> 1:tan fpér — 1 (38)
Section 6

(lim fg — 0)[lim » — ] 5 (lim » — «)[lim f5 — 0]

We now return to the three material composite of Section 4. The
relation (11b) is obvious. On the other hand, see (26),

k=0,3,6,...:

lim VI/Zf'B—I tan felB = 8i/j1/2 = 8ila/w

[

1 [=i%2/(1 — p)1/2
= =Ty/r = lim lim (39a
x| {V2/(p — 1)1/2 } v fB—0 p—reo (892)
inasmuch as I'y/n is independent of fg. Likewise,
h=1,245"1...:
lim »2{g~1tan fg{p = 8i/p1/2 = Pa/w = lim lim (39b)

)

B0 y—o

7 Example. Padéing

As a representative example we return to the laminate consisting
of a nickel matrix M with aluminum filler F, considered in the earlier
papers, augmented by a rubber binder B. The composite is assigned
the properties

kr = 174 w/mC = 100 Btu/hr-ft-F = 10 kpr = 1000 kg (40a)
(40b)
(40c,d)

Rr = 7.76 X 1075m?2/s = 3.0 {ft2/h = 10kys = 1000 xp
£ =0.076 m = 0.08« ft, p = ~110

Five cases of volume fractions are considered (fg — 0 is denoted by
8 = 0, nonexistence of B by fg = 0):
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1 fp=008 [y =0667 fr=0.253

II o.01 fu = 0.667 fp=0.323

IIT 0.00001  far = 0.667 fr = 0.33299 (41)
v 0 fa = 0.667 fr = 0.333

vV o fa = 0.667 fr = 0.333 (two-phase

problem)

After calculation of the J, p coefficients (28), (31), the eigenvalues were
computed, carrying the expansions to the j_g/, p—ss2 terms. These
were then Padéd, as described below. Next {3s and {r were deter-
mined from (17). Independently, these were calculated also from the
g (28), g (31) coefficients for checking consistency. In the case of the
two-phase composite fg = 0 we calculated first {370, {1 on the basis
of g (35), ¢ (37), and then used (17a). The Padé [2/1] eigenvalues so
obtained are listed in Table 1. (In retrospect, use of the diagonal Padé
[2/2] would have been preferable.) One notes that on a log-log plot,
lzBol, |za0l, |2B1], |2r1] appear as straight lines, whereas |zpol, |2a}
approach their asymptotic values more slowly.

For adequate accuracy Padéing is necessary for the five-term power
expansions at » < 100. Padéing the {po eigenvalues at v = 10 is illus-
trated in Table 2. At » = 10 the Padéd results were also newtonized
in accordance with the recipe of [14].5 Padéing, see [15 (1.11)], pro-
ceeds as follows. One represents

$B =yt + ol 4 oy V24

= V2 [T+ Ty V2 Top=t + Tap=32 4 | ] =125 (42a)
by a rational fraction (r = row, ¢ = column in the Table )
vV2[rfc] = /2N, () /De(v) = y1/2[Ng + Ny~ V2 + Nov~1 + . ..
+ N2 /[1+ Dy V24 Dot 4.+ D.v=¢/?]  (42b)

then equates [r/c] to the partial sums S, of S, with n = r + ¢, clears
fractions, and solves for the coefficients N and D. Baker [15, p. 77]
provides a very convenient algorithm for doing this. In practice we
programmed Baker’s recursion formulas and solved for the highest
r coefficient by evaluation at »~1/2 = —1, 0, 1, 2, bypassing determi-
nation of the other coefficients in [r/c]. We Padéd both real and
imaginary parts of the roots. Table 1 shows modulus and phase of the
so-determined values. Table 2 refers only to moduli. It is noted that
while our five-term power series approximation [4/0] is totally mis-
leading, the [2/1], [2/2], [1/2] Padé-adjusted values are consistent with
each other and with two-phase calculation behavior.

Table 3 shows that the approach of p/2{go~t tan fp{po to i " 12x~1(1
— p)~V2 as p increases sets in at already moderate frequencies v ~ 1.
The case v = 1 is found to be much closer to v = « than to » = 0. Note
from [14] that for » = 0 the value of the expression is

v = 0:v¥2¢po~" tan fpSpo = v/%fp — 0 (43)
8 Discussion

Some of the observations that may be drawn from the previous
analysis are:

(1) The higher conductivity materials are associated with lower
eigenvalues in the & = 0 mode.

(2) In contrast to the two-phase problem where diffusivity depen-
dence appears only as a scale factor in the dimensionless frequency
v, in the three-phase problem the diffusivity ratios enter the calcu-
lations explicitly through appearance of p, (17d), in formulas (26), (27)
and elsewhere. In fact, there is the tantalizing result established in
Section 6, the noninterchangeability of the » — = and the fg — 0
limiting processes. This produces a persistence of the dependence of
the results on p and on kg/ky;, even in the limit of fg — 0, and this is
the cause of the disagreement with the two-phase fg = 0 case. The
latter case is, naturally, not affected by the properties of the nonex-
istent phase B. The practical meaning of this observation is that traces

5 After Padéing, the residuals R = A({approx) ranged from R = 180.0 + 178.3i
atfp = 0.08to R = —609.3 — 610.5{ at f5 = 0.00001. After three Newton itera-
tions, the first became R = 10~4(—2 + 71); after 12 iterations the second became
R =10"%2 + 7i).
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modulus

T i 1
able 1 Eigenvalues z, (upper table), z, (lower table), phase (deg)

_ /s v 108 104 102 10 newtonized 10
M 10000.0000 99.99673 9.994552 3.156609 3.157653
-45.0000 —44.9970 —44.9669 —44.,8949 -44.9991
.08 B 105356.5375 1053.56506 105.356020 33.316124 33.316223
—45.0000 —45.0000 —44.9997 --44,9991 —44.9992
F 1.9597 1.10908 398451 226342 .204098
AT772 16.0663 21.6765 22.2345 22.3225
M 10000.0000 99.99778 9.995802 3.157859 3.160132
—45.0000 —44,9978 ~44.9741 —-44.9174 —44.9120
01 B 1056356.5375 10563.56516 105.356139 33.316243 33.316458
—45.0000 —45.0000 —~44,9998 —44.9993 —44.9992
F 1.5378 .94681 351203 200061 183180
3771 14.8305 21.4571 22.1618 18.9677
M 10000.0000 99.99789 9.995937 3.157995 3.133901
—45.0000 —44.9978 —44.9749 —~44.9202 —44.3931
00001 B 1056366.5375 1053.56518 105.356152 33.316256 33.313948
—45.0000 -45.0000 —44.9998 --44.9993 —44.9946
F 1.4919 92784 345693 196998 525057
36717 14.6681 21.4261 22.1515 20.5000
M 10000.0000 99.99789 9.995937 3.157995 3.133513
—45,0000 44,9979 —44.9749 —-44.9202 —44.3920
0 B 106356.5375 10563.566518 105.356162 33.316256 33.313912
—45.0000 —45,0000 —44,9998 —44.9993 —44.9946
F 1.4919 92782 345688 196998 526801
3693 14.6680 21.4261 22,1515 20.6698
M 10000.0000 99.99961 9.999586 3.161862
-45.0000 44,9998 —44.9976 —44.9924
0
F 1.4043 33712 108392 061028
3.3956 21.4877 22.3948 22.4676
M 7492 72595 564253 392155
0436 1.7299 10.6913 16.9218
08to 0
B 104880.8848 1048.8088 104.880331 33.164957
—45.0000 —45.,0000 —44.9992 —44.9967
F 10000.0000 100.00016 10.005824 3.175918
45.0000 44.9985 44,9152 44.6372
M 7471 55784 233837 134838
—-.1922 -10.9737 —-20.5301 -21.8537
0
F 10000.0000 99.99942 9.998204 3.160292
45.0000 44.9992 44,9882 44,9623

Table 2 Padé Table for |{gqs|at » = 10. Upper Table
fg = .08, lower Table fg = .01. fg = .08:
fBo = 23.40434 (1 ~ i)pV/2 — 0.41175 (1 + {)r~1/2 ~ 139.07705»~1
+ 17615.69752 (1 — {)p=32

R C 0 1 2 3 4
0 33.316662 33.316662 33.316611 33.745573 34.136528
1 33.316662 33.316662 31.858824 35.132820
2 33.316714 33.316124 33.315681
3 30.342213 33.315716
4 280.967046
0 33.316662 33.316662 33.316643 83.087207 33.988670
1 33.316662 33.316662 32.384711 35.170293
2 33.316682 33.316243 33.315911
3 31.846197 33.315930
4 126.213275
Tabled »/2{p~!tan fgip
fs v 108 104 103 102 10! 100
.08 021363561 021363557 021363555 021363555 021363123 021608122
-.02136356li -~ 0213635771 ~.0213636251 —.0213637771 -,021364101i —.022802018i
01 021363561 021363558 021363578 020976231 027394774 009984114
~.021363561i —.021363573i —.021363608i —.021768681i —.009673514i —.000364455i
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of impurities Bin the interfaces of two-phase MFMFM. . . compos-
jtes may radically alter the anticipated behavior of the composite.
Why is this so? “When the frequency goes to infinity, we can imagine
the ‘wavelength’ of the heat disturbance going to zero. If this limit is
taken first, the ‘wavelength’ will always be less than the thickness of
the binder layer, and it is not so impossible that its presence will al-
ways be felt.”8

An important question is whether the nonequality of {(11a) and
(11b) is of practical (engineering) significance. In other words, under
what circumstances do we find ourselves in the high-frequency regime
[o] > 1? This question was answered in the Introduction. Note,
however, that the quantity of critical significance is the penetration
distance of the temperature field from edge x = 0. This is, by [9, (33)]
(kp/kn 5% 11is assumed):

[v] > 1A=L = [[o}/2(—1 + xp/xpr)] 12 (44a)

= 0.3 for «p/kpr = 10, |#] = 200 (44b)

in units of £/2x.

Perspectives. (a) When kp = xpy, formula (6) becomes useless.
Work out this case in detail.”

(b) Experimental evidence [16] confirms prediction in the NSF
Grant Proposal GK33844 that at moderate frequencies heat propa-
gation follows the rule

70, y, t) = cos wt: T(x,.y, t)
= e xRV cog [t~ x(w/2kp)H2]  (45)

involving two equivalent diffusivities, k4 for amplitude, ¥, for phase.
Derive the result analytically.?

(¢) Investigate the stress counterpart of the separation of response
into low frequency and high-frequency regimes,
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APPENDIX

Non-existence of Cases C, D, Formulas (23)
Were we to write

Sm = syyort? 50+ L
{p = t1/gll1/2 +ig¥+. ..
B = ugp®+ u..l/zu‘]/2 +...
in accordance with Case C
Su?— —imwpy
and also
tan fgip = v1/ort/2 + v+ v_yr 2+ = a”l—- /3.

as in (25), then we would find on substituting back into the A = 0
equation that the leading term, a »32 power, vanishes only when vy/2
= (). Therefore the assumption is incorrect. The Case D is handled
similarly.
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An Efficient Algorithm for Evaluating
Arrays of Extended Surface

In the consideration of single longitudinal fins of rectangular, trapezoidal, and triangular
profile and in arrays of extended surface composed of these fins, it is shown that cond-
tions of heat flow and temperature excess at the fin or array tip induce conditions of heat
flow and temperature excess at the fin or array base. In particular, there is a linear trans.
formation between the aforementioned data at the fin tip and the fin base. The conven-
tional fin efficiency is abandoned and single fins or arrays of extended surface are instead
characterized by a single important parameter, the heat flow to temperature excess ratiy,
which is a function only of fin geometry and heat transfer parameters. Algorithms are pro-
vided for combining the effects of individual fins in arrays of extended surface. A modifi-
cation of the procedures developed leads to an exact solution for the double stack with un-
equal heat distribution at opposite ends, a problem which has heretofore required itera-

A. D. Snider

College of Natural Sciences

L. F. Doty

College of Engineering

Unlversity of South Florida,
Tampa, Fla.

Introduction

The heat transfer characteristics of arrays of extended surface, such

as those which ocecur in compact heat exchangers [1}],! are usually

analyzed by a procedure expounded in [2]. Briefly, the technique is
as follows:

One begins by writing the differential equations relating the heat
flow and temperature excess in each fin in the array, under certain
idealizing assumptions attributed to Murray {3] and Gardner [4].
Then the boundary conditions, expressing continuity at the interfaces
(nodes) between adjacent fins, are listed. Finally, the operating
temperatures or heat flow rates at the base surfaces are appended,
and the overall system is treated as a rather complex, linear, boundary
value problem.

When the individual differential equations can be integrated an-
alytically, the problem ultimately becomes one of solving a system
of linear algebraic equations; if analytic integrations are impossible,
finite-difference approximations are introduced and the equations
must be solved iteratively on a computer [2]. The performance of the
heat exchanger is then expressed in terms of the overall passage ef-
ficiency, which is defined as the ratio of the actual heat dissipated or
absorbed by the exchanger surfaces, to the heat that would be ideally
dissipated or absorbed if all surfaces were maintained at the base
temperature.

The present paper describes a new procedure which treats each fin
as a lumped parameter (actually, a lumped parameter matrix) and

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER. Manuscript received by the Heat Transfer Division May
19, 1977.
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tive solution procedures.

cascades all of the fins in the array via matrix operations. This algo-
rithm improves on the existing technique in several directions. First,
the differential equations for the individual fins are uncoupled and
are solved with initial-value data. This guarantees that the solutions
of the equations will always be analytically well posed (in contrast to
boundary value problems [5]), easily computed numerically (using
Runge-Kutta methods, rather than iterative or “shooting” methods),
and convenient to tabulate (because the equations are uncoupled, any
solution for a given configuration is applicable to other configura-
tions). Second, the cascading process which mathematically assembles
the array characteristics from the fin characteristics is quite simple;
it can easily be done on a hand calculator, and the effect of each pa-
rameter is easily isolated—an important advantage for the design
engineer. Third, the heat exchanger performance is measured by the
ratio of the total heat dissipated to the temperature excess (base
temperature minus the coolant fluid temperature), a parameter much
more closely related to design specifications than the heretofore
considered overall passage efficiency. Fourth, while the analysis still
evaluates heat exchangers operating under idealized conditions, some
of the Murray-Gardner assumptions are relaxed.

The terminology in what follows is illustrated in Figs. 1-3. Fig. 1
depicts a fairly complex (for purposes of illustration) finned passage
subjected to equal operating temperatures on right and left base
surfaces. From symmetry, one can see that there is no heat flow across
the imaginary surface indicated by the dashed line; hence if the heat
dissipated by the “repeating section” shown in Fig. 2 can be computed,
the total heat dissipated by the exchanger is obtained by simple
multiplication. This feature arises often in practice but is not essential
to the algorithm. It may be observed that in Fig. 2, the individual fins
have been numbered and that the zero heat-flow conditions have been
enforced by insulations. It illustrates that fins can have arbitrary
profiles, can be connected in “series” or “parallel,” and can have ad-
iabatic conditions (zero heat flux) at the tip or along any face.
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Fig. 3 illustrates the terminology and defines the coordinate system
which is used in this paper when discussing individual fins. It may be

e atxsa) =g

xsb

ohserved that the positive orientation of the x-coordinate is taken in bams At Ty, @ (13812 By qlxzb) 2qy

adirection from fin tip to fin base and that the edges of the fin are =)

parallel to the x, y-plane; the fin profile is characterized by two curves,

y=filx) and y = fo(x). rtile croas-section

Characterization of Individual Fins
In deriving the differential equation for heat flow along the fin,
several of the Gardner-Murray assumptions are involved. These are
as follows: Fig. 3
(1) There is no time dependence. Only thesteady-statebehavior
is considered.
(2) 'There is no y or z-dependence (see Fig. 3). (This follows if the
transverse Biot number, ho/k, is much less than unity.) a radiation mode).
(3)  The coolant temperature, T, is constant and uniform. This At any point x, the heat flowing in the fin is given by the familiar
idealization assures that it is the performance of the fin itself, equation
and not the overall cooling design, that is being evaluated.

(4) There are no heat sources within the fin itself. q(x) = k(x)A(x) dT(x) a)
(5) Heat is transferred by convection to the coolant (precluding X
Nomenclature
A = cross-sectional area, ft2(m2) m = fin performance factor, ft=! (m=1) n = fin efficiency, dimensionless
¢ = location of tip of fin from origin of coor-  n = fin performance factor, ft=1(m~1) § = temperature excess, °F(°C)
dinate system, ft (m) q = heat flow, Btu/hr (watts) A = independent solution to temperature
b = jocation of base of fin from origin of S = surface area, ft2(m?) excess differential equation
coordinate system, ft (m) T = temperature, °F(°C) u = thermal transmission ratio, Btu/hr-°F.
/= designates profile function, ft {m) x = height coordinate, ft (m) (watts/°C)
¥ = designates a bilinear function y = width coordinate, ft (m) ¢ = fin height, ft (m)
h = heat transfer coefficient, Btu/ft2-hr-°F  z = length coordinate, ft (m) ¢ = fin taper angle, deg
(watts/m2-°C) « = exponent dimensionless Subscripts
I'= modified Bessel Function 8 = exponent dimensionless a = designates fin tip
{{= modified Bessel Function T = thermal transmission matrix b = designates fin base
* = thermal conductivity, Btu/ft-hr-°F v = element of thermal transmission ma- ¢ = designates left end of configuration
(watts/m-°C) trix r = designates right end of configuration
L=fin length, ft (m) ¢ = fin width, ft (m) s = designates surroundings or coolant
lournal of Heat Transfer MAY 1978, VOL 100 / 289
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where 2(x) is the thermal conductivity (assumed to be temperature
independent) and where the customary minus sign is omitted so that
a positive tlow of heat is opposed to the positive sense of the x-coor-
dinate (in this paper, all surfaces are presumed to be at a higher
temperature than the surrounding coolant fluid). This requires that
heat injected at the base of the fin be considered positive and that if
heat is injected into the fin at the tip of the fin, the tip heat flow must
he considered negative. The cross-sectional area (Fig. 3) is given by

AQx) = [filx) = folx)]L 2)

The heat flow out of an infinitesimal surface area, dS(x), is given
in terms of the coefficient of heat transfer, h(x), and the temperature
excess, 0(x) = T(x) ~ T, by

dg{x) = 0(x)h(x)dS(x) (3)

Taking into account that any of the four surface rectangles—top
and bottom face and front and rear edge (Fig. 3)—bounding the ele-
ment of fin at x may be considered as adiabatic, one cautiously writes
(3) as
dg(x) = 00 hop() L + 17022 4+ hyol)[1 + fo/(£)2] 3 Ldx

+ {)(\)UI fmnt(x) + h rear(x )I U.l (x) - fZ(x )]d% (4)
where any or all of the heat transfer coefficients may be zero.

Conservation of energy then yields, with dT'(x) = d6(x),

di(x)
dx
= 0l hop()[1 + f1/ ()72 + o)1+ fo ()2 V3L
- ()(x)[/lfront(x) + h’rear(x”rfl(x) - f‘.l(x)] =0 (5>
In many cases of interest the thermal conductivity and the heat

transfer coefficient are constant, and with adiabatic edges (hgont =
Prear = 0), (5) reduces to

d
— RO L{f1(x) = fax)]
dx

d Ny d00)
dx{{fl(l) folx)] dx ]
—~{%‘fﬁu+f«<x>211/2+f?]:—‘”{1+f2/<x>211/2 i) =0 ©

Equation (5) is a linear homogeneous second order differential
equation for 6(x). It describes any fin satisfying the idealized condi-
tions. According to the theory [5], the equation is regular at all points
where

R(x)A() =k ()L]f1(x) = fa(x)] = 0 (N

and singular when this expression is zero. The latter situation can only
arise physically when f1(x) = fs(x), i.e., when the fin has zero thick-
ness. This happens at the tips of certain “terminal” fins as illustrated
by the triangular fins (8) and (9) in Fig. 2.

Accordingly, separate characterizations of “regular” fins, when (7)
is valid, and “singular” fins, which have zero tip thickness, will now
be developed.

Regular Fins
The theory [5] guarantees that (5) has two independent solutions
A (x) and A\o(x) satisfying the initial conditions

Mb) =15 ) 0 (8)
dx
and
Aa(b) =0 M = __.__,L_. (9)

dx k(b)A(b)

subject to certain continuity conditions that must be imposed on k
and k, (indeed, if h and k happen to have discontinuities, one merely
breaks the fin into shorter segments where continuous h and k pre-
vail). The temperature excess and heat flow are then given in terms
of the values at the base of the fin, §; and q;, by the equations

280 / VOL 100, MAY 1978

By = 0pM1(x) + qphalx) (19)
and
qx) = RE)A) A (x) + gphg’(x)] (1

Eqguations (10) and (11) produce a thermal transmission matriy
I', which gives tip conditions (where x = a) in terms of hase congj.

tions
DR P o Bt Y B
where
yu = Mla)
Y12 = Aela)

vo1 = Rla)Aa)N/(a)
yoo = k{a)Ala)r(a)

The thermal transmission matrix depends only on the geometry
and heat transfer properties of the fin and can easily be computed for
any fin, if necessary, by Runge-Kutta integration [5]. Several examples
can be extracted from the literature, with proper reinterpretation.

For the longitudinal fin of rectangular profile, h and k are con-
stant, htop = Nyottom = 1, Pront = Prear = 0, f1(x) = 8/2 = —[,(x), A(x)
= oL, and b — a = ¢. With these one obtains [2]

M{x) = coshm(b —x) (13)
sinh m(b — x)
Aofx) = — — e 14
) (2hkd)172L ()
where
2hy 172
m= <~}~g> (15)
R
hence
sinh mo
cosh mo —
(2hko)V2L

T = (16)
[l —~{2hk&)2L sinh me  coshmo

If one face of the longitudinal fin of rectangular profile is considered
as insulated (see fins (11) and (12) in Fig. 2), hpe = 0 and T he-
comes

sinh ma
cosh mo s
(hko)t?L .
= . (17
—(hk&)Y2L sinh mo  cosh mo
where in this case
1/2
= <’i> (18)
ko

For the longitudinal fin of trapezoidal profile with the nomen-
clature of F'ig. 4, one extracts from [2]

_ Ki(2nb V3202 11%) + [1(2nb V2 Kg(2nx1/?)
Ki(2nbV3)Io(2nb12%) + [1(2nb YK y(2nb1/?)
b2 K(2nbV2)[y(2nx/2) — Iy(2nbV2)Ko(2nx V%)

Aolx) =
2(%) képLn  K(2nbY2)[o(2nbY/2) + 1,(2nbV2)Ky(2nb1/?)
(20}
and
I = }\1(0) )\2((1) (21)
akoyL aké.L
/‘\1’((!) /\\Zl(a)
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Here [ and K denote modified Bessel Functions [2], Singular Fins

< h
n =
k sin

n  Ki(2nb/2)[,(2nx1/2)

and

Y2 To see what can be expected from fins with zero tip thickness,
> consider the effect of letting a approach zero in the thermal trans-
mission matrix for the concave parabolic fin, (28). One has

¢

M) K b V) g 2nb 177

[ a\ B ay« qub [ ay « a ﬂ]
_ 2 o e = D g (2 S LR A R
LEnb K @nx ) (a—m[“ <b> ﬂ(b) ]+}z5b1,(¢y~xf) <b> <b>
T L (2nb ) Ko(2nb 72 )

(B2 Ko@nb VAT (2nx17?) + Io(2nbA) K (2nx172)

/\g'(-‘f)

specialists may note the deviance of this geometry from that used

kosl,  K1(2nbV2)14(2nbV2) + [,(2nb V2K o(2nb1/2) with 8 < 0 < a by (27); it is observed that 0, will increase without

bound as a approaches zero unless the terms involving a? cancel each
other. Hence, the longitudinal fin of concave parabolic profile with
zero tip thickness is characterized by the equation

(23)

by Harper and Brown [6] who placed the origin at a distance 4,/2 from q, kbl

the fin tip.

= 30
s b (30)

For the longitudinal fin of concave parabolic profile with the no-

menclature of Fig. 5, it is seen that

and if it is assumed that 6, << b so as to neglect the f,/(x) and fo'(x) 0,

terms in (5}, one finds {2]

In similar fashion, requiring f, to be finite as @ approaches zero in
(21) dictates that the longitudinal fin of triangular profile is char-

= —fulx) (24) acterized by the equation
9 _ L <2hk6b>1/2 [,(2nb1/2)
lo(2nb1/2)

For both of these “singular” fins, the condition that g, = 0 can be

cos ¢ @1

1 x\ P X\ @ g
AMlx) = [a <E> -3 <l> J (95)  verified. ‘
a—f b b Consequently, one observes that whereas a regular fin is charac-
b X\ @ X\ B terized by a 2 X 2 thermal transmission matrix, T, satisfying
vy [(S) -(;) ] (26) 6 0
T0p X — a ~
g [
with Ga b
1 8h 1/2 a singular fin is characterized by a single thermal transmission ratio,
o, pf=~-=-=% 5 [1 + E(g; b{l Qn g, satisfying
Consequently p= b (33)
Oy
1 a\ B ay « b ay @ an B
(a—p) [“ <E) *ﬁ<3> ] ks L( 5)[(5) —<E> ]
| o= plalee —
(1= (28)

eI O Rt O

Olx=bl: 0T T

Characterization of Arrays
o7 The basic tool for analyzing an array of fins is provided by the fol-
lowing mathematical observation, which is easily verified: if tip and
base conditions of temperature excess and heat flow are related by
a thermal transmission matrix as in (28), then the q:0 ratio at the

Tix), @{x) ¢+ T(x)-Ty

i tip and base are related by the bilinear transformation
///// Ga
g Vel T YU <0—)
il % _g <@) = (34)
T’ ()b ﬂa Ga
A 1ip —vae ¥ Y12 <““>
Blita) + 84 Oq
qlzral) 1,

with the coefficients in the transformation g drawn from the matrix

PITIEEN (o)

Fig. 4
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I as displayed just below (12).

To see how this is used, consider an array like the repeating section
in Fig. 2. It has the important feature that the ratio ¢:6 is immediately
computable for every remote tip. Hence, because of the insulation,

9a
Oa

The tip heat loss from fins 2 and 3, having identical tip areas, is given
by

L

5 O

_a

LTI .
6 O

=0 35
11 b, 35)

12

Jai = h(a)Ala) (36)
0,123 2,3
Finally, because fins 8 and 9 have zero tip thickness,
KL Q] (37)
.18  Bgl0
Actually, (37) will not be used in the analysis since fins 8 and 9 are

singular.

The bilinear transformations (34) are used to compute base-ratios
from tip-ratios, except for the singular fins where (33) gives the ratio
directly. One can successively work from the remote tips of fins 11 and
12 down to the base of fin 1, matching conditions at the nodes, to find
the base heat flow to base temperature excess ratio for the entire
array.

To illustrate:

(1) From (17), determine the coefficients for the bilinear trans-
formations, gV and g% for fins 11 and 12. Then by (34) and (35)

g@_i q6

= g(ll)(())’ = = g(lz)(()) (38)
By 111 0112
(2) By continuity
a0 = 9bn + qbyy (39)
and
Oaro = Ob1s = Obpp (40)
Hence
do) 2oy D (41)
O l10  Opirr Opliz
(3) Read the coefficients for g% from (16) and compute
) g(0 <q_ﬂ > (42)
110 f 110

by employing (34).
(4) Obtain qp/8, for fins 8 and 9 from (31) and then combine as
in (2)

Qaj _ 9o

0,17 B

Continuing in this manner, one eventually finds (g5/85)1.

In passing, it may be observed that the effect of adhesive bonding
between fins, which has been ignored in the foregoing development,
can easily be incorporated by treating the adhesive layer as a short
rectangular fin, with its own k and h properties.

The procedure is also applicable to configurations where the ¢:0
ratios for the tips of the most remote fins are not known a priori.
Consider, for instance, the repeating section in the unevenly loaded
double stack as shown in Fig. 6. Here two base surfaces are dissipating
heat to the coolant fluid. The operating parameters are the left and
right prime surface temperature excesses, , and 0,, and the associated
heat flows gp and ¢,. If one prescribes, say, unequal temperature ex-
cesses, §p and 6,, then the asymmetry forbids an a priori assessment
of the q:6 ratios at the two remote fin tips.

One could, in fact, follow the previous procedure by treating the
ratio q,/0, as an unknown parameter and formally carrying it through
the cascade process from right to left. The result would be a bilinear
relationship between the two ¢:0 ratios. However, the following matrix
procedure is somewhat more illuminating. Using the transmission

qb
8 9[,

b
) 0[,

(43)

10
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matrices (16) one can write, keeping in mind that a positive ¢ indicates
heat flow from right to left according to (1},

[ -mle] [l-mp)

where opposite signs are to be expected for g¢ and g,. Furthermye
it is known that

fay = by = Op3 = O, (45)

Gbs = Qay — Gbg — by (16)

and because the tips of fins 2 and 3 are insulated

ab

O

A relationship that links the base condition for fin 1 (o the tip
condition for fin 1 can be established by a mathematical artifice;

P A
qb - Ga 1-— (03 2—{%}3
0 0 0
B [qa]L B [g(”(o)(la]l B [g“"(())uq]l

1 P I I T I
qp A4 ~gD(0) —g®©0) 11l dr ! qa 1 8

Hence by (44)
g, ]
MEIET (19)
qr qe¢

From (49) any two of the parameters can be related to the other two.
(Keep in mind that ¢, is negative.) Thus a closed form solution can
be obtained, as will now be demonstrated.

Suppose the configuration shown in Fig. 6 represents a repeating
section of an 11.1 plain plate fin heat exchanger [1] with splitter plates
(fins 2 and 3) 0.010 in. wide. Let k = 10 Btu/ft2-hr-°F and k = 100
Btu/ft-hr-°F and determine 51 and a4 if |gp1] = 10 Btu/hr and |g,4
= 8 Btu/hr over a 1 ft length of section (L = 1 ft).

Pertinent dimensions may be extracted from [1}. With the splitter
plates 0.010 in. wide and 0.0450 in. high

by = 0.0208 ft. 61 = 5.0000 X 10~ ft

L, =80 ()

or

by = 0.0038 ft. 6o = 8.3333 X 10~ ft

b = 0.0038 ft. b3 = 8.3333 X 10~ ft,

by = 00208t ;= 5.0000 X 10~ ft

Fins 2 and 3 have insulated tips because no heat can proceed across
the boundaries of the repeating section. Hence from (16) and then (34)
with ya; = —0.0751 and y9o = 1.0017,

G 7 Gy T @ \ @

o\
L.

Fig. 6

8 =8 =8 :8
at bz b3 b4
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g2y = 2 - Z00TL o hoeo Summary and Conclusions o '

—vy92  1.0017 : This paper has described a new algorithm for evaluating the per-
o . formance, under idealized operating conditions, of arrays of extended
For fins L and 4, (16) yields surface. Most individual fins are characterized by a 2 X 2 thermal
[T], =[]y = [ 1.0881 _0-4288] transmission matrix whose entries depend only on the fin geometry
—0.4288 1.0881 and material. These matrices have been tabulated herein for the usual
geometries and are easily computable by Runge-Kutta methods for
exotic geometries. Fins of zero tip thickness are characterized by a
[ 1 0] - [ 1 0] thermal transmission ratio, again dependent only on geometry and

[—g@(0) ~ g®(0)] 1 -0.1500 1 material, and again tabulated herein for the usual geometries.
ne obtains from (49) The heat exchange performance of an array of fins is easily com-
¢ putable by a straightforward process involving cascading the pa-
”r:] - [ 1.0881 —0-4288] [ 1 0] rameters for the individual fins. The performance is measured by the
[q, —0.4288 1.0881 -0.1500 1 (highly practical) ratio of total heat dissipated divided by operating

[ 1.0881 —0.4288] [0[] temperature excess.
qe

Then with

0.4288 1.088 A comparison with previous heat exchanger [1] and extended sur-
) 0881 face [2] analyses leads to the inescapable conclusion that the algorithm
or described herein is far simpler and more versatile than the methods

[Or] _ [ 1.4378 —-0.9608] [05] heretofore used.
qe

qr -1.1108 1.4378 References

This then yields, with ¢, = 10 Btu/hr and ¢, = —8 Btu/hr, 1 Kays, W. M., and London, A. L., Compact Heat Exchangers, 2nd Ed.,
McGraw-Hill Book Company, New York, 1964,
= ~8.00 — (1.4378)(10.00) = 90.15°F 2 Kern, D. Q., and Kraus, A. D., Extended Surface Heat Transfer,
—1.1108 ' McGraw-Hill, New York, 1972,

3  Murray, W. M., “Heat Dissipation Through an Annular Disk or Fin of

and Uniform Thickness,” Journal of Applied Mechanics, ::ATB (1938).
4 Gardner, K. A., “Efficiency of Extended Surfaces,” Trans. ASME, Vol.

f, = 1.43786, — 0.9608q ¢ 67, 1945, p. 621.
5 Boyce, W. E., and DiPrima, R. C., Elementary Differential Equations
= 1.4378(20.15) — 0.9608(10.00) = 19.36°F and Boundary Value Problems, John Wiley and Sons, New York, 1965,
6 Harper, D. R., and Brown, W. B., “Mathematical Equations for Heat
Conduction in the Fins of Air Cooled Engines,” NACA Report 158, 1922.
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Numerical Method for Multi-
Dimensional Freezing Problems in
Arhitrary Domains

This paper presents a simple numerical method for solving two and three-dimensional
freezing problems with arbitrary geometries. The change of variable method introduced
by Landau for the one-dimensional problem is extended to the multi-dimensional using
an independent variable which takes constant values at the boundary and the freezing
front. Example calculations were performed for the Stefan type freezing problem in regu-
lar squares, triangles, and ellipses. Then some of the results were compared with the ex-
perimental ones that were obtained for the constant cooling rate.

Introduction

Heat transter with freezing or melting is of practical importance in
many instances, for example in engineering ice making, in freezing
of foods, in icing of electric power plants, in aerodynamic heating of
spacecraft, during the casting of metals, in many geophysical problems
such as thawing of soil, in bubble growth [1]' and collapse in hoiling
and cavitation, and also in the diffusion flame problem under the
tflame sheet model.

Mathematically, these problems helong to the so-called moving (or
free) boundary problem which is characterized by the possession of
moving interfaces dividing the relevant field into two regions. Such
a problem becomes perfectly nonlinear because the positions of the
moving interfaces are neither fixed in space nor known a priori. Due
to this nonlinearity, the analytical solution can be tound only in lim-
ited situations, for example in Neumann’s solution for a one-dimen-
sional problem. However, analytical solutions are important for
checking approximate or numerical solutions.

To date, several analytical, approximate, and numerical methods
have appeared in the literature of the two and three-dimensional
treezing problem. The approximate integral method has been used
by Poots [2] for the inward soliditication of a uniform prism with a
square cross section, subject to a constant boundary temperature.
Initially, the liquid was assumed to be at the fusion temperature (i.e.,
two-dimensional Stefan problem).

Sikarskie and Boley [3] have found short time series solutions by
using the embedding technique in which one deals mathematically
with a fictitious body of known constant geometry instead of the ac-

' Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER. Manuseript received by the Heat Transfer Division May
20, 1977,
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tual one whose boundary is known. Rathjen and Jiji [1] have obtained
an analytical solution of Neumann's two-dimensional problem ina
corner by utilizing the Lightfoot method [5]. ‘The solid-liquid interface
was represented hy the solution of a nonlinear, singular, integradif-
ferential equation. The Lightfoot method was also used by Budhia
and Kreith [6] for melting or freezing in a wedge.

Hitherto, only a few numerical methods applicable to the arbitrary
configurations have been reported.

Making use of the relaxation method, Allen and Severn |7] con-
sidered the inward solidification of a uniform prism with a square
cross section when the boundary temperature is constant. Springer
and Olson [8] have extended the Murray-Landis method [9] to the
two-dimensional problem of axisymmetric freezing and melting of
materials hetween two concentric cylinders of ftinite length. Later,
Lazaridis [10] also used the Murray-Landis method to solve the
multi-dimensional solidification problem in a square region.

Kroeger and Ostrach [11] devised a conformal mapping method for
the steady continuous casting problem with natural convection in the
liguid phase. Both solid and liquid regions were mapped into the unit
circle.

Katayama and Hattori [12] have refined the conventional enthalpy
method introducing Dilac’s delta function and have shown that the
accuracy of the solution can be considerably elevated.

More recently, Shamsunder and Sparrow [13| have presented 8
demonstration via enthalpy model method for general multi-di-
mensional cases. The solution method is equally applicable to sub-
stances that have a discrete phase change temperature and to those
that do not. The other existing enthalpy method, i.e., Katayama and
Hattori’s, suffers from intense oscillation of the numerical solution
in the case of a substance with a discrete phase change tempera-
ture.

Sxtensions to the two-dimensions of Haji-Sheikh and Sparrow’s
Monte-Carlo method (14] and a method using Biot's variationsl
principle [15] will be forthcoming in the near future. .

Among the aforementioned numericalmethods, the l\/Iurray-Lamdls
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type methods, for instance, those of Springer and Olson, and Lazaridis
are quite complicated because special consideration is needed in the
vicinity of the moving boundary in order to construct a finite differ-
ence system. Moreover, the geometry should be simple for the same
reason. The enthalpy method in which latent heat is regarded as heat
capacity can only be applied to problems involving a change of phase,
aamely those containing the latent heat term. Therefore, it is inap-
plicable to such problems as diffusion flames and absorption with
rapid chemical reactions. The conformal mapping method developed
by Kroeger and Ostrach has the capability of being applied to arbi-
trary configurations, but only the solution for steady problems was
shown. Considerable modifications and complications may be added
to extend this method to the moving boundary condition.

The present paper proposes a relatively simple numerical method
for the multi-dimensional moving boundary problem by a change of
the independent variable. The present scheme is an extension of
Landau transformation [17] to two and three-dimensional prob-
lems.

Recently, Duda, et al. [16] have also presented an immobilization
method for two-dimensional diffusive heat or mass transfer problems.
The present scheme is similar to that of Duda, et al., in that the
Landau transformation is extended to the multi-dimensional case;
however, there is an essential difference between the two. In our
method, not only the shape of the freezing front but also that of the
fixed boundary can be selected arbitrarily, thereby allowing its ap-
plication to more practical situations.

Sample calculations were performed for the freezing of water in
regular squares, triangles, and ellipses. Further, experiments were
carried out to compare these results under a constant cooling rate. The
comparison revealed satisfactory agreement.

Formulation of the Problem

For the purpose of illustration, governing equations are presented
for the two-dimensional freezing problem since the extension to three
dimensions is accomplished in a quite similar manner. A schematic
description and coordinate system for two-dimensional freezing in
an arbitrary domain are shown in Fig. 1. The liquid is initially con-
tained in a domain surrounded by a boundary represented by the
function B*(¢*). The temperature at the boundary is given arbitrarily
by the function T, ¥ (¢, t 7). At the time ¢+ = ¢ 7, the corresponding
freczing front position is assumed to be at 7+ = F*(¢*, t+). The
problem then is to find the freezing front F* (g™, t*) and the tem-
perature distribution T*H{(r*, ¢, t*) in the solid.

For simplification, it was postulated that the temperature of the
liquid is equal to the freezing temperature, and that the properties
are constant.

The basic equations and the boundary conditions for this problem
under the above assumptions are described below, using the cylin-

 Blg)
Boundary

Flg,t)

Freezing
front

Fig. T Schematic description and coordinate system for iwo-dimensionat
freezing problem

T+

t=0anddy; =0 2
) and ¢g P (2)
onrt = Bt(pt); Tt =T,* (¢t t+) (3)
onrt = Ft{¢* t+); Tt =0 4)

ar+
pLV.n = )\ (5)

an

1 9 J 1 a2

\v 2 i [ pt e} 4 6
T <’ ar+> ()2 8(p)? ©

The boundary condition at the free surface (5) is obtained from con-
servation of energy across the interface, and it is shown that this
condition is represented as a heat balance equation in the radial di-

rection, i.e.,
+ (27 9T+
=/\[1+<—QE—>]———~ )
+ Froep* ar+

The above equations are nondimensionalized by the following vari-
ables.

aFt
L PR
g att

+ + + T+ F+ B+ T,
re=t p=t re e =T BT T, =Y
D D? bo Tot D D Tot
(8)

Consequently, the governing equations are transformed into the
following system.

ar

. ; =y 9
drical coordinate system. ot ®)
T+ aT

e 2T 1 =0and1; - = ) 10

kil (1) ¢ =0an 5 (10)
Boundary conditions; on.r = B(s); T =Ty, t) (11)
RS- Nomenclature

a= thermal diffusivity of solid

B($) = boundary function

Cr* = cooling rate

Cp = gpecific heat at constant pressure

D = reference length

F(g, t) = position of freezing front

H = side length of regular square or trian-
gle

[ = latent heat

"= normal coordinate

4= ynit vector
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r = spatial coordinate

8t = Stefan number defined as St =
CpTo*t/L

T = temperature

Tw{¢, t) = cooling surface teraperature

Tyt = reference temperature

t = time

VY = velocity vector

1 = independent variable defined by equation
(7

A = thermal conductivity of solid

p = density of solid

¢ = angle in cylindrical coordinate

¢o = position of symmetry or insulated
boundary

Subscripts

w = cooling surface
0 = reference state

Superseript
+ = dimensional quantity
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onr=F(p,t); T=0
1 0F\27 4T
—= —_—— — 12
d [ <¢0F8qb>] r (12)
14 | 1 9%
V=== (r=) b= 13
ror <, <9r> r2 d¢? 13)

In general, besides the above equations, the Navier-Stokes and energy
equations which determine the natural convection and heat transfer
in the liquid region must be solved. Nevertheless, that is not within
the scope of the present study.

Solution by the Boundary Fixing Method

The principal difficulties in the analysis of the multi-dimensional
freezing problem derive from the fact that the position of the moving
boundary is not known a priori, and that its shape is multi-dimen-
sional. Moreover, if the boundary contour has an arbitrary shape,
particular attention is likewise required for the treatment of the
boundary. In consequence, the methods which are extended directly
from the fixed network scheme rendered by Murray and Landis for
the one-dimensional have two essential difficulties that must be re-
solved; one is handling of the moving boundary and the other that of
the fixed boundary.

Among existing methods, only the method using the enthalpy
model overcame one of the above two difficulties, i.e., the moving
boundary was removed from consideration. However, the other
problem remains unresolved. One of the most effective means for
solving the above complexities may be adoption of the concept of
change of independent variable in two dimensions. Duda, et al. [16]
have presented the change of variable method for the two-dimensional
problem. However, they focused attention only on the moving
boundary and did not show a general formulation involving the
handling of the fixed boundaries. Therefore, we will present another
general formulation of the boundary fixing method in the fol-
lowing.

Specifically, the governing equations are transformed by the fol-
lowing variable.

__I- F(¢, t)
"I B - F(,0)

Making use of the above variable, the previous basic equations are
changed into

L W
o LB-F2 R<a¢> an?

(14)

e
rB—F) at Ra¢p>1 ay
2 0y 32T 1927
A -2 (15)
R a¢ dpdn R a2
oT
=0andl; —=0 16
qb an aq‘) ( )
on 7y = 0; T=0 7
oF aT 1 1 aF\2
—=St~-—-——[1+ —— ] 18
at anB~F <F¢08¢> ue)
onn=1;  T=Tylet) (19)

where,r = 5(B ~ F) + F, R = (¢or)>
In equation (15) the derivatives d3/dt, dn/d¢, and %n/d¢? are given
by

ay_ _0F1-y

o  otB-F’ (20)
Wt Gl e
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In particular, at the corner portion of a regular square, the secanq
derivative 2B/d¢? in equation (22) vanishes. Therefore, the following
equation is derived, by considering the heat balance in a small element
shown in Fig. 2.

aT _ 14 aT " 1 aT
ot roar <r 6r> Rd¢ <8¢)~

where (3T/d¢)- means the value at ¢ = #/4 — d¢. Similar consider.

ation is necessary when the boundary is not smoothly shaped.

The transformed system (15-23) constitutes an ordinary nonlinear
fixed boundary heat conduction problem, except that F and the de-
rivative of 5 with respect to ¢ and ¢ are given by equations (18,
20-22). It is emphasized again that functions B(¢) and F(g, t), rep-
resenting the boundary shape and freezing front, respectively, can
be chosen arbitrarily.

The present method can, of course, be applied to the usual heat,
conduction problem without change of phase. Extension to the
three-dimensional problem is easily attained by virtue of the following
variable instead of equation (7).

_ r=F($,0,0)
"7 B, 0) = F(p, 0, 0)

(23)

(24)

Numerical Procedure

The numerical computation of equations (15-23) may be performed
by finite differences using one of the explicit, alternating direction
implicit, and unidirection implicit [18], methods. The multi-point
implicit finite difference method [19] proposed by the author would
be particularly efficacious for three-dimensional freezing problems
from the point of view of saving computing time. Details for use of the
multi-point scheme can be found in [19].

Numerical Results and Discussion

To verify the validity of the present numerical method, the nu-
merical calculation was first performed for the cylindrical freezing
problem, whose solution is well known to be expressed by the so-called
quasi-steady solution [20, 21]. A typical computed result is shown in
Fig. 3 in which the origin of the computation is eccentrically located
at the point O, being apart from the center of the cylinder by the
distance of a quarter of the diameter. The diameter is 0.08 m and the
cooling rate is 1.667 X 1073 K/s. The points marked by the circle in
the figure designate the computed points, and the solid lines show the
quasi-steady solution given by the next equation.

t [ 2L {1-R2(1—21 R)}]l/2 (25)
“ e, "
where, C1 denotes the cooling rate defined as
Ty(t
e _EU.(_.l (26)
t
> ’

0

Fig. 2 Derivation of the expression for the heat conduction equatlon at the
cormner
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The quasi-steady solution (25) agrees well with the exact numerical
solution, with the exception of the final stage of freezing. Agreement
between the numerical result using present “boundary fixing method”
and the quasi-steady solution is excellent, and thus the validity of the
present method is assured. The position of the boundary of the above
example is represented by

B(¢p) = — écos% + % Vcos2p + 3 27
The result of the numerical calculation for a regular square with side
length H = 0.079 m is depicted in Fig. 4 when the cooling rate is C;*
= 3.333 X 1078 K/s. In early time stages, the freezing contours are
almost parallel to the side line of the square, showing that freezing

Fig. 3 Comparison of the present method with quasi-steady solution for
cylindrical freezing. Diameter = 0.08 m, C4F = 1.667 X 1073 K/s

3.333x107°K/s
1=0.888
1.37 -

1.95 -

Ci=

2.99 .

Fig. 4 Numerical result showing contours for a regular square. H = 0.079
m, €47 = 3,333 X 1073 K/s

Journal of Heat Transfer

in the normal direction has a one-dimensional aspect. The result for
the constant cooling temperature is also plotted in Fig. 5, which cor-
responds to the two-dimensional Stefan problem. The freezing front
moves according to the relation

F=1-CVt (28)

in initial time stages as in the one-dimensional problem. Here, C is
a constant.

Fig. 6 designates the time history curve in the perpendicular di-
rection. The broken line shows the one-dimensional Stefan’s solution,
lLe,F=1-0.3536V¢

The comparison between the numerical result and the experiment
performed by the author [20] is illustrated in Fig. 7 for a regular square
with side length of 0.079 m and the cooling rate of C;* = 1.417 X 1073
K/s. The experiment was carried out by using a new technique de-
veloped for visualizing all the time histories of the freezing fronts. The
freezing contours were photographed after completion of freezing.
The water temperature was initially set to the freezing temperature
and the cooling surface temperature was varied linearly with time.

The solid lines show the experimental result and the circle points
the numerical result. In the experiment, since the cooling rate at the
corner portion is slightly larger, the experimental freezing fronts are
located inward of the computed points. Nevertheless, it is noted that
the general agreement is fairly good. The author’s experimental result
has also been used by Crowley [22] to verify a numerical scheme which
was based on the enthalpy method. The accordance was moderately
good.

Two results for triangular geometry appear in Fig. 8 and 9 in which
the cooling rates are set as C;* = 3.333 X 107* K/s and 3.333 X 10~3

0.854

t=0.320

Regular square
" Te=263.15 K

i ] 1 13 | i i 1 i

Fig. 5 Computed result for two-dimenslonal Stefan problem (regular square,
H = 0.079 m)

’ 4
Regular square .
=263.15 -
osk Te=263.15 K -
///
o6l 7 Npe-03536T
9 =
w
L ooal
o2+
O i 1. L 1 Il ]
0 ! 2 3 4 5 6

Fig. 8 Time history curve of freezing front for Stefan problem. Condltions
are the same as in Fig. 5
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ct:1.417x1073K/s

Fig. 7 Comparison between the numerlcal result and the experiment. Solid
lines show experimental result and circles the computed polnts. H = 0.079
m, Gt = 1417 X 1073 K/s

Fig. 8 Computed freezing front contours for a triangle. H = 0.078 m, c4t

= 3.333 X 107% K/s

Cl=3.333x107%K/s

)

Fig. 9 Computed freezing front contours for a triangle. H = 0.078 m, cqt
= 3,333 X 1074 K/s
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K/s. The larger the vertical angle becomes, the faster the freezing frop,,
moves toward the origin. The houndary function B(g) for the regula,
square and triangle is given by the next equation.

<
b > e (29)

Here, ¢. denotes half of the vertical angle, and ¢ is taken to be r/9
for a regular square and 27%/3 for a regular triangle.

Another result for an ellipse with a shorter diameter of 0.08 m, g5.
pect ratio of 3/2, and a cooling rate of 3.333 X 1073 K/s is shown in Fig,
10. The initial freezing front position Fy can be calculated by

1 dB\ 211/2
Folé, to) = Blp) — & [1 + <E 3;> ] (30)

where § designates the initial thickness of the frozen layer. The
boundary function B(¢) is expressed by the following equation.

B{¢) = 1/cos¢
= 1/cos(do = ¢)

B(¢) = {1 — 5/9 sin%}~1/2 (31)

1t is assumed that the temperature distribution within the initia
frozen layer is linear. The freezing contour line remains elliptical until
the last time stage. The aspect ratio at the middle time stage becomeg
larger since the thickness of the frozen layer in the short and long
diameter directions is nearly the same.

Numerical application to other problems with different configu-
rations is easily possible, with minor modifications.

Concluding Remarks

A numerical method for the general multi-dimensional moving
boundary problem has been presented. The method utilizes the
concept of change of variable and has a special feature in that it covers
the arbitrary geometry of the boundary and freezing front. Further,
this method has an advantage applicable to other moving boundary
problems without phase change, e.g., diffusion flame, absorption with
rapid chemical reactions, etc.

Sample computations were carried out for regular squares, regular
triangles, and ellipses, both in cases when the cooling surface tem-
perature varies with time and when it remains constant during
freezing, namely in the case of Stefan’s problem.

Extension of the numerical method is apparently feasible for res-
olution of three-dimensional problems and problems with more

Ellipse
aspect ratio=15
. C1=3.333x107°K/s

Fig. 10 Showing the result of compulation for an ellipse. Shori dlameter =
0.08 m, aspect ralio = 3/2, &yt = 3,333 X 1073 K/s
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complicated situations, such as the problem of natural convection flow
around the freezing front. However, inquiry into these problems must
pe left to a later date.
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Analytic Solutions to the Heat
Equation Involving a Moving
Boundary with Applications to the
Change of Phase Problem

(the Inverse Stefan Problem)

Long time analytic solutions to the inverse Stefan problem are presented in Cartesian and
spherical coordinates. This problem deals with the phase change of a substance with the
boundary conditions specified at the moving boundary. The solutions, expressed in infi-
nite series, facilitate the calculation of temperature and heat flux variations in the phase
changing medium and at the interface with the heat source element. Applications of the
present analysis are in aerospace engineering, e.g., controlled ablation of thermal shields;
metallurgy, e.g., controlled casting; bioengineering, e.g., cryopreservation of tissues, and
numerous applications in which a controlled change of phase of a substance is involved.

Introduction

Heat transfer problems dealing with phase change at constant
temperature are referred to as Stefan problems, (see, e.g., [1]1). Most
of these problems are concerned with the melting or freezing of a
substance with the instantaneous absorption or liberation of energy.
Characteristic of these problems is the existence of an interface sep-
arating the two phases through which the latent heat is transferred.
This interface is continuously changing its location with time. In the
Stefan problems the boundary conditions of the problem are specified
at a fixed boundary and the conditions at the moving boundary are
calculated. The first to analyze this problem was Neumann in 1860
[2], but the first published results, in 1891, are due to Stefan [3]. An
inverse Stefan problem, wherein the boundary conditions are specified
at the moving rather than the fixed boundary, also appears in the
literature [4-8]. Typically, the temporal location of the interface be-
tween the phases is given and the required temperature and heat flux
variations at the fixed boundary are calculated. These solutions
usually serve to provide information on the behavior of the Stefan
problems, which are considered more difficult to solve.

Among the attempts in the literature to solve the Stefan problems
are the works of Kolodner in 1956 [9] and Miranker in 1959 [10]. These

! Numbers in brackets designate References at end of paper.
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investigators presented the problem in a Voltera type equation and
thus facilitated solutions for certain problems similar to the inverse
Stefan problem. Subsequent to these works several investigators have
assumed specific temporal variations for the velocity of the moving
boundary. These are: (a) constant velocity and (b) velocity propor-
tional to the square root of time. Gibson in 1958 [4] obtained solutions
for these conditions for the Cartesian and spherical coordinates. For
the constant velocity case he employed separation of variables and
obtained a confluent hypergeometric equation. For the square-root-
of-time-dependent case, Gibson assumed a double layer potential
temperature distribution and obtained an integral equation which
was solved by the convolution method. Martynov employed a similar
technique for the spherical geometry only, but represented the inte-
grated function by a series [5]. Langford obtained solutions for the
two cases through pseudosimilarity and by a series expansion [6, 7].
Langford’s works were extended by Bluman, who employed the Lie
theory to account for different initial conditions [8].

Inverse Stefan problems, wherein it is desirable to control the rate
of freezing or melting of the moving boundary, find wide practical
applications. Specific examples would be in (a) metallurgy, where the
quality of a cast is determined by the rate of cooling at the solidifi-
cation interface [11], (b) controlled fluidized bed baths for surface
coating [12], and (¢) various aspects of biological tissue destruction
or preservation by alternating freezing-thawing cycles [13].

The purpose of the present study is to obtain a long time, analytic
solution for the one-dimensional inverse Stefan problem subject to
arbitrary conditions prescribed at the moving boundary. The solution
is presented for both the Cartesian and spherical geometries and is
obtained by integration and analytic iterations.
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Analysis

It is assumed that the medium for which the analysis is performed
is homogeneous and isotropic. Only one-dimensional problems are
treated and presented separately for Cartesian and spherical coor-
dinates.

(a) Cartesian geometry. The governing equation for the problem
is the Fourier equation:

2T T
aag=——~ oS x <s(t); to<t (1)
2

ot
where s(t) is the distance of the moving boundary from the heat source
clement, as shown in Fig. 1.
Initial conditions are:

lim T'(x, t) = Tpn;

t—tg

19 <x < s(t) (2)

and,

lim s(¢) = xq* 3)
t—ty
where Tpp, is the phase change temperature assumed constant for the
present analysis, and s(¢) is a monotonic function of time. The analysis
may be extended to include a more general initial condition by
employing the well known result given by Carslaw and Jaeger (2, pp.
58.-59].
The inverse Stefan problem is characterized by two boundary
conditions specified at the moving front, i.e.,

INITAL POSITION
OF PHASE CHANGE
INTERFACE

l/ : l

! als(t)),

| MOVING
BOUNDARY

| VELOCITY

X=0 (CARTESIAN) ]
OR i
r=ro (SPHERICAL)

% (CARTESIAN)
| OR
r (SPHERICAL)

INTERFACE WITH
HEAT SOURCE
ELEMENT

(FIXED BOUNDARY)

Schematic drawing of model for Cartesian or spherical geometries

PHASE CHANGE
INTERFACE
(MOVING BOUNDARY)

Fig. 1

where A(s(t)) is a given analytic function.

In problems which are characterized by a sharp, well-defined phase
change temperature, equations (5) and (8) are related through the
principle of conservation of energy applied at the moving boundary,

T(S(t); t) = Tph

and,

ie.,

4

s(t)

L oT{(s(t), t)

dx

OTaals(®.t) _ -
ox

dt

ad

oT[s(t), t] = F(s(t), ) ) where subscript ad denotes properties of the adjoined domain.
ox ’ Now define the following nondimensional parameters,
where F(s(t), £) is an analytic function. _ T =Ty ) _ X _ 8. -k (Tex = Tor) ;
'The domain adjoined to the one discussed is assumed to either be w= _ ’ s §ET TS N
Tex Tph Xo X0 p-L-xg
at the change phase temperature or to supply a known heat flux to (Tur = o) WF(s(), £)
the moving front, as is the case in fluidized bed coating problems Ste = ci—fi‘fw—-—ﬂh—; d(s(r), 1) = L—; (8)
Ill)']‘ Tex - Tph
Another useful parameter is the velocity of propagation of the _ pLxoA(s(2))
moving boundary, which is given by Qs(r) = B(Tex = Tor)

ds{t)
dt

= A(s(t))

Nomenclature

(6) Introduction of these parameters into equation (1) and integration
between £ = y and £ = s(7) yield:

A = moving boundary velocity

a, = coefficients in an infinite series, defined
by equations (16-18) (Cartesian) and
cquations (22-24) (spherical)

¢, = specific heat in the changed phase do-
main

I’ = temperature gradient at moving bound-
ary

k = thermal conductivity in the changed
phase domain

K = proportionality constant, defined in
equation (26)

1. = latent heat of melting or freezing

n = summation index

r = radial coordinate

ro = radius of heat source element in spheri-
cal coordinates

s = distance from moving boundary to in-
terface with heat source element

S = nondimensional distance of moving
front, defined by equation (8)

Ste = Stefan number, defined in equation

Journal of Heat Transfer

(8

t = time

to = initial time

T = temperature in the changed phase do-
main

x = length coordinate

xo = distance of phase change boundary from
interface with heat source element at ¢ =
to

y = nondimensional length coordinate, de-
fined in equation (8)

u = nondimensional temperature, defined in
equation (8)

V = constant moving boundary velocity in
equation (25)

« = thermal diffusivity in the changed phase
domain

8 = distance from moving boundary (spher-
ical coordinates) defined by equation
21

¢ = distance from moving boundary (Carte-
sian coordinates), defined by equation

(15)

n = dummy variable of integration (spherical
coordinates), defined by equation (21)

u = nondimensional parameter, defined by
equation (31)

v = nondimensional parameter, defined by
equation (29)

¢ = dummy variable of integration

p = density in the changed phase domain

7 = nondimensional time, defined in equation
(8)

¢ = nondimensional heat flux, defined in
equation (8)

6 = transformation defined in equation
(19)

Q = nondimensional moving boundary ve-
locity, defined in equation (8)

Subseripts

ad = adjoined domain

ex = external temperature
ph = phase change
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ouls(r), 7) _ ouly, v) - Ste- j“sm dulf, ) d
oy oy

where £ is a dummy variable of integration. Substitution of the
boundary condition (5) into (9) and a further integration between n
=1andy =y, yield:

(v = D(s(r), 7) = uly, 7) + ull, 7)
e (Y (PPt
-Suef1 f,, SR gy (10)

Integration by parts operated on the double integral in equation (10)
obtains:

3 C)

y or

uly, 7) = (y = Dels(s), 7) + u(l, 1)

3 y o oulg, 1) s dult, )
Ste'{j; g2 d£+y£ e dg] (11)

Next, boundary condition (4) is introduced into equation (11) to
yield:

ua,f)=(1—s)(p<s(f),f)+8te-j:s“’ (gmn?ﬁ;—‘é’—”dg (12)
T

Substitution of equations (6) and (12) into equation (11) and em-
ployment of Leibnitz’s theorem yield the following integral equation
which satisfies the boundary conditions of the problem:

uly, t) =y = s(n)]els(s), 7)
Pe) s{r)
= 0fs(n) Ste - f (v~ -ult, DdE (13)

The Stefan number (Ste) multiplying the integral in equation (13)
is smaller than unity for most practical cases. This fact implies the
possibility of solving equation (13) by the method of analytic iterations
wherein the first guessed solution is the long time solution to the
problem. The series solution is obtained by induction following a
number of iterations and is given by:

T, )= Tont 5 anls) - (14)
n=0 n.
where
{=x—s(t) (15)
ag = O (16)
ay = F(s(t), t) a7
- AlW) (dans
" « l ds anﬁll (18)

Equation (14) also satisfies the initial condition (2) of the prob-
lem.

(b) Spheriecal geometry. For a spherical geometry the problem
can be reduced to the one presented above by the following trans-

formation:
0= (T(x,t) ~ Tph, r (19)

to yield, through a similar method of solution, the following series:

T(r,t) = To + ’lé 1 (5) n—' (20)
where
B =r—s(t) (21)
a0="0 (22)
ar = s(t) - F(s(t), t) (23)

Equations (14) and (20) are the general long time solutions to the
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inverse Stefan problem in Cartesian and spherical coordinates, re.
spectively. Verification of the solutions is readily obtainable by syl,.
stituting these expressions into the respective sets of equations anq
performing the indicated operations.

Numerical Illustrations

The freezing of a solid substance possessing properties similar o
those of saturated water at atmospheric pressure, e.g., a biologicg|
tissue, is considered as an illustration of the results obtained. The
element inducing freezing is assumed to be either a semi-infinite plane
(Cartesian) or a sphere of radius rg. It is further assumed that con.
duction is the dominant heat transfer mechanism and that the me.
dium being frozen is homogeneous and isotropic and possesses con.
stant thermophysical properties. Values of these and the geometricg]
parameters are shown in Table 1.

Two examples of the use of the results, one each for the geometries
studied, are given below:

Cartesian Geometry. Both the cases of constant and square root
of time dependent freezing front velocity have already been discussed
in the literature for this geometry, [4-8]. These cases are two particular
solutions of the present analysis and would not be repeated here. Ag
an illustration a different case of time dependent heat flux at the
moving boundary is considered along with a constant velocity of thig
boundary. Mathematically the problem is defined by:

d

;l% =V (const.) (25)
oT 1 ds
(s, ) == | pL =+ Kt
o 9% [p dt } (26)

where K is a positive proportionality constant chosen arbitrarily in
the present illustration. The physical interpretation of K is that of
the rate of change of the heat flux imposed at the change of phase
interface. This heat flux is supplied by the adjoined domain and the
interpretation might be directly inferred from equation (7). The term
Kt might, therefore, be considered as modeling the effect of some
unknown temperature distribution in the adjoined domain.

When equations (25) and (26) are substituted into equation (14),
with A(s) replaced by V, and F(s, t) replaced by the right hand side
of equation (26), the solution is obtained

1 © Vyn—-1 ¢n
T(x,t)=Tp;,+~(pL-V+K-t)):(——-) &
k n=1 « n!

S S 4 N Y

which converges after a few manipulations to the finite expression

(27)

1
T = Tpp +——1{pLV + Kt}[1 — expv]
pcV

K /sa\2
+— (2 - xpv) —4] (28
voh <V) [(2~p)(1 + expy) —4] (28)
where
=Y. (29)

(o4

For the case K = 0, equation {28) reduces to the classical solution given
by Stefan [3]. This is the case of a constant heat flux at the phase-
change boundary combined with a constant velocity of this front and
not a unique solution to the problem of a constant velocity.

Table 1 Physical and geometrical parameters for the
numerical illustrations

Thermal Phase
Conduc- Change  Latent  Radius of
Thermal  tivity, Tempera- Heatof Spherical
Diffusivity, k(W/ Density ture, Freezing, Element,
a{m?/s) m°K)  plkg/ms) Tpn(°C) L(kJ/kg) ro(m)
15X 1076 2.3 920 0 335 5% 107°

Transactions of the ASME

Downloaded 21 Dec 2010 to 193.140.21.150. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Equation (28) was computed for three different values of the pa-
rameter K, namely, 0, 50 and 146 kJ/m?s/s. Results for these cases are
shown in Fig. 2. It is seen that the temperature distribution in the
freezing medium is strongly dependent on K; low values of this pa-
rameter allow the development of moderate temperature gradients
in the freezing medium. Higher values of K, however, cause sharp
temperature gradients to develop. This is due to the need to extract
much more energy at the freezing front caused by the rate of change
of the heat flux supplied at this front. As a result, the temperature at
the interface with the freezing element, i.e., x = 0, drops very rapidly
and may reach —150° after 30 s of application only, with the frozen
front located at a distance of 1.5 mm only. A hypothetical case of in-
terest would be the assumption of negative values for K. These values
may imply the removal rather than supply of heat at the moving
boundary by the adjoined domain. Thus, by varying the value of K
in the proper manner, control of the depth of penetration of the
freezing front may be achieved. However, no actual method of em-
ployment of such a control is known to the authors and the problem
remains of theoretical interest at present.

A case of particular interest is the one wherein the Stefan number
approaches zero. This number, defined in equation (8), gives the ratio
between the sensible and latent heat of the phase changing material.
Zero value of this number would be obtained for any material for
which the latent heat is much larger than the specific heat. Fig. 3
shows the temperature distribution for two cases: Ste = 0 and Ste =
0.25, both for K = 0. It is seen that the effect of a zero Stefan number
is such that temperatures are linear and almost uniform in the solid
side whereas much sharper gradients are obtained for Ste = 0.25.

Spherical Geometry. As an illustration to the results in spherical
coordinates the simple case of constant heat flux along with a constant
velocity of the freezing front is studied. The temperature distribution
is obtained by equation (20) and is given by

F(s(t), t)a

T(r, t) = Tpa AGQ)
=z l_ « = PR T 34
EL T Ao et @O
where
As(t
= (i( b, (31)

The two infinite series in equation (30) converge after a few manip-
ulations to a finite analytic expression represented by

v
-20

TEMPERATURE, °C

-100

case (a) i = = «=j K=0

120 case (b): . K=50 kd/m2sec/sec
¢ase {€) | —me——; K=148 kd/m®sec/sec
45.0-005 om/sec
~140
i i
O 05 -0 -5

DISTANCE FROM HEAT SOURCE ELEMENT SURFACE, cm

Flg, 2 Temperalure distribulions in a freezing medium for various heat fluxes
and a constant velocity of the moving boundary. Rectangular geometry
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F(s(t), Ha

T, t) = Ton + AGE)

x |g[1 - expul + {(z-m(1+expu)—4}] (32)

o
A(s(2))
which is similar to the expression obtained by Langford [7]. Equation
(32) was computed for three constant but different velocities of the
freezing front, namely, 0.01, 0.005, and 0.0025 cm/s. In all cases the
radius of the spherical freezing element is the same, ro = 0.5 cm. Re-
sults shown in Fig. 4 indicate temperature distributions in the frozen
region for the same locations of the freezing front. It is seen that the
higher the velocity of the freezing boundary the steeper the temper-
ature gradients in the medium. This leads, as is the case in the pre-
vious example, to lower temperatures to be required at the interface

9 Z PG
W -60b~ <
% 240590/
& s 7
g -80,
E // / 30030¢
= s
-100 >
s .00058% + k=0
s
-120 —// Ste=0
——— Stgz0-25
. I t
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DISTANCE FROM HEAT SOURCE ELEMENT SURFACE, cm

Fig.3 Temperature disiributions in a freezing medium for two values
of the Stefan number. Reclangular geometry
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Fig. 4 Temperature distributions in a freezing medium for a constant heat
flux and various velocities of the moving boundary. Spherical geometry

MAY 1978, VOL 100 / 303

Downloaded 21 Dec 2010 to 193.140.21.150. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



with the freezing element at r = ry,. T'hus, freezing a substance to a
certain depth may not be possible should the required velocity of the
freezing front be too high.

The above illustrations indicate the capability of the present
analysis in predicting the necessary temperature and heat flux vari-
ations that would be required at the heat source element interface.
These may be calculated by specifying the required conditions at the
freezing front which, in certain industrial and biomedical applications,
are of utmost importance. For example, it is well known that the
survival rate of preserved blood cells is dependent on the rate of
temperature change when freezing them for preservation. Information
on the cooling rates that will insure optimum cell survival rate can now
be emploved, via the analysis presented here, for better control of the
freezing process. Other industrial applications to the present analysis
are in ablation of flying objects thermal shields, in casting wherein
nucleation is temperature dependent, and in numerous other appli-
cations involving change of phase.
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Heat Transfer Phenomenology of a
Hydrodynamically Unstable Melting

An experimental study was conducted on a melting system consisting of a liquid layer
overlying a solid substrate. The liquid and solid when molten were mutually miscible. To
initiate melting, the liquid was heated by a heater grid suspended above the liquid-solid
interface. Systems with the density of the liquid less than that of the molten solid were
gravitationally stable, whereas those with the density of the liquid greater than that of
the molten solid were gravitationally unstable. Total mixing of the melt layer and the lig-
uid layer resulted in thermal mixing of the liquid. The heat transfer coefficient was found
to be an increasing function of the density ratio of liquid and melted solid; this increase
occurred in four stages. There was a marked enhancement of heat transfer in the system.
The melting rate was also found to depend on temperature difference and conduction

depth.

Introduction

The problem of melting of a horizontal layer of a solid has been
extensively studied by many investigators. In the melting process, the
heat transfer mode in the solid is by conduction, whereas heat transfer
through the liquid phase is by either conduction or convection. The
classical Stephan problem involves heat transfer by conduction
through the liquid phase. An account of this problem and the ana-
lytical solution of Neumann are given by Carslaw and Jaeger [1].1
Numerical treatment of the same problem is given by Murray and
Landis [2]. A majority of solids, except for ice (Tankin and Farhadieh
[3]), when melted from above, exhibit this kind of heat transfer be-
havior. On the other hand, when a solid is melted from below, there
exists an adverse density gradient in the molten layer due to desta-
bilizing temperature gradient. Thus the layer is thermally unstable.
When a critical temperature difference is exceeded, instability sets
in. That is, the buoyant forces overcome the viscous and dissipative
forces, and the layer overturns; thermal convection is the heat transfer
mode. The magnitude of density ratio Ap/p = «AT, involved in
thermal convection problems, is about 1074 Tien and Yen [4], and
Sparrow, Lee, and Shamsundar [5] treated this problem analytically,
whereas Yen [6] and Heitz and Westwater [7] treated it experimen-
tally. These investigators studied, respectively, the temperature
distribution in the melt layer, the effect of thermal convection on the
melt layer, the strength of thermal convection as the melt layer was
forming, and the effect of maximum density on thermal convec-

! Numbers in brackets designate References at end of paper.
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tion.
The present study involves a melting system where the liquid phase

undergoes a different kind of hydrodynamic instability. This system
involves a liquid layer overlying a solid substrate. The liquid layer and
the melted solid are dissimilar and hence have different thermo-
physical properties, but the two media, upon melting of the solid, are
mutually miscible. The density of the liquid layer can be either greater
or less than that of the melted solid. When the density of the liquid
layer is greater than that of the melted solid, the two dissimilar liquid
layers can be gravitationally unstable, even though the layers are
thermally stable. When gravitationally unstable, the liquid system
overturns and the two layers intermix; the resultant convective cur-
rents cause thermal mixing of the layers. We call this double mixing
process “convective mixing.” The process of convective mixing can
affect both the flow phenomenology and the melting rate. In this
study, attention is focused on the effects of variations in density on
the melting rate, downward heat transfer, and flow regime. Effects
of variation in initial conductive depth and temperature difference
have also been investigated. It is believed that enough insight has been
gained to form a basis for the analytical formulation of the problem.
To the authors’ knowledge, this is the first paper of the kind dealing
with the effect of variation of liquid density on the mechanism of heat
transfer in a melting system.

Experimental

Material selection was limited because of the experimental re-
quirements concerning the miscibility of the melted solid and the
liquid layer and the greater density of the liquid layer. Carbowax 1500
was used as the solid phase, and aqueous NaBr or KI solutions con-
stituted the liquid layer. The initial liquid density ranged between
1068 to 1750 kg/m?, which was obtainable by variation of the solute
concentration. The thermophysical properties of both phases are given
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Table 1 Thermophysical properties of experimental materials

U _ e
Melting Thermal Specifie Latent
Dansity, point, Conductivity, Viscosity Heat, Hest
o (kg/n') K PRCTESS) # (Pass) gk Ay G/kg)

SOLID
318 0.2508

1.63 x 10°

Carbowax 1150 at m.p. 34.5 x 1077 2048
1500 1085 ar 323K
SR A S S — -
SOLUTION
NaBr 1064 - 0,540 10661 x 2073 3750 -

1480 - 1.8657 x 10~7 2559 -
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Fig. T Schematic drawing of the test section

in Table 1.

The one-dimensional melting experiment was conducted in an
upright rectangular box (Fig. 1). The sidewalls and the bottom of the
test section were insulated. Glass windows were fitted in the front and
the back of the test section for the observation of interface motion and
for photographic purposes. The liquid-solid interface was horizontal
and had a cross section of 63.5 X 76 mm2, The liquid layer, overlying

Nomenclature

the solid, was deep enough to eliminate the effect of density Change
which was needed to achieve steady-state conditions. The solid wag
deep enough to allow for steady-state measurement. A planar heater,
made of Nichrome wire, was used as the heat source. The heater wqg
suspended a fixed distance d above the liquid-solid interface. The
layer temperature at the heater grid was thermostatically controlleq
throughout the experiment. This temperature was maintained at 4
value AT above the melting point of the solid (21K for the variable
density experiments). An iron-constantain thermocouple was ugeq
to obtain the transient vertical temperature profile through the liquid
phase. Temperature sensitivity of about +0.3K was measured.

Results and Discussion

Fig. 2 is a typical sequence of photographs showing the melting of
the underlying solid when the density ratio of the two media is p,/p,,
= p* = 0,975. The liquid layer above the heater grid is thermally yn.
stable; heat transfer is by convection. The adverse temperature gra.
dient resulting in thermal convection currents is about 0.67 K/mm
(top of the layer is at ambient temperature). On the other hand, the
liquid layer below the heater grid is stably stratified. Heat transfer
through this layer is by conduction. Furthermore, the liquid layer is
at all times less dense than the melted solid, and hence, the system
is gravitationally stable. As can be seen after more than 11000 s (~3
hr), the 10-mm-thick melt layer has not penetrated the liquid layer.
The opaqueness at the interface of the two liquids is caused by gradual
diffusion of the melt into the overlying liquid.

Fig. 3 shows typical temperature profiles in the liquid phase for a
system with the density ratio less than 1.093. The profiles show that
the liquid layer is thermally conductive and convective mixing is not
present in this case.

Fig. 4 is a typical sequence of photographs showing the advance-
ment of the liquid-solid interface for a melting system with a density
ratio p* = 1.160. Melting had not begun at 2193 s. As before, the heat
transfer in the layer above the grid is by convection. Conduction is
the initial heat transfer mode in the layer beneath the heater grid.
Prior to melting, narrow columns extend into the conduction layer
from discreet random sites at the interface. These fingers are grav-
ity-driven flows which appear when the dissolved interface of lighter
density protrudes into the overlying heavier solution. The slight re-
cession of the interface is caused by this gradual mass transfer process.
When melting initiates at about 2200 s, the melt layer, which is lighter
than the conductive layer, begins to overturn with the observation
of short needle-like streamers that increase in number as melting
progresses. At approximately 2800 s, large and small vortices appear
at the outer edge of the streamers. These vortices can best be seenin
Fig. b, which is the enlargement of 2879 s photograph of Fig. 4. These
vortices, which result in thermal mixing of the layer (convective
mixing), increase in intensity as melting progresses. This type of
vigorous mixing results in rapid recession of the interface, i.e., 14 mm
in only 440 s,

Fig. 6 shows typical transient temperature profiles through the
liquid layer for system with a density ratio p* > 1.093. The transient

hg = overall heat transfer coefficient

A = area of the liquid-solid interface

C = constant

C, = specific heat of solid

d = conduction depth—initial distance be-

m = constant

k = thermal conductivity of melt
£ = characteristic length

Nu = downward Nusselt number, hol/k

AT = temperature difference between
melting point and initial temperature of
solid

« = coefficient of volume expansion

tween heater grid and interface
d, = characteristic length, A/P

dz X
— = melting rate
dt

g = gravity
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P = perimeter of the liquid-solid interface

) = downward heat flux

R = Rayleigh number of layer under the grid,
gAp 83 pp*

AT = temperature difference between heater
grid and liquid-solid interface

As = latent heat of solid

P, = liquid density

Doy = melt density

o = pelpsm

x = thermal diffusivity of mixture
v = kinematic viscosity of mixture
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Fig. 2 Sequence of photographs showing the transient advancement of in-
terface in a system of two miscible media; p* = 0.957, d = 17 mm, and AT

=21K

conduction profile at 1800 s characterizes the condition when thermal
mixing has not occurred even though material convection is present.
The flow is characterized by needle-like streamers. The temperature
profile at 2400 s is flat with a sharp gradient at the moving boundary,
and this indicates that the layer is thermally mixed. This is the con-
dition of convective mixing. The flow is characterized by the presence
of vortices.

Fig. 7 shows the transient penetration distance for a melting system
of two different density ratios, p* = 1.09 and p* = 1.16. Prior to the
onset of melting, the penetration rate is controlled by gradual mass
transfer and hence is small. This mass transfer is due to slight disso-
lution of lower density solid with the heavier liquid. After melting has
initiated and the convective mixing is established, this rate increases
to a much higher value. The constant slope of the curve after a pen-
etration of about 15 mm indicates the steady-state condition of the
experiment. Fig. 7 further shows that the penetration rate increases
with p*. Accordingly, the strength of the convective mixing process
is believed to be primarily controlled by p*.

"I'he steady-state penetration rate dz/dt obtained from Fig. 7 is used
to determine the overall heat transfer coefficients for the melting
svstem. Assuming (1) the solid substrate is an insulator (heat is used
entirely for melting), (2) the heat transfer is one-dimensional, and (3)
steady-state conditions are maintained, the melting heat flux is given
by

d
Q= pom(hs + CpATY) 5—?— )

After convective mixing has commenced, the temperature of the
fluid layer becomes uniform (flat temperature profile). The heat
transfer to the liquid-solid interface can be defined as

Q = h()AT (2)
Combining the two relationships, the overall heat transfer coefficient

in terms of melting rate is given by
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Fig. 3 Transient temperature profile in the liquid layer; p* < 1.09

d
ho = pem(\ + CpATS) d—i/ AT ®)

The overall heat transfer coefficient includes the combined effects
of heat and mass transfer. The former causes the melting of solid, and
the latter causes the strong convective mixing which increases heat
transfer. The two effects result in the rapid recession of the interface.
Table 2 gives hg and dz/dt along with other pertinent experimental
parameters.

Fig. 8 shows the steady-state h¢ versus the density ratio p* — 1. This
curve is based on experiments which involve only variations in pg (the
liquid pool density). The strength of the convective mixing which
controls the heat transfer rate to the interface depends on p*, and, as
a result, the overall coefficient of heat transfer increases with p* — 1.
This increase occurs in stages. Below p* = 1.09, the layer is not ther-
mally convecting; the flow is controlled by material convection. The
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flow pattern consists of needle-like streamers protruding from the
conductive layer. For the density ratio p* near 1.09, there exists a flow
transition region where the heat transfer coefficient changes sharply.
As the density ratio increases toward 1.09, the number density of the
needle-like streamers increases. Small and large vortices constitute
the flow pattern which occurs at the upper edge of the streamers.
These vortices thermally mix the conductive layer; thus, the heat
transfer mode of the layer is convection. Except for a sharp gradient
at the interface, the temperature profile in the layer becomes flat. For
p* < 1.09, small and large vortices are concurrent.

Because of the observed behavior, the density regions p* < 1.09,
p* = ~1.09, and 1.09 < p* < 1.25 are designated, respectively, as
laminar, transition, and turbulent flow regime. In addition to these
regimes, there exists an upper turbulent flow region for p* > 1.25.
Convective mixing in this region is very vigorous; only large vortices
characterize the flow pattern. Needle-like streamers are confined to
the vicinity of the liquid-solid interface. The melt layer is washed away
by these vortices as it is formed. The slope of the heat transfer curve
is the greatest in this region. This increase cannot be attributed to any
change in viscosity or thermal conductivity. These quantities are es-
sentially dependent on temperature. Density ratio is the only variable
involved in the construction of Fig. 8 and, therefore, is considered to
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be responsible for the enhancement of heat transfer.

Fig. 9 is identical to Fig. 8 except for the transformation of the ab-
scissa to the Rayleigh number for heat transfer and ordinate to
Nusselt number. The characteristic length scale £ in the Rayleigh
number and the Nusselt number equations is the value dy # A/P. Ap,
the difference between the density of the liquid and the melted solid,
is the only varying parameter in the Rayleigh number and equally hg
in the Nusselt number equation. Since the Nusselt number is in ref-
erence to the heat transported to the substrate solid, it is defined as
downward Nusselt number. Correlations (see [8]) for laminar natural
convection (Nu = 0.54 R%25) and for turbulent natural convection (Nu
= .15 R1/3) appear in this figure. Because of the analogy between heat
and mass transfer, these correlations can be applied to either heat or
mass transfer problems. In the usual Bénard-Rayleigh problem in-
volving either heat or mass transfer, the transition from laminar to
turbulent convection results in a small change of slope and occurs at
a Rayleigh number o~ 8 X 10° (see Fig. 9). Furthermore, turbulent
convection continues on the same slope for Rayleigh numbers as high
as 101 [see [9]]. The laminar and turbulent regimes found in this study
are separated by a transition region. Transition from laminar to tur-
bulent convection occurs at a Rayleight number of about 1.5 X 10°
However, the slopes of the correlations and the experimental data are
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Fig. 6 Transient temperature profile in the liquid pool; p* > 1.08

very similar. The region of strongly enhanced heat transfer is not
present in the standard Bénard-Rayleigh type problem.
Penetration rate as a function of both the initial conduction depth
(layer thickness under the heater grid) and the temperature difference
hetween the heater grid and the melting point of solid are shown in
Fig. 10. In the tests when conduction depth was the only variable, the
initial liquid density and the temperature difference were fixed at
about 1350 kg/m? and 21K, respectively. The conduction depth is
varied by raising or lowering of the heater grid. The penetration rate
was found to increase slightly with increasing depth; 83 percent in-
crease in conduction depth increases the melting rate (or melting heat
transfer) only by about 28 percent. This increase is attributed to the
smaller stabilizing trmperature gradient that exists across the thick
conductive layer depth d. Thus, the layer offers a lesser resistance to
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Table 2 Tabulation of experimental parameters and results
Density Temperature Cond. Melting Heat Transfer
differences Depth Rate Coefficient
o AT d dz/dt b
(kg/m®) (®) (m) (m/s) M/m? - K)
1099 23 0.017 3.080 x 107° 32.90
12 21 0.017 4,400 x 107° 47.00
1146 21 0.017 6.994 x 107° 74.70
1150 21 0.017 7,294 x 107° 77.90
1182 21 0.017 1.760 x 107° 188.00
1194 21 0.017 8.239 x 107° 88.00
1194 21 0.017 1.133 x 107 121.00
1195 21 0.017 1.114 x 107° 119.00
1197 21 0.017 1.591 x 107 170.00
1205 21 0.017 2.397 x 107 256.00
1210 21 0.017 2.415 x 1077 258.00
1217 21 0.017 1,451 % 1070 155.00
1233 21 0.017 2.481 x 107 265.00
1237 21 0.017 2.677 % 1070 286.00
1280 21 0.017 2,696 x 107 288.00
1350 21 0.017 3.080 x 107> 329.00
1423 21 0.017 4.204 x 107 449.00
1430 21 0.017 4.597 x 107> 491.00
1488 21 0.017 5.149 x 107° 550.00
1489 21 0.017 5.496 x 107 587.00
1613 21 0.017 6.404 x 107 684.00
1390 21 0.044 4.600 x 107° 491.28
1390 21 0.034 4,100 x 107° 437.88
1390 21 0.025 3.750 x 107> 400.50
1390 21 0.017 3.500 x 107> 373.80
1390 21 0.008 3.300 x 107° 352.44
1450 16 0.040 2.650 x 107° 371.460
1450 21 0.040 4.900 x 107° 523.315
1450 24 0.040 5.950 x 107> 556.022
1450 29 0.040 8.150 x 107 630.298
1450 37 9.040 1.050 x 107° 636.464

thermal mixing which amounts to a more vigorous convective mixing.
The resultant melting heat transfer and, hence, the melting rate is
increased.

When temperature difference was the only variable of the experi-
ment, the initial conduction depth and layer density were fixed at 40
mm and 1450 + 5 kg/m3, respectively (p* = 1.32). As can be seen from
curve (b) of Fig. 10, the penetration rate increases with temperature
difference. The increase is caused by an increase in the temperature
driving force and, possibly, by a decrease in viscosity.

Conclusion

The melting system under study was found to be highly sensitive
to density differences. When the density ratio p* <1, the system is
gravitationally stable as well as thermally stable. When the density
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ratio p* > 1, the system, although thermally stable, becomes gravi-
tationally unstable, and convective processes are initiated. Three
discreet regimes of behavior have been found for this case.

In the range of density ratios p* < 1.09 (Rayleigh number < 1.5 X
108), the flow regime appears to be laminar and is characterized by
needle-like streamers of low density which penetrate the overlying
liquid.

When the density ratio is equal to 1.09, there is a sharp transition
to a turbulence region that is characterized by the presence of vortices
which results in considerable increases in heat transfer and melting
rate.

When the density ratio is equal to 1.25, there is a transition to a very
vigorous turbulent regime characterized by an increase in vortex size
and an increase in the slope of the plot of heat transfer coefficient
versus density ratio minus one.

The heat transfer and melting rate were found to be weakly de-
pendent on the initial conduction depth. However, they increased in
approximately linear fashion with increasing temperature differ-
ence.
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Fig. 10 Penetration rate as a function of initial temperature difference and
initial conclusion depth; curve (a) py = 1390 kg/m® and AT = 21°K, Curve
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Introduction

Inertial confinement is one approach to the production of energy
from thermonuclear fusion. Conceptual designs for commercial power
reactors which utilize this mechanism are currently being developed
[1].3 Fusion is achieved by focusing high intensity laser beams of short
duration onto a small deuterium-tritium pellet injected into the center
of the reactor cavity. The absorption of this laser light by the pellet
causes compression and heating of the fuel until ignition conditions
are met. Upon ignition a microexplosion occurs in which thermonu-
clear energy is released. The process is repeated at a rate of 1-20 Hz
with energy yields of 100-1000 MJ per pellet depending on system
design. This pulsed energy is captured in the cavity walls surrounding
the microexplosion and is transferred to the working fluid of a suitable
power cycle.

The energy release from these microexplosions is partitioned be-
tween neutrons and other products of the fusion reaction, unburnt
fuel, pellet constituents, reflected laser light, and high energy photon
radiations (gamma and X-rays). The cavity walls surrounding the
microexplosion will be subjected to these pulsed high-flux irradiations.
Typieally, the reactor cavity is a few meters in radius. At such dis-
tances, the reflected laser light and X-rays will first arrive about 10~20
ns after the burst, followed by the neutrons around 100 ns, the fast
ions at approximately one us, and finally the slower debris for as long
as ten us from thermonuclear burn.

These radiations will deposit their energy in the first wall and
surrounding blanket. The high deposition rates will result in large
temperature excursions at the exposed surface. If these depositions
arve sufficiently short in duration, thermoelastic stress waves can be
generated which could induce spallation at both the exposed and rear
surfaces. In addition, the combination of temperature transients and
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2 Member Technical Staff, Sandia Laboratories, Albuquerque, N.M.
3 Numbers in brackets designate References at end of paper.
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Assessment of Surface-Heating
Problems in Laser-Fusion Reactors

The surface-heating problems associated with the pulsed photon and ion irradiations of
the first walls and liners of inertially-confined fusion reactor cavities are investigated.
Analytical models for predicting the thermal response of these surfaces as a function of
the different design and operational parameters of the system and the nature of the inci-
dent irradiations are developed. The effectiveness of residual gas as a means for pro-
tecting the wall from the ions and soft X-rays is assessed.

radiation damage rates can result in other effects including evapo-
ration, sputtering, blistering, and swelling. All these effects serve to
limit the lifetime of the reactor first wall. For dry-wall type cavities,
the surface-heating and ablation of the first wall (or its protective
liner) by the soft X-rays and charged particles emanating from the
pellet and by the reflected laser light may be the limiting factors in
determining the necessary cavity size to contain the microexplosion.
These photons and charged particles have a relatively short range
(penetration depth), and, as a result, the surface temperature of the
wall may rise sharply after each pulse. The high-energy neutrons
produced by the microexplosion produce an insignificant temperature
rise in the first wall because of their long range. The ions arrive at the
first wall much later than the photons so that the surface temperature
excursion produced by the photons would be significantly reduced
when the ions arrive.

Calculations of the implosion of bare D-T pellets indicate that
approximately one percent of the energy yield is in the form of X-rays
[1-5]. Structured pellets may produce higher X-ray fractions with
softer spectra. This tends to exacerbate the surface-heating problem,
since softer X-rays have a shorter range. The majority of these X-rays
are produced during the thermonuclear burn which lasts about 10 ps,
however, for structured pellets, the X and gamma radiation occurs
over a longer time interval [1,4].

A significant portion (15-25 percent) of the energy yield from the
microexplosion is released in the form of energetic charged particles.
For some pellet designs, the alpha particles escaping from the pellet
may carry as much as one-third of that energy; the remainder is as-
sociated with the pellet debris. The arrival times at the first wall of
free-streaming charged particles and of the debris plasma depend on
chamber geometry and dimensions, and on the kinetic energy and
spectra of the particles. These times are also affected by the presence
of a magnetic field or significant amounts of residual gas in the
chamber. Knowledge of the spatial energy deposition as a function
of particle energy, and the arrival time of each particle is necessary
for evaluating the thermal response of the wall.

A significant fraction of the incident laser light can be reflected from
the DT plasma surrounding the pellet before the critical plasma
density is reached [2]. This reflection may persist for time periods of
the order of 100 ps. Similar to the X-rays and charged particles, the
reflected laser light will result in rapid surface heating in the first wall
because of its short range.
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The purpose of this investigation is to develop general models for
predicting the thermal response of laser fusion reactors first walls to
the pulsed photon and ion irradiation. Upon determination of the
surface temperature histories, the numerous associated effects which
limit wall lifetime can be evaluated.

The response of unprotected dry walls is first investigated. A gen-
eral model for evaluating the temperature response of a wall subjected
to pulsed photon irradiation is developed. This model is applied to
the reflected laser light and different X -ray spectra. Another model
for evaluating the temperature response of a wall subjected to pulsed
ion irradiations is developed. This model incorporates the slowing
down properties of ions for which the range is always much less than
the wall thickness.

The second part of this paper deals with the effectiveness of residual
gas as a means for protecting the wall from the ions and soft X-rays.
The wall thermal response to the transmitted photons is determined.
A model is also developed for evaluating the wall thermal response
to the pulsating heat flux radiated by the gas.

As an application to the results obtained here, the surface tem-
perature histories are used to estimate the wall evaporation rates for
typical system parameters.

Thermal Response of Unprotected Dry Walls

Response to Photon Irradiation. Reactor cavities are either
spherical or cylindrical with diameters considerably larger than the
first wall or liner thickness. Hence, the wall (or liner) can be repre-
sented by a slab as shown in Fig. 1(a). If the pressure inside the cavity
is sufficiently low, the photons will not be attenuated and will deposit
their energies directly in the liner. Under these conditions, radiative
and convective heat flux at the liner’s inner surface can be ignored.
The outside surface can be assumed to remain at a constant temper-
ature T'p throughout the transient. This condition can be physically
realized if the thermal time constant of the linear is considerably
larger than the time between pulses. Under these conditions, the
pulsating volumetric heating loads are damped, and a constant heat
flux is radiated or convected from the back surface. The initial tem-
perature distribution in the liner is assumed to be uniform and equal
to To. This assumption should not affect the periodic steady-state
solution in which we are interested.

For a pulsating flux of monoenergetic photons, the volumetric heat
generation rate, g, can be represented by:

g(x,t) = (goe™#*)f(t) 1

where go is the volumetric heat generation rate at the surface, u is the
absorption coefficient, and f(¢) is the on/off control function shown
in Fig. 1(b). The time between pulses and the pulse width are assumed
to be constant and equal to w and ke, respectively. The surface heat
generation rate gg is related to the incident flux ¢, absorption coef-
ficient u, and photon energy e by the relation: go = ¢ou ¢p. The inci-
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Fig. 1 Schematic representation of the liner and time dependence oi the

volumetric heat generation function f(#)

dent flux ¢g is assumed to remain constant during the “on” period so
that gg is not a function of time. It is a straightforward matter, how-
ever, to extend the analysis to include any temporal flux varia-
tions.

We introduce the nondimensional variables:

u= (T — To)/[(go/p)kw/pcL], £ = x/L, and 0 = at /L2 (2)

In equation (2), the nondimensional temperature u(£,8) is the ratio
between the actual temperature rise and that obtained if the incident
photons’ energy were to be deposited uniformly and adiabatically.
In terms of these nondimensional variables, the heat conduction
equation, boundary conditions, and initial condition for the above
stated problem are:

d%u du
—+ F@) = — 3
ac2 QUBF®O) = — (3a)
%% (0,0) =0, and u(1,8) =0 (3h)
u(£0)=0 (3¢)

The nondimensional heat generation function @(£) is given by: Q(£)
=Ae ;0 <f<1,where A4 =b/kQ,b=ulL, and Q = aw/L2 The on/off
function F(6) is shown in Fig. 1(b).

The periodic steady-state solution, @ (&, 0), for the above stated
problem is given by:

B © 2n — 1 b2
u(g,0)=zzcos[< >,Tg
n=1 2 9n —1 \2
b2+< 5 7r>

2n — 1 . /2n—1
X[1+e‘b< /.>sm< 7r>]
2b 2

A = parameter defined after equation (3)

b = nondimensional absorption coefficient

¢ = specific heat

(' = ion slowing down parameter defined in
equation 9

E = particle energy

E, = incident particle energy

f(t), F(8) = on/off control function in Fig. 1

4, 8o = volumetric heat generation rates

G = Green’s function

k = thermal conductivity

L = wall thickness

M = molecular weight

N = number of complete pulses prior to ¢
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n = evaporation rate

p = vapor pressure

(q) = average heat flux

q, o = surface heat flux

€ = nondimensional heat generation func-
tion

S(E) = particle energy spectrum

t = time

T = temperature

Ty = back surface temperature

u, Ug, up = nondimensional temperature

x = position coordinate

xm = particle range

« = thermal diffusivity

8 = nondimensional pulse width for surface
heat flux model

dw = time after end of previous pulse

¢p = photon energy

{; = parameter defined in equation (6)
= nondimensional time

x = nondimensional pulse width

u = absorption coefficient

¢ = nondimensional position coordinate

p = density

7, 7% = reference time for exponentially-
decaying surface heat flux

w = time between pulses

Q = nondimensional time between pulses
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+ 0<s6=<x) (4

2n =1 \2
9XP[< ‘ﬂ'> KQ]—l
2
2n—1 \2
e[ (')

In equations (4) and (5), the fraction § is defined by: § = (N + §)Q,
where IV is an integer much larger than unity.

Equations (4) and (5) can be used to determine the nondimensional
transient temperature distribution in the liner resulting from the
pulsating exponential heat deposition given by equation (1), After
a large number of pulses, the surface temperature will vary in a cyclic
manner between a maximum value, tmayx, at 6 = «x and a minimum
value, Umin, at 6 = 1. These temperature extremes are of particular
significance when estimating the stress levels produced in the liner.
These are necessary for determining whether spallation will take
place.

For small values of ©, i.e., when the time constant of the liner is
considerably larger than the time between pulses, 1y, will depend
only on the nondimensional absorption coefficient b, while t pax Will
depend on both b and the nondimensional pulse width «. Plots of tmin
and U mayx as functions of b and « for = 0.01 are shown in Fig. 2. These
results are quite general, inasmuch as they can be used for arbitrary
geometry, material, absorption coefficient (i.e., photon energy),
repetition rate, wall loading, and pulse width. In the following, we
show how these results can be directly used to determine the surface
temperature rise produced by the reflected laser light for different
lasers and pellet “reflectivities.” The results shown in Fig. 2 are also
used, along with superposition techniques, to determine the surface
temperature rise produced by the X-rays emanating from the mi-
croexplosion. A slab model is used here in order to accommodate high
energy photons for which the mean free paths may be of the same
order as the wall thickness.

Temperature Rise Produced by the Reflected Laser Light.
For low-energy photons, the attenuation coefficient u in the expo-
nential heat deposition curve of equation (1) may be estimated by
considering the attenuation of electromagnetic radiation in a homo-
geneous, isotropic, conducting medium with zero surface reflectivity.
The result is u = 8x/X where A is the wavelength [6]. Therefore, the
results shown in Fig. 2 can be readily used to determine the surface
temperature rise produced by the reflected laser light for a given
system geometry and operating conditions.

A 6.5 mm thick graphite liner in a 12 m diameter cavity is consid-
ered. For a 1 MJ laser with a repetition rate of 20 s~! and a pellet
“reflectivity” of 15 percent, the surface temperature rise is plotted
in Fig. 3 for different laser wavelength and pulse width. These results
can be easily used for other conditions, since ATgurface is linearly
proportional to the incident flux. It should be emphasized that the

k<8=<1) (5)
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Fig. 2 Variation of the nondimensional surface temperature with pulse width
and nondimensional absorption coefficient
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Fig. 3 Variation of the surface temperature rise produced by the reflected
laser light with wavelength and pulse duration (6.5 mm thick graphite
finer)

results shown in Fig. 3 do not account for any evaporation which may
take place at the liner surface. Fig. 3 is quite valuable, inasmuch as
it allows us to estimate the maximum tolerable pellet reflectivity
corresponding to the onset of liner sublimation or spallation.

1t should be emphasized that the results shown above assume a
totally absorbing first wall. If the wall reflectivity is not zero, the wall
will be subjected to a series of pulses with decreasing amplitudes
separated by the photon transit time across the cavity. The model
developed above (equations (4) and (5)) can be easily extended to solve
this problem. The absorption coefficient should be modified to ac-
count for the nonzero reflectivity. The general solution is given by the
sum of the contributions of the original pulses and the subsequent
reflected pulses shifted in time by multiples of the photon transit time
across the cavity.

Temperature Rise Produced by the X-rays. It isimportant to
be able to determine the thermal response of the liner when subjected
to a pulsating photon source with an arbitrary spectrum. This task
can be readily accomplished by extending the solution for monoen-
ergetic photons by means of superposition techniques. The X-ray
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spectra produced by the microexplosions are approximated by
black-body radiations in the range of 0.1-2.0 keV. This range is suf-
ficiently wide to cover pellet designs of interest.

The spectrum is divided into M bands with average photon energies
&,1=1,2,..., M. Let {; be the fraction of the incident energy within
band i so that:

Ik

i=1 (6)

13
The surface flux from the pulsating black-body source is given the
symbol S so that the incident energy within a single pulse per unit
surface area is equal to Skw. We assume that the incident photons
within the different bands will result in exponential heat deposition
curves with absorption coefficients w;, { = 1, 2, ..., M, so that the
corresponding net heat generation rate g(x, t) can be represented
by:

M
glx, t) = f(0)S 3 e mix %
i=1

The linearity of equations (3a, b) allows the superposition of
monoenergetic results so that:

M
u(g, 0) = 37 (g, 0) 8
i=1

where u; (£, ) is the solution to equation (3a-c¢) given by equations (4)
and (5) with b equal to b;.

For graphite, the absorption coefficients are curve-fitted for five
ranges of photon energies: (0.01-0.284 kev), (0.284-0.80 kev),
(0.80-4.00 kev), (4.0-20.0 kev), and (20.0-100.0 kev) using relations
of the form [7]:

4
(u/p)em?/g) = 3 aj/ep’
j=1

where ¢, is the photon energy in kev. The constants a;, j = 1-4 for the
five ranges of photon energies are given in {7).

A 6.5 mm thick graphite liner in a 12 m dia cavity is considered. For
a pellet yield of 150 MJ, a repetition rate of 20 s~1, and an X-ray
fraction of 1 percent; the periodic surface temperature rise is shown
in Fig. 4 for different black-body temperatures and pulse durations.
Obviously, softer spectra produce higher surface temperature jumps
because of their shorter range. The case x = 0 corresponds to instan-
taneous deposition of the X-ray energy into the liner.

Again, it should be emphasized that the results shown in Fig. 4 do
not account for any evaporation which may take place at the liner
surface. However, these results should help in determining the con-

3
5x10 T T T
YIELD =150 MJ
3 X-RAY FRACTION={% B
3 CAVITY DIAM. =12 m
10+ LINER : CARBON —
03 L
©
o
.g o 4
3 -8
o 2 1077 (0.5 ns}
=10 ~
< -6
107 (50 ns)
NO GAS |
10 | 1 1
[¢] 0.5 1.0 1.5 2.0

BLACKBODY TEMPERATURE (keV)

Flg. 4 Variation of the surface temperature rise produced by the X-rays with
black body temperature and pulse duration (6.5 mm thick graphite liner)
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ditions corresponding to the onset of liner sublimation or spalla-
tion.

Thermal Response to Pulsed Ion Sources With No Residua}
Gas. The thermal response of the wall (or liner) to ion pulses can be
determined upon knowledge of the spatial energy deposition as 3
function of particle energy and arrival time of each particle. A mode]
has been developed whereby a given spectrum of particles is initiated
at the cavity center and each particle is allowed to propagate uncol-
lided to the point of impact. The resulting particle arrival density is
combined with their slowing-down characteristics to yield the spatial
and temporal distribution of energy deposition. This, in turn, is used
to determine the thermal response of the wall.

The particle energy loss is usually calculated as a function of its local
kinetic energy. For electronic losses described by modified Lindhard
(LSS) slowing down model [8], the rate of energy loss is given by

d——E_= - <EE;>1/2 ©

where C is a slowing down parameter determined for I.SS theory. For
a particle with incident energy E1, equation (9) can be transformed
from spectral to spatial dependence as:

dE xC? Eq\1/2
—(x)===—=-0C (——1> (10)
dx 2E0 EO
The particle range, x,, (E1), is given by:
2(E E )1/2
i (Ey) = --———"Cl (1)

The particles from a pulsed source will arrive at a given location
with an arrival density function f(t) given by:

ﬁf(t)dt=—£S(E)dE

Here, the integral is equal to the total number of incident particles
per unit surface area, and S(E) is the particle energy spectrum at x
= 0. If the kinetic energy of the particles is primarily directed along
the propagation axis (i.e., small thermal component), the arrival
density would be given by:

f@t) = 25(E) E32/B (13)

where B = 2.284 X 10-8RA /2, Here, R is the distance travelled by the
particles (i.e., cavity radius) in meters and A is the particle mass in
amu.

The volumetric heating rate is related to the arrival density function
by: g(x, T) = f(¢)dE/dx(x). Therefore,

(12)

A 9BE1/2
glx, t) = f(t) [—1 — Az x]; x <
t Ct
(14)
=0, 2BE1/2
x>
Ct

where A1 = (CB/EoY2), Ay = C2/2E, and (B/VEmax <t < B/NEmin)-
Here, E nin and E a4 are the limits of the spectrum.

For a semi-infinite solid with an insulated boundary at x = 0, and
volumetric heat source g(x, £), the transient temperature distribution
is given by [9]:

/t/
T(x,t) = f f 8L et ) dde
t x pc

where G is Green’s function given by:

Glx,t,x't) = fexp [—(x — x")2/da(t — t')]

1
WVralt =)
+ exp [~(x + x)¥/4da(t — t")]|

For the volumetric heat source given by equation (14), the above
equation yields:

1 Emax
16,0 == ﬁ e )

in
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+ Qa(t7,t, x) + Qa(t’,t, x)}dt’  (15)
where
A
it L, x) = ;t" ferf (Fy) + erf(Fg)i,
Aox N
Qe t, x) = 5 {erf(Fg) — erf(Fy) — 2 erf(Fo)],
\/ — ’ ;
Qalt' tx) = Az—fl(é-—t—)— [e=FP+ e F? — 2e %),
T
Fo=x/2Valt =t'), F1= (xm = x)/2V2alt — 1),
Fo= (xm + x)/2V3a(t — t'), and x,, = 2BEY?/Ct’.  (16)

The foregoing analysis has been carried out for intermediate energy
jons characteristic of pellet debris which can be described by the
modified Lindhard slowing down model [8] (equation 9). For heavier
ions, the inclusion of nuclear stopping will alter the deposition profiles
to be more spatially uniform. Incorporation of this effect yields a result
similar to equation (15). In all cases, the time integral is performed
numerically, so that arbitrary spectra can be accommodated. The use
of the semi-infinite solid model to predict the temperature response
of the liner to ion irradiation should be quite accurate since the ions’
range is extremely short compared to practical wall thicknesses. On
the other hand, a slab formulation has been used for photon irradia-
tions to accommodate high energy photons’ attenuation when the
mean free paths are of the same order as the wall thickness.

Results are shown for 200 kev Maxwellian spectra in a 12 m dia
cavity. the thermal response of a graphite wall bombarded by helium
particles is shown in Fig. 5. These results have been normalized to an
ion wall loading of 1 J/cm? per pulse. Ion fluxes for conceptual laser
fusion reactors can be much higher than 1 J/cm? per pulse [1]. The
resulting temperatures would be too high for wall survival and pro-
tective measures must be employed. In the following, we shall inves-
tigate the effectiveness of residual gas as a means for protecting the
wall from the ions and soft X-rays emanating from the microexplo-
sion.

Effect of Residual Chamber Gas.

The gas pressure inside the reactor cavity has to be sufficiently low
to allow laser propagation and focusing onto the pellet. Neon has the
highest laser-induced gas breakdown threshold followed closely by
helium [10]. Thus, for a given laser intensity, neon can be maintained
at the highest pressure and still transmit the laser beams. For exam-

] ] ] I
n = 2.25%10PARTICLES/enf|
— R=6m —
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(1 J/em?)
600
o
¢ L
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4}
o
W 400—
o
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o
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=
i
=
200|—
o i [ | |
() i 2 3 3 5 6

TIME (pusec)

Fig. 5 Temperature response of a carbon wall bombarded by hellum ions.
(lon wall loading is normalized to 1 J/cm? per pulse.)
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ple, for 1 um light with an on-target intensity of 1016 W/cm?, the re-
actor activity can be filled with neon at a pressure of about 1 torr. At
such pressures, the gas can significantly modify the X-ray spectra
incident on the wall by absorbing the low-energy X-rays (Fig. 6).
These photons would have produced high surface temperature ex-
cursions because of their short range. The wall will, therefore, be
subjected to harder X-ray spectra than those produced by the mi-
croexplosion.

Typical results showing the surface temperature rise produced by
the modified X-ray spectra for different gas pressures and black body
temperatures are shown in Fig. 7. These results are obtained using
equation (8) after modifying the values of {; to account for X-ray
absorption in the gas. They pertain to a 6.5 mm thick graphite liner
in a neon-filled, 12 m dia cavity with a zero pulse width. The results
are plotted against the black body temperature characterizing the

0.15 T ,
NEON
R=6m
T = 2000°K
< €pp= 0.5keV
[}
4
| 0 EE— (¢}
NE 10 \-———— p =1 torr
S ——— p =5 torr
g \
2 \
v \
0.05 \\ |
\
\
\
\
A\
N\
0 l !
0 3 4 5
€ (keV)

Fig. 6 Modified spectra as a function of gas pressure for a 0.5 keV black body
radiation (1he discontinuities result from K-edge absorption in neon)
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Fig. 7 Varlation of the surface temperature rise produced by the modified
X-ray spectra with gas pressure for a zero pulse width (6.5 mm thick graphite
liner; the black body temperatures refer to the original spectrum}
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original spectrum produced by the microexplosion. These results show
that gas protection can be quite effective, especially if the X-rays
produced by the microexplosion are soft as may be the case with
structured pellets [1,4].

In addition to absorbing the soft X-rays, the gas can stop the ions
produced by the microexplosion. If the wall radius exceeds the mean
ion range in the gas by approximately a factor of two, all the ions’ ki-
netic energy will be deposited in the chamber gas. The neon pressure
corresponding to a mean range of six m is shown in Fig. 8 for a variety
of ions. These data are based on ion range calculations using Lindhard
theory in the EDEPI code [11]. These results indicate that most of
the nonhydrogenic pellet constituents can be stopped in the gas at
sufficiently low pressures.

The energy deposited in the gas by the X-rays and ions will be re-
moved by radiation to the chamber walls and gas ejection through the
vacuum system. (A steady stream of cold gas is allowed into the sys-
tem.) Unless the energy is radiated to the wall over a sufficiently long
period, excessive surface heating and ablation will result. The tem-
poral distribution of the radiant heat flux depends on the radiation
transport through the gas, as well as its ionization state. Here we
consider the two limiting cases shown in Figs. 9(a) and (b). For case
(a), the radiant heat flux during each pulse is assumed to remain
constant and equal to go over a period fw, where w is the time between
pulses. For case (b), the surface heat flux during each pulse is assumed
to decay exponentially, so that for the (N + 1) pulse: ¢ = g, exp[—(¢
— Nw)/7}; No < t < (N + 1w, where 7 is a reference time.

[ 1 T T
NEON N
R=6M 2
|0l T =2000°K N
t .
S 0.8 N
o
&
& o8- —
0
L
o 0.4 S8
a. oo
2
o 02— -
0.0 l L | |
0.0 100 200 300 400 500

ION ENERGY (kev)

Fig. 8 Neon pressures corresponding to a mean range of 6 m for a variety
of ions

qit) = qoe‘(f—Nw)/T
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et ——]
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“4l3w o ——|

(a) (b)

Fig. 9 Schematic diagrams showing the two surface heat flux distributions
considered in this investigation
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The thermal response of a finite slab of thickness L subjected tq
a sequence of these heat flux pulses can be readily obtained by ejther
superposition or variation of parameters techniques [9]. The back
surface of the slab (x = L) is assumed to remain at a constant tem.
perature To. For case (a), the periodic steady-state solution g, (¢, g)
is given by:

cos

g (£, 0) =2 Z
m=0 <2m +1

2 “)2
o= [ (5 a0 ] e [ (5
[ [ (757)"2] 1]

+ ‘1—exp— [(2’—”211—@259]} <6< (1)

7r>25<.z] - 1]

and,

2m + 1
WE)

i 2
da(, 8) =2 3

m=oW

9

gexp [(2'”; ! w)zfm} - 11 {exp [(2'"; ! 7r)2 (- a)sz]]
[ewn [ (%57 7) 0= 1]

Here, the nondimensional temperature u, (£, 8) is defined by: u, = (T
— To}/goL/k. The variables £, 8, Q, §, and 8 have been defined before.
The above analysis is valid when the pulse length, Bw, of the surface
heat flux is longer than the ions’ slowing-down time in the gas.

For case (b), the periodic steady-state solution (£, 0) is given

B<a21)

by:
cos <2m2+ 1 7"5)

ap(t, 0) =2 zo T

m= m i

[< 2 W) o ]
{exp [(2’" 1 7r>2 (1~ 5)9]} fexp — [27%] — 1}
exp [(Qm;- 1 7r>2 Q- 1:”
+exp —[60r*]} (19

where 7* = L%/ ar, and up = (T — To)/(qoL/k).

Typical results showing the surface temperature rise in a graphite
wall subjected to a train of heat flux pulses with average wall fluxes,
{q), of 150 W/cm? for types (a) and (b) are shown in Figs. 10 and 11,
respectively. These results do not account for any evaporation which
may take place at the surface. It is obvious that the surface temper-
ature rise, and hence the maximum surface temperature, will decreasé
as the pulse width is increased. For the case shown, in order to prevent
excessive evaporation and spallation of the wall, the energy deposited
in the gas has to be radiated over a period = ~1 ms. This, in turn, can
be used to determine the necessary amount of gas in the chamber to
provide such a long cool-down period. An increase in the chamber gas
pressure will lengthen the energy reradiation time from the gas. The
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Fig. 10 Variation of temperature rise produced in a graphite wall by a train
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Fig. 11 Variation of temperature rise produced in a graphite wall by a train
of exponentially-decaying heat tlux pulses ({1 geccent is the time required for
the surface heat flux to drop to 1 percent of its maximum value; {1 pecent = 4.61
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ions will be stopped in a shorter distance; however, the gas will be
heated to a lower temperature since a larger number of gas atoms are
present. Also, the presence of a blanket of cold gas near the wall should
increase the cool-down time since the gas will not be totally trans-
parent.

Fxample—Estimation of Surface Evaporation Rate. The
evaporation rate from a surface at temperature T can be estimated
from the equilibrium vapor pressure p of the solid material above the
surface. The evaporation rate nn(T) is given by [12]:
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Fig. 12 Variation of amount of material evaporaied during a pulse for a carbon
wall with no gas protection (2 = 0.01, 0.02, 0.05 correspond to a wall thick-
ness of 6.5, 4.5, and 2.9 mm, respectively)

(20)

. 35X 102 p <at0ms>
n(T) = _—

vM VT

where M is the molecular weight, p is in torr, and T is in K. This model
is only strictly valid under equilibrium conditions. Also, for many
materials, the right-hand side should be multiplied by a nonunity
vaporization coefficient. However, equation (20) can be used to obtain
an upper bound for the evaporation rate under the present condi-
tions.

Vapor pressure data for several first wall materials are given in [12].
With knowledge of the surface temperature history and the corre-
sponding vapor pressure, one can determine the evaporation rate as
a function of time. These can be integrated to determine the amount
of material ablated per pulse (Fig. 12). These results indicate that
unless some means for wall protection is provided, excessive evapo-
ration can take place.

cm?s

Conclusions

General models for evaluating the thermal response of the first wall
(or its protective liner) produced by the X-rays and charged particles
emanating from the pellet and by the reflected laser light have been
developed. These models are quite general inasmuch as they can be
used for arbitrary geometry, wall material, spectra, repetition rate,
wall loading, and pulse width. The results are presented in a para-
metric fashion so that the maximum tolerable limits, e.g., pellet “re-
flectivity”, X-ray fraction, or ion wall loading, corresponding to the
onset of liner spallation or sublimation can be determined.

The effect of residual chamber gas on X-ray spectra and ion-stop-
ping has been examined. Gases such as neon at ~1 torr are observed
to significantly reduce the direct X-ray heating and to stop the en-
ergetic ions. The reradiation of this energy can, however, produce large
temperature excursions, unless the energy is radiated over a suffi-
ciently long period (~1 ms).

Evaporation rates from the temperature histories of the above
models indicate that materials such as carbon can suffer a significant
amount of material loss unless some protection measures are pro-
vided.
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Introduction

Transient particle-fluid heat transfer, as represented by the clas-
sical calorimeter problem [1-4],3 is a controlling mechanism in many
granulate-fluid processes associated with fluidized and spouted beds
[5, 6] or moving-bed regenerators. In fact, some of these processes [7,
8] can be described by exactly the same equations as the above batch
problem. The neglected particle-particle interaction would lead to
some inaccuracy of the results, but frequently this is more than
compensated by the advantages of an analytic over a numerical so-
lution,

For modeling purposes, one may often sacrifice some accuracy for
the sake of having available a simpler result. Common simplifications,
introduced in this type of analysis, are the negligibly small intrapar-
ticle or particle-fluid resistance—both these cases are well-docu-
mented in the standard literature. But the error inherent in such
simplified treatments is largely unknown. From the little information
available [8, 9] one cannot decide, in general, for which process con-
ditions the simpler results will provide sufficiently accurate answers.
Such information requires the comparison of these results with the
solution to a generalized version of the calorimeter problem, which
considers a sphere of finite thermal diffusivity in exchange with a fi-
nite extent of fluid and subject to a finite film resistance at the
solid-fluid interface. The mathematical details of this solution have

! Present address: Balcke-Duerr AG, 4030 Ratingen, Germany.
2 Present address: CERG-CSIR, Pretoria 0001, South Africa.

d Numbers in brackets designate References at end of paper.
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On the Analogy Between the
Calorimeter Problem and Some
Granulate-Fluid Exchange
Processes

The solution to a generalized version of the classical calorimeter problem approximates
the behavior of certain continuous exchange processes between particulate solids and a
fluid. For modeling purposes, the much simpler energy-balance solution has obvious ad-
vantages, although it only holds for negligible intraparticle resistance and thus predicts
too short contact times. An error diagram provides a quantitative comparison between
those two results as a function of the two pertinent system parameters.

been discussed before [10, 11} but the result somehow seems to have
escaped the traditional heat-transfer literature. This is possibly due
to the fact that in these references the present problem emerges as
a particular case of a mathematically more complicated problem of
quite a different physical significance (see reference [11]). It may
therefore be adequate to summarize the mathematical procedure
before discussing the effect of the various simplifications as well as
some applications.

Calorimeter Problem

In physical terms the system is represented by a spherical particle
of diameter 2R and initial temperature T being immersed in a finite
volume of fluid of initial temperature Tfo. The system is perfectly
insulated against the surroundings, and energy is exchanged between
the two phases subject to a constant film coefficient h. The latter
assumption effectively divides the fluid into a bulk part of uniform
but time-dependent temperature Ty(¢) and a part forming a uniform
boundary layer around the solid particle. It is thought that a moder-
ately agitated solid-fluid system would follow this description rea-
sonably well.

In mathematical terms the exchange process is given by the fol-
lowing equations (see nomenclature for notation):

o8 1 2 of
o (P 5) “>
fx,7=0)=0, (2)
% =0, 3)
ox lx=0
-:—i o = —Bi(f; — 0/), (4)
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and
b Y
Lo, (5)
A1 or
where
N 1
B(r) =3 f 6xdx )
0
is the integrated average solid temperature,
hR
€= gnd Bi= M, ®)
me k

are the two pertinent system parameters.
From equation (5) one obtains the relationship between fluid and
average solid temperature,

_1+C-
C

The Laplace transform of equation (1) can be solved in terms of the

surface temperature, which in turn is eliminated by use of equations

(4), (6), and (9). Thus, for the temperature in the Laplace domain (for
details see reference [10]),

Of 9

~ Bi(1 + )
(3Bi + Cs)v/s coshv's + [Cs(Bi — 1) — 3Bi] sinhVv's
% sinh (V/sx)

X

8(x, s)

(10)

The inversion proceeds via the method of residues and involves the
summation of the poles of equation (10). These poles are found
from

tanh /s 3Bi+ Cs

Vs  3Bi—(Bi-1)Cs an
or, since for the calorimeter problem
s= —y2 <0,
from
tany = Y(3Bi = Cy?) (12)

3Bi+ (Bi— 1)Cy?

The evaluation of the residues yields for the solid temperature

Bx, 1) =1- 3 [KnSi—n(—y"—Qexp(—ynzT)] (13)

n=1 X sin y,
with
K. = 2Bi(1 + C){Cy,? - 3Bi)
" Oyt + [(Bi — 1)BiC2 — 6BiCly,2 + 9Bi%(1 + C)
and y, being the roots of equation (12) excluding yo = 0. The some-

what anomalous character of this transcendental equation has been
discussed in detail {10}, but no actual values for the roots are available.

Nomenelature,

Since in many situations the first three or four roots provide a suffj.
ciently accurate answer, we present Fig. 1, which should facilitate the
numerical evaluation of equation (12). The higher roots are very nearly
given by

Vo=(n—0,8)r(n>3C>0 1,Bi<10) (14)

The error is less than three percent. Further, the accuracy of a trup.
cated-series result can be checked qualitatively from the condition

sin (ynx)

- ]=1(atr=0) (15)
X siny,

£ |
n=1
Validity of Simplified Solutions

In the majority of heat-exchange applications, one only needs to
know the average solid temperature as defined by equation (6); once
this is known, the bulk fluid temperature can be evaluated from
equation (9). Integration yields

@

9(7’) =1- 2 {Ln exp ("yn?‘T)] (IG)
1

=
with

_ 6Bi2C(L + C)

" C2y,4 + [(Bi — DBIiC? - 6BIClyn2 + 9B2(1 + C)

This result will be used for comparison with the limiting solutions of
negligible fluid-solid film resistance and of negligible internal solid
resistance.

The “Well-Stirred” Fluid. This assumption implies that the
boundary layer around the particle vanishes, leaving no thermal re-
sistance at the fluid-particle interface. It is commonly used in ca-
lorimetric studies [1, 8], although one does not really know just how
large the Biot number (h) has to be for the exchange rate to be unaf-
fected by any other resistance. The limiting solution is known from

. 6C(1+C)

lim L, = ————r (18)

Bi—w HC + 1) + Cy,?

and is included in Fig. 2, where the effect of increasing fluid agitation
is illustrated for a particular value of C. The conclusion is that, even
at a value of Bi = 10, which is unusually large in practice, a significant
overprediction of the exchange rate may result from the assumption
of a well-stirred fluid, particularly at short times. Similar dis-
crepancies are observed at other values of C.

The “Well-Conducting” Solid. Since for k —= the solid tem-
perature is uniform over the sphere, i.e.,

(17

n

8(x, 7) = 8(z) = 0(z)
the solution is obtained from a simple energy balance:
de Of

3Bi(0 - 0) = 2 = —¢ 4%

dr dr' (19)

and hence

Bi = hR/k, Biot modulus

¢ = specific heat capacity

C = myc/(me) or mycy/me, capacity or ca-
pacity rate ratio

t = time
T = temperature

R = radius of spherical particle
= variable in Laplace domain

0= (T — To)/(T~ — To), temperature
0,0 = mean, transformed temperature
p = density
7= ta/R2 time

E = error relationship, equation (22)

h = heat-transfer coefficient

k = thermal conductivity

K., Lp = coefficients for temperature se-
ries

m = mass

m = mass flux density

r = radial coordinate

320 / VOL 100, MAY 1978

U= (T — To)/ (T — To), modified temper-
ature, equation {25)

v = bulk velocity of solids

x = r/R, radial coordinate

¥n = roots of equation (12)

2z = linear distance from entrance of ex-
changer

a = k/(pc), thermal diffusivity

Subscripts

none = for solid where applicable
f = fluid

0 = initial

s = solid surface

w =gt f—> o
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6(+) =1—exp <-3Bir ! ZC> (20)

1 L1+ C

Or(r) =1+ C exp < 3Bir C ) (21)
However, the use of such a simplified approach depends on how fa-
varably equation (20) compares with the exact result, equation (16).
Previous comparisons were limited to a few very special cases, such
as {Bi £ 0.1; C = =) for which a number of textbooks quote an error
of less than five percent. Other authors [8] use just three particular
parameter combinations, and demonstrate that the simpler result may
lead to a large over-estimation of the exchange rate. The present
comparison, on the other hand, will cover the major part of pa-
ractically relevant parameter values, and will lead to a somewhat
different conclusion.

A natural choice for the error inherent in the energy-balance so-
lution is the ratio of equations (16) and (20), as expressed by

E(r) = (/8 — 1) 100 [%] (22)

For any given set of (Bi, C) the error reaches a maximum at some finite
value of 0 < r < », and it is this value which has been considered in
the error diagram, Fig. 3. We have plotted only thres lines of constant
error and assume that these characterize certain fields of application.
An error of less than one percent is usually desirable for calorimetric
studies, five percent for analytic and modeling work, whereas a ten
Percent error can often be tolerated in engineering calculations. We
note further that

(i) the error is always positive because equation (20) overpredicts
the rate of energy exchange,

Journal of Heat Transfer

e

The first three roots of equation (12)

(ii) the error decreases with decreasing fluid extent, that is, value
of C, because the solid-temperature change is retarded by the fluid-
temperature change, thus leaving more time for the internal tem-
perature profile to relax and

(iii) the error in the time to reach a specified temperature is found
from Fig. 3 and a first-order Taylor approximation.

In general, we conclude from the diagram that the simple result,
equation (20), is a better approximation than one might have antici-
pated from the literature. For granulate-gas systems, in particular,
where C is typically 1072 to 107}, the error is seen to be surprisingly
small.

Applications

So far we have been concerned with the calorimeter problem de-
scribing essentially a batchwise exchange process. The same mathe-
matical development, together with a slightly modified physical in-
terpretation, applies, however, to a continuous exchange process
where a granular solid communicates with a fluid and both streams
are flowing along the same major axis, co- or counter-currently. Such
systems are quite frequent in the process industry, e.g., as a combined
conveyer-heat exchanger or as a continuous energy economizer.

It is easily verified that for the analogy to hold, the following two
quantities have to be redefined:

(i) contact time ¢ is replaced by z/v, the ratio of linear distance
along the flow axis and average flow velocity, thus

2 (23)
T= >
vR?
masses are replaced by the corresponding mass flux densities,

(ii)
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Fig. 2 Average solid temperature for fixed capacity ratio € and variable Biot
number Bi. The dashed curve represents the limiting solution for negligible

film resistance

so that

mec
C= 'f/
he

(24)

is always positive for co-current but negative for counter-current
systems.

The last statement is evident from equation (5) as applied to a
differential length of counter-current exchanger. Its physical and
mathematical significance is, however, more readily understood when
we replace the reference temperature T'= by Tfo, the fluid temperature
at z = 0. Since a real exchanger will be of finite length (see Fig. 4), the
value at z = », T's, is a rather meaningless quantity in this context.
With

322 / VOL 100, MAY 1978
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y=1=To € (25)

Tro— To 1+C
all the previous results, equations (9), (16), (20), and (21), are easily
rewritten in terms of U, the new non-dimensional temperature. As
is seen in Fig. 4, the co-current system (C > 0) leads to U/ and Uy
gradually approaching each other, whereas the counter-current system
may lead to temperature profiles which either diverge or converge i
the positive z-direction, Obviously, this depends on the magnitude
of C:

0> C > —1, U and Uy diverge
C <1, U and Uy converge

Transactions of the ASME
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Fig. 3 Error involved in using the energy-balance solution as compared to
the exact result

C =1, U and Uy are parallel and straight

Mathematically, this is expressed in the exponentials of the results
(16) and (20). For 0 > C > —1 we find exponential growth terms in-
dicating that U may be rising beyond all bounds. This is, however, not
unreasonable, because here we are only concerned with a finite length
L and not with an infinite domain. So these terms merely express the
curvatures of the temperature profiles. Whereas when the energy-
balance approach, which is identical to the analysis of an ordinary
double-pipe heat exchanger, is unaffected by the size of C, a refine-
ment is necessary in the case of the exact analysis. Here we have to
include the possibility of positive values of s, so the step from equation
(11) to (12) is no longer admissible.

Since

tanh Vs
0<—=
Vs

one can show that the positive domain of s for which roots of equation
(11) can possibly exist (but need not exist) is limited by

<lforw>s>0

0 <s<-3Bi/C (26)

Clearly the domain only exists for C < 0. Thus equation {26) may have
to be included in a numerical search procedure for the roots of equa-
tion (11).

Although this feature in some cases slightly complicates the cal-
culation procedure, it does not affect the principal findings of the
previous section on the batch problem. The error diagram applies to
co-current and also, approximately, to counter-current systems (with
C replaced by mod C) because of the physical similarities. And there

Journal of Heat Transier
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Fig. 4 Co- or counter-current granulate-fluid heat exchanger

are a number of other systems, not discussed here, which can be re-
lated to the calorimeter problem and, hence, analyzed on the same
or a very similar basis.
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The Temperature Dependence of
Surface Tension of Pure Fluics

The temperature dependence of the surface tension of pure liquids, in contact with their
vapors, is correlated using the law of corresponding states. Molecular form is character-
ized by the Pitzer acentric factor. The temperature dependence reduces to a form identi-
cal to that of the van der Waals limiting liquid superheat when the Pitzer factor reaches

the van der Waals value. The correlation brings together data for 91 organic and inor-
ganic—polar and nonpolar—substances, within a constant, over the ranges of tempera-
ture for which data exist. Only water requires special modification. The accuracy of the
correlation is on the order of & one percent. This correlation will give surface tension over
almost the entire range of temperature if one measured value, and the Pitzer factor, are

known.

Introduction

The thermodynamic property, surface tension, ¢, of saturated
liquids should seemingly correlate according to the Law of Corre-
sponding States since it is a unique function of the saturation tem-
erature, T's. Hence we seek a correlation of the form:

o = gy (molecular parameter) f1(T, molecular parameter) (1)

where 7', is the reduced saturation temperature, T/T.; the molecular
parameter could be the critical compressibility, Z,, the Pitzer factor,
w, or the Riedel factor, and oy is an as yet unformulated function of
molecular structure with the dimensions of surface tension. It is
customary to arrange things so oo can be interpreted as o(T; = 0
K).

Prior attempts to make such correlations have suggested that the
corresponding states principle might be limited in bringing surface
tension data together. Brock and Bird [1]* correlated the group:

U/pCZ/STc /3 /3 1- Trs)11/9 (2)

as a function of the Riedel factor [2] (p. and T, are the critical tem-
perature and pressure). They correlated data for most fluids within
an average error of three percent. However, they encountered enor-
mous errors for light atoms and molecules, polar substances and al-
cohols, and carboxylic acids. They also correlated data as a function
of Z,. with somewhat less success.

The work of Brock and Bird has stood up rather well. Furthermore,
light has been cast on the failure of certain substances to correlate:
Watkinson and Lielmezs [3], for example, have provided a quantum
mechanical explanation for the departure of the light atoms and
molecules. The reason is that the group ao/p. /3T, /3 k1/3deviates
radically from a near near-constant value, at high values of the “de-

! Numbers in brackets designate References at end of paper.
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Boer parameter.”

But if the failure of Law of Corresponding States is lodged in the
constant, oo, we can still profitably explore the possibility of gener-
alizing the temperature dependence of s—that is, the function, f;, in
equation (1). We must note, in that regard, that Brock and Bird do
not provide evidence of having correlated data over wide ranges of
temperature for specific substances. Indeed, Reid and Sherwood [4]
show that Brock and Bird’s correlation gives systematic changes in
error of one to five percent over as small a temperature range as 15
to 40°C, in almost half the cases. Therefore, we should not be satisfied
with the (1 = T',)'%/9 temperature dependence which they used, even
though it has wide currency. Hakim, et al. [5] showed in 1971 that the
11/9 power should be replaced with a variable function and they
discuss factors which influence the variability of g, as well.

Our objective is therefore to provide a corresponding states corre-
lation of surface tension data which accurately correlates their tem-
peratire dependence even if it involves a lead constant that defies
corresponding states correlation.

Formulation
It was shown by Lienhard [6] that if one writes the Law of Corre-
sponding States in the form

f(pr, T+, vr, molecular parameter) = 0 (3)

(where v, is the reduced specific volume), then the van der Waals
equation is a member of the family of real substances. He chose Z, as
the molecular parameter, and showed that any thermodynamic
property of a real substance extrapolated to the van der Waals value
at the van der Waals critical compressibility, Z, = 3/8.

Accordingly, we begin by asking how the surface tension for the van
der Waals fluid should vary with temperature, and then translate the
result to real fluids as suggested by equation (3). In doing so, we shall
use the Pitzer factor, w, as the molecular parameter. The definition
of w is:

w = —~[1 + logiopr,(Tr, = 0.7)] (4

where p,, is the reduced saturation pressure.
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To make use of the van der Waals surface tension, once we identify
it, we must first consider a modification of equation (1). The factor
(1 — Tr,)11/9 is the “conventional” temperature variation of surface
tension. It is known to work well for many substances; but for some,
exponents other than 11/9 seem to work better. We therefore con-
jecture that equation (1) takes a form which isolates such an expo-
pent:

oo, Trs) = Gon(T,.s)fa(w) )

where f2 is contrived so that it approaches unity at 7, = 0. Thus the
troublesome lead factor, oo, can be eliminated by logarithmic differ-
dinfs

entiation:
<6ln a)
aT,,/ ! dT,,

if the conjecture is correct. The function f3(w) can thus be evaluated
empirically by correlating the LHS of equation (6) against w. We shall
arrange the function f2(7),) so that fa(wwaw = —0.302)2 is unity,
ie.,

f3(w) (6)

a/og
= fyfs! (7)
(a/a0)vaw
The problem is now that of identifying the correct temperature
function, fo. The trial of several functions finally led us to the limiting
liquid superheat for a van der Waals fluid. Let us next consider the
implications of this.

Limiting Liquid Superheat and Surface Tension

The only information about the surface tension of a van der Waals
substance was provided by van der Waals himself in 1894 [8]. Fol-
lowing a difficult calculation in which he considered the change of
chemical potential through a surface layer he found that

ovaw ~ (1~ Ty )32 ' (8)

near the critical point. This calculation was restudied by Fisk and
Widom [9] who concluded that the exponent of 3/2 is smaller for real
substances—between 1.22 and 1.33. They speculated that it might
be some universal constant near 1.28 or 1.29, but they left that pos-
sibility open.

Now let us consider the limiting liquid superheat of a van der Waals
substance. By this we mean the difference, ATy, between the “spi-
nodal” temperature T, and the saturation temperature, T, at the
same pressure, ps. The spinodal temperature is the last temperature
on a stable portion of a liquid isotherm (i.e., the point at which
{dp/dv) 7 goes to zero.)

The calculation of (AT;,,)vaw must be done numerically with the
help of a computer. However, near the critical point the function can
be established as follows: Near the critical point the van der Waals
vapor pressure curve becomes [6]

2 The saturated densities and the vapor pressure for a van der Waals sub-
stance were calculated in [6]. The value of —0.302 was obtained from the latter
caleulation.

Nomenclature

e

Pry = 4TrS -3 (9)

but the equation for the spinodal line for a van der Waals fluid is
well-known to be

Pry, = (BUrm - 2)Urm =3 (10)

If we write the spinodal volume as v,,, = 1—¢, and expand the RHS
noting that ¢ is small, we get, after setting p,, equal to the local sat-
uration pressure (equation (9)),

€= V4/3(1 — Tp)Y? (1
The van der Waals equation:
8T, 3
Pry = - (12)

3u,, —1 0,2

m

can likewise be written in terms of ¢ near the critical point. When
equation (9) is substituted for p,, the result, after rearrangement,
is

3

3
AT, = ‘2"6(1 - T.)~ g I3 (13)
substituting equation (11) in equation (13) yields®
2
ATy, ——=(1—T})3? (14)

rm \/g

Thus both ¢ and AT}, depend upon T, in the same way near the
critical point.

We therefore choose f2 proportional to (AT}, )vaw. The limiting
value of (AT}, )yaw near the critical point is given by equation (14).
Since this diverges at lower values of T}, we give the following ex-
pression which matches calculated values within 0.28 percent, down
to T, = 0.9.

2
AT, =— (1~ T,)%2=0275(1 = T,)2124 T, = 0.9 (15)
(AT, lvaw 3 ( 5) ( S
In [10], the following expression was fitted to the calculated values
within an absolute error of 0.0016 over the whole range of T’ and with
high percentage accuracy below T, = 0.9:
5 -

ATy )vaw = (L= T) — = 1-T.,58);T,<09 (168)
Finally, we select the constant of proportionality so f2 will be unity
at Ty, = 0

32
7 (AT, )vaws; T, <09

f2= 17
L137(AT, Jeaw; T, = 0.9

3The lead constant in equation (14) was erroneously reported as v/3 in
[10].

f1. fo, fa = specific functions defined in v = specific volume
equations (1) and (5)

k = Boltzmann’s constant

M = molecular weight

D, Ps, Do = pressure, saturation pressure,
critical pressure

T, T,, T, = temperature, saturation tem-
perature, critical temperature

AT,, = limiting liquid superheat, T, —~ T,
at ps

unity, 1 — v,

vapor

Journal of Heat Transfer

Z.. = critical compressibility, pcv./RT.
¢ = deviation of reduced critical volume from

¢ = surface tension between a liquid and its

6,00 = o evaluated at T, = 0, o altered so
that fo(T, = 0) = 1

w = The Pitzer acentric factor defined by
equation (4)

Subscripts

m = denoting a variable defined on the
“spinodal” line, or locus of limiting liquid
superheat

r = denoting a property divided by its critical
value

vdW = denoting a property of a van der
Waals fluid
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Correlation of Data

It is first necessary to amass a large assortment of surface tension
data over a wide variety of substances and a large range of reduced
temperatures. Table 1 lists the 91 substances that we have considered,
as well as the T, range and the Pitzer factor for each substance. Only
substances for which ¢ was known at at least three temperatures were
considered. About two thirds of the data came from the International
Critical Tables [11]. The rest came from [12], [18], [14], and [15].4
Values of w were largely taken from [17]. Since some of these values
were obtained from the Edmister correlation (see {17]) many were
cross-checked against vapor pressure data and in some cases cor-
rected. No adjustments of negative w’s back to w=0 were made. We

4 We subsequently found Jasper’s [16] important listing of surface tension
data. Careful checking revealed that use of his data would not require revision
of our correlation curves.

Table 1 Surface tension data used in correlation
— , S - —
Absolute
in Calculated /9
—3
Substance
min, 8%, {Ava.
{10)
{10}
{23}
(10}
12}
o]
{10}
{12}
| a-Detyl )
[ESEIES 0. {101
frzg= 71,00 0,78
{15} 65.0 9.70
f1s} 59.7 0.06
{12 {12} 70.56 0.14
15} 12} 68,60 0.21
f15] {10} 84.10 0.84 11.21 {0.96
i 73.50 | 2.51 13,32 }2.96
| Ethyl Aceta 64.9 .99 § 3,01 {1.50
-Propyl Ac 59.4 0.29 {2.52 |1.45
61.4 1.60 13.76 | 2.48
60.3 0.36 [2.24 [1,32
£6.9 0,10 | 0.93 |0.42
{12] 49.2 0,02 | 0.76 {0.44
53.2 0,32 |1.24 {0.72
55,9 9,96 | 0,98 {0.97
60.7 0.23 0,25 0,24
2.318 115} 116} 70,4 0.07 {0.92 |0.51
0,365 61.5 0.00 jo.10 [0.08
). 337 66.7 0.25 [0.87 {0.57
0,349 67.7 0,92 {0.97 |6.95
79.7 9.92 13,30 [1.46
Carbon hloride 32 FEP 0,18 13,03 {2.22
T, C.85) 0,202 65.0 0.02 {7.62 [0.32
Chioroform . 81.20 | 0.14 |0.93 }0.56
w1 Chtoride . 89.1 0.19 [1.22 {o.83
/1 Bromide 73.3 0.21 {0.47 {0.32
e . B2.3 0.10 |0.27 j0.20
agen Bromide a 1131 = 2.63 [4.31 {3.37
loride ¢ {13} 80.2 0.02 {2,88 | 2.24
0. {12} 80.2 0.16 [2.61 | 2,12
0. frz1 1 77.2 0.00 | 0.3t {o.19
¢ {10} 71.4 0.71 {2.30 {1.45
{12] 74,2 0.15 [1.58 {1.07
f10] 70,1 o.10 11,63 (.81
59.4 0.08 10,17 {0.11
78.1 0.08 [0.€8 {0.51
68.2 .72 12,39 {1.41
99.5 0.27 | 2,10 | 9,82
53.1 0,93 |5.35 {3.71
85.1 0.27 {1.47 {n.99
3 177 68.0 a.31 {1.57 | 1.01
5.173 78.3 0.07 {0.19 | 0.12
0,160 f13] 98.0 0.27 1.22 {0.81
3331 56.1 0.00 17,05 | 0.03
1 $3.0 0.17 {0.93 {062
i 50.9 ©0.97 1 1.76 § 1,40
49,9 0.06 | 0,87 | 0.55
45.5 0.22 L1,11 {0,79
! 44,3 1.79 3,02 ] 2.49
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have also considered water on the basis of a new IAPS release (18],

Low and Moderate T, Correlation. Fig. 1isa plot of the left
hand side of equation (6) against w. The derivative in the numerator
was evaluated by forming local curve-fits through the ¢ data ang
differentiating these expressions. The derivative in the denominator
was evaluated by differentiation of the (AT,,),aw expression in
equation (16). This plot reveals an extraordinary consistency for al|
substances except water. However data in the range 0.9 < T, < 10
did not fall on the curve. Fig. 1 is accordingly restricted to the re-
maining existing data points in the range 0.37 < 7T}, < 0.84. The im-
plication is that our presumption that fa(w) and/or oo(w) include no
temperature dependence, is valid up to, but not at, high tempera-
tures.

The curve is a straight line within a regression coefficient of 0.992
for w = —0.002. However it must return to a value of unity at w =
—0.302 (the van der Waals limit). Fortunately, one data point for
hydrogen corresponds with a large negative value of w. It links the van
der Waals limit to the straight line. We can represent this negative
w range by adding an approximate additional term and writing for

N U p X ) I Absoluts 3 Error
Acentric Factor : i in cateutates oo |
Substance T dynes q—{
s source source | =225 lnin, uax. avg.
g’ =N
{15} {11} 43.8 0.09 |1.42
42.9 0,21 [1.0m
44.3 0.07 | 1.62
(12) 72.8 0.18 [0.38
f12} 72.5 1.22 | 1.66 {1.3¢
Methyl Cyclohexane f113 63,1 0,02 10,14 {967
olefins ()
atylene 0.186 {13) 70.0 0,30 |3.03 2,03
Cyclopentene 9,207 {12] 72.4 5.30 | 310 | .12
aldenyde (@)
Acetaldehyde 0.314 0.59-0,70 | {10] 75.3 0.28 |1.22 {1.14
0,215 0.48-0.85 | [10] 81.4 0.02 {4.76 11,36
0.215 0.85-0.993 715 ©.00 | 3.43 | 1,85
Toluene 0.279 69.7 0.0 | 5.61 {1.74
Ethyl Benzene 9.322 65.7 0.31 ] 2.19 [n.70
Hesitylene 0.417 11} 60.0 0.00 {0.84 {7,351
-Xylene 0.330 {1} 66.1 0.56 {1.41 | 0.99
p-¥ylene 5.303 {10} 66.0 Q.36 {2.06 {0.67
Oxides d
Carbon dioxidet® 0.263 121+ £6.5
Nitrous Oxide** 0.169 115} 62.0
Ethylepe Oxide 0,157 {14} 94.5
Water 9.348 116} - Ll Bl I
Elements (W) !
Hiydrogen -0.215 * o. {14] A.09 | 0,01 |6.86 {a.01 §
Oxygen -0.04 {15} {o0.4 50,00 | 0.04 2,98 }2.08 !
Argon ~0.002 a. 49,90 | 0.73{0.77 {0.75
Neon 0. 9. 20.8 0.8 | 2.56 | 1.52 |
Nitrogen 9.04 a. . ¥ a0.0 1,52 | 4.60 34
Chlorine 0.074 0.66-0.73 | [10] }109.0 0,01} 2.75
Bromine 0.132 0.47-0.56 | {10} |116.0 0.02 | 0.86 | 2.45

* talcwlated from experimental vapor pressure data or Antoine equation.
** Use of high temperature correlation, £guation (24) recormended,
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fg(w)i
=~ 1.06-068w
= 1.06 — 0.68 w — 0.0145(1 + w/wyaw)*Z,

in the range 0.37 € T, € 0.84.

To show how well experimental surface tension data follow the
temperature dependence proposed in equation (17), we have plotted
(cexprr./ o) /3 against T, in Fig. 2 where, for a particular liquid,

C <3_2)/3 _ [ Texpt/l. ]

gg = 0¢ = T

27 (AT, )vaw?
The RHS is averaged over the temperature range of the data. Fig. 2
also includes the plot of (AT}, }vaw from equations (15) and (16). The
average deviation of all data but water from the correlation is 1.37
percent on this curve and the rms deviation is 1.4 percent. The accu-
racy of o/aq is still better for most liquids as can be seen in Table 1.
However, all other substances which have previously caused difficulty

in corresponding states correlations are well-behaved.

An Approximate Correlation for sp. The lead constants, og(w),
are correlated against w in Fig. 3. (The numerical values so(w), are
given for each substance in Table 1.) The data all come together nicely,
with the exception of the light elements. Watkinson and Lielmezs
have shown that those data cannot correlate, so that is to be expected.
The remaining data (including polar substances and carboxylic acids)
are represented by:

wz0

fale) w <0

(18)

(19)

oolw) = 4207098 2 %05}‘,5 < 0.84 (20)

R e e S B B R
" A Ml M A
alconois
organic gcids
ethers 3
esters

ketones {
aromatics 3
halides 4
sulfur compounds

Oxides

olefins —
elements

aldehyde
poraffing

nitrogen compounds

Q4

i

Lera, b

Q3

¢ me®dbTODD OGO

NI

ol (AT g 7 i3]
see Fig. 5 4
| 3
fyfw) 108 088w o
r ) ) ! T
[ S I N | Liaeot IR RIS DT | 3
035 04 05 06 o7 08 09 10

reduced saturation temperature, Ty,

Flg, 2 Temperature dependence function for surface tension: low and
moderate temperatures

f H f T T T T T
1401~ O oicohal -
@ organic acids f 42
@ ethers oolw) =
A esters B
1201~ O kelones
@ aromatics
E L © holides
2 @ nitrogen compounds
¥ ook A sulfur compounds
Z 4 oxdes
. © olefins
= ¥ elements
3 gol. @ aldehyde
~q @ paratting
:-_; 60—
; r argon ¥V 0
2 40 N,
v
2
T ozob ¥ neon
r 7 H, }
o H { 1 i
-3 -.2 - Q A 2 .3 4 5 13 7 -8
the Pitzer “acentric” foctor, w

Fig. 3 Correlation of suriace tension lead coetficients
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with an average error of 7.8 percent and an rms error of 5.7 percent.
It should be pointed out that since o is dimensional, the ordinate of
Fig. 3 should be divided by a reference value—probably the van der
Waals, or w = —0.302, value. Since this reference cannot be specified
precisely it is omitted, but with no loss of generality. As a matter of
interest, the dimensionless correlation oo/p. 23T, V3k1/3 = f(w) was
also attempted and found to be completely unsuccessful in a corre-
lating .

A final correlation can be written as the product of the very accurate
(f2)fs term and the less accurate op term.

5
0 = 427007 [(1 ~Ty) = (= T,5) (21)

]l.OS—O,GBw
which is valid for 0.37 € T, € 0.84 and w > 0.05.

1t should be emphasized that if a single piece of surface tension data
exists, it can be used in place of equation (20) to evaluate o for that.
fluid. Then it will be possible to predict ¢(Ts) for that fluid with great
accuracy.

Water. It turns out that water can be correlated to a form con-
sistent with the present correlation if we acknowledge temperature
dependence in oy Thus equation (21) will describe water within 0.32
percent in the low temperature range 0.422 < T, € 0.84 if we replace
4207937 with 110.1 (1 + 0.939 7', ). Under such a change, f3 becomes
0.8234 which lies on the correlation line in Fig. 1. The result:

o =110.1 (1 + 0.939 T )(AT",, )vaw® 8234 (22)

retains much of the logic of the present work and is almost as accurate
as the TAPS curve fit:

o=235.8(1 - T,)-256[1 — 0.625 (1 — T},)] (23)

which represents the data within 0.5 percent in this range.

High temperature correlation. There is a gap in available data
between 0.84 and about 0.9 in our curves since the extant data (other
than water) did not allow us to form the derivative (8lno/87,,)w in
that range. We must therefore pass to the range T, > 0.9 which ex-
hibits substantially different behavior.

Fig. 4 shows f3(w) as obtained from data near the critical point—
generally from the range of 0.93 < T, < 1.0. Only five fluids provided
data over a very narrow range of w. Other surface tension data were
available but there were either too few points to form a derivative at
high temperature or else the experimental error was too large. Ethanol
and methanol data fell on the dashed trend line shown in the figure,
near w =~ 0.6, but experimental errors for these substances were
greater than the reported values of ¢ at high T,

Since there are insufficient data to form an accurate functional
relation for f3(w) at high temperatures we must be content to observe
that this function is far weaker than it was at low temperature. Indeed,
in the relatively narrow w range of available data

f3 for low and

/ moderate Trg

TIAN
~

\
passible trend_/ *EB*'

0.8 of 3 for high

bl w
£l Trg data
DD
data: 4 COp ond NOp
07 9 CCig
3 A methyl  formate
o @ benzene
ool Loy
-.302 -2 6] .2 4 .6

the Pitzer "acentric” factor, w

Fig. 4 Evaluation of f3(w) for very high T,
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{F3)high temp, = 0.83 £ 0.012, (.16 % w < 0.272 (24)

With this we can form the appropriate high temperature surface
tension equation

p 2 0.83
L= [—: (1= T,,)%2 —0.275 (1 - T,s)2-124] (25)

oo V3

Fig. 5 shows the comparison of this expression with data. For a
particular liquid the high temperature oy has been evaluted as in
equation (19), using equation (15) for (AT, )vaw. Equation (25) de-
scribes the data within an average error of 2.1 percent and an rms error
of 1.2 percent. (The data upon which the comparison is based are
generally subject to larger experimental errors than these.) Values
of the lead constant, ¢y are shown in the inset. They averaged about
66 dynes/cm and seem to show some upward trend with increasing
w. But these data are too meager to permit the formulation of a cor-
relating equation.

Discussion

The preceding correlations raise a number of questions which merit
consideration:

How Good is the 11/9 Power-law? Fig. 6 shows o(T},)/09 as
calculated using equations (5), (17) and (18) for several values of w.
The 11/9 power law is included for comparison. It is clear that the
latter is a rough, but not unreasonable, approximation for w up t0 0.2
or 0.3. Beyond that it is seriously in error. At high temperatures,
equation (25) describes only a single temperature dependence since
fais so weakly dependent on w. In the limit, as T, — 1, equation (24)
reduces to a 1.245 power law which is valid near w = 0.2. This line
meshes rather well with either [1.137(A T, )vaw]® for w = 0.2, or the
11/9 (or 1.222) power-law.

What About Fisk and Widom’s 1.28 or 1.29 High-Temperature
Power-Law Conjecture? It is not impossible that f3(w) settles on
a constant value for all w’s greater than zero. Our limited data suggest
a constant value of 0.83 which leads to a power law of 1.245. Certainly
a universal value would be no higher than this. For water (w = 0.348)
the power law appears to be 1.20 or even less. A great deal of hard-
to-measure high-temperature data are needed to answer this ques-
tion.

Is there a Physical Principle Which says that ¢ is Proportional
to AT, for Real Substances? The present formulation does not
give a direct basis for inferring the AT, values of a real substance once

80—
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Fig. 5 The temperature dependence function, and lead constant, for surface
tension at high temperature
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its surface tension is known. Nevertheless a direct proportinna[ity
appears to exist between these variables for a van der Waals flujq,
Reliable measurements of AT, (or, at least, of temperature dif.
ferences very close to AT} ) over a range of temperature exist only
for two fluids. These are Pavlov and Skripov’s [19] data for benzene
and n-hexane. The data for each substance are multiplied by an ap.
propriate constant and plotted along with the surface tension data
for that substance in Fig. 7. The AT, and ¢ data for benzene overlap
and match perfectly. The n-hexane data only overlap at one point,
but their slopes match perfectly. On the basis of the best available
information, we cannot claim such a proportionality for water,

Conclusions
1 The functional dependence of surface tension on w and tem-
perature has has been given by:

o(Tr, ©) = 0o(@) (AT}, Joaw o

for all substances but water and for Ty, € 0.84 or greater.
2 The preceding expression gives a very accurate representation
of the temperature dependence of o. With f3 = 1.06 — 0.68w, it predicts

|
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¢/oe within an rms error of about 1 percent. An additional term is
needed in f3if w <0.

2 'The lead constant, og, can be obtained from a measurement of
surface tension at a single temperature (or from Table 1). If no data
exist, it can be estimated with the help of equation (20) for w > 0.05.
This estimate is subject to an rms error of 5.7 percent, but it includes
all substances except water.

4 Substances for which w < 0.05 obey the present correlation of
temperature dependence, but the lead constants are not given by
equation (20).

5 Limited surface tension data at high temperatures (in the small
range of w around 0.2) have a temperature dependence of the form
of equation (25) with an rms error of 1.2 percent.
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R. E. Taylor

Thermal Properties of Tungsten
SRM’S 730 and 799

Samples of sintered and arc-cast tungsten are available from NBS as thermal conductivi-
ty (SRM 730) and electrical resistivity (SRM 799) standards for the temperature range
from 4 to 3000K. NBS recommended values for these properties above room temperature
are based on results of various researchers during a previous international program which
included arc-cast and sintered tungsten. The sintered tungsten used in this program was
found to be unsuited for use as a standard material due to inhomogeneity and high tem-
perature instability. The present paper gives results at high temperatures for thermal
conductivity, electrical resistivity, specific heat, thermal diffusivity and Wiedemann-
Franz-Lorenz ratio for a sample of the NBS sintered tungsten using the Properties Re-
search Laboratory’s multiproperty apparatus. These results are compared to values rec-
ommended by the Thermophysical Properties Research Center, NBS, and an internation-

Properties Research Laboratory,
School of Mechanical Engineering,
Purdue Unlverslty,

Waest Lafayette, Ind.

al program.

Introduction

Samples of hoth sintered and arc-cast tungsten are available from
the National Bureau of Standards Office of Standard Reference
Materials as SRM 730 and SRM 799. These materials have been
certified for a thermal conductivity (SRM 730) and electrical resis-
tivity (SRM 799) reference material from 4 to 3000K even though
their properties were not directly measured above 300K [1].! These
high temperature certifications are based mainly on a report. [2] of the
AGARD? task group which investigated the transport properties of
a number of materials including arc-cast tungsten. The present SRM
certification of the thermal conductivity of sintered tungsten closely
follows the AGARD results for arc-cast tungsten.

The NBS sintered-tungsten is 99.98 percent pure with 10 to 100
ppm Si and Mo present along with trace amounts (<10 ppm) of Ca,
Fe, Cr, Cu and Mg. The density is 19.23 £ 0.05 g/cm?. The material
is useful up to 2800 K if annealed up to 2300 K for one hour.

The present work has the objective of comparing the thermal
conductivity results on sintered tungsten with the previous results
on arc-cast tungsten to verify the SRM certification. The certified
values are believed accurate within five percent from 300 to 2000K
and within eight percent above 2000K [1]. Further, since PRL pos-
sesses a unique capability to measure extremely accurately a number
of properties at high temperature on the same sample, specific heat
values were also measured on this material. The specific heat values
are useful in clarifying the ambiguity in calculated thermal conduc-
tivity values from previous thermal diffusivity-specific heat deter-
minations noted during the AGARD program {3].

! Numbers in brackets designate References at end of paper.

2 Advisory Group for Aerospace Research and Development.

Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER. Manuscript received by the Heat Transter Division July
25, 1977.
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Apparatus

The PRL multi-property apparatus was developed in the late 1960s
and early 1970s. The apparatus has been continuously upgraded since
then—primarily in the software used in conjunction with the mini-
computer-based digital data aquisition system which controls parts
of the experiments, collects all the data, and computes and outputs
results. The apparatus is described in publications {4,5]. The sample
is suspended between one fixed and one movable electrode and heated
by direct passage of electrical current through it. Through measure-
ment of brightness temperature, voltage drop and current, the elec-
trical resistivity and total hemispherical emittance as a function of
brightness temperature are determined. The electrical resistivity is
also measured as a function of true temperature by measuring the
sample when an auxiliary furnace surrounds it. Thus, total hemi-
spherical emittance and normal spectral emittance can be calculated
as a function of temperature. Temperature profiles are determined
on the sample when the electrodes are moved closer together, effec-
tively shortening the sample. These data, combined with the electrical
resistivity and hemispherical emittance are used to compute thermal
conductivity using SPLINE (6] procedures. All measured quantities
(voltage, current, length, temperature, mass and time) are directly
traceable to NBS or equivalent standards.

Procedures

Electrical Resistivity. T'wo voltage probes are spot welded about
one cm apart in the central portion of the sample. The voltage probe
separation distance “L” is determined electrically from the ratio of
the voltage drop between the probes and the voltage drop between
two accurately spaced knife blades placed on the same region. This
can be done conveniently in a thermostated water bath holder and
the electrical resistivity measured from room temperature to about
80°C at the same time.

To determine the electrical resistivity at moderate temperature
(20-800°C), a modified Kohlrausch setup was used with thermo-
couples for both voltage probes and temperature measurements. For
higher temperature measurements the sample minus the thermo-
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couples is inserted within a tantalum tube heater and its surrounding
heat shields. Slots are provided in the heater and heat shields so that
an optical pyrometer can view the sample and a portion of the interior
furnace surface. The sample is connected to one fixed and one mov-
able electrode and the heater is connected to separate electrodes. The
brightness temperature of the sample and interior heater surface are
made to nearly coincide by separately adjusting the current to each.
When the sample disappears, a near black body condition is achieved,
and the temperature, voltage drop, and current are measured with
the sample current flowing in both directions.

Thermal Conductivity. Temperature profiles are measured on
the sample after the electrodes are moved closer together, effectively
making a short sample. These data are adjusted automatically to the
values which would be obtained if the average current were flowing
during each measurement. These data along with the appropriate
geometrical constants (Iength and diameter), current, and coefficients
for fits of resistivity and total hemispherical emittance as a function
of temperature are used to calculate thermal conductivity as a func-
tion of temperature. First the temperature versus position data are
fitted by SPLINE fits to yield the calculated temperature data. Then
the derivatives of calculated temperature data are used as input to
the SPLINE program to determine second derivatives of temperature
versus position. With these data an array such as shown in Table 1
is set up. The column marked “p” is the resistivity, the column marked
Iy is the total hemispherical emittance, and the column marked “F”
is the fourth term minus the third term in the equation:

Nd2T/dx? 4+ (dN/AT) (dT/dx)2 + I2p/A2
—~PEpo (T~ To¥/A — uI(dT/dx)/A = 0.
In this equation X is the thermal conductivity, I is the current, p is the

electrical resistivity, A is the cross-sectional area, P is the circum-
ference, o is the Stefan-Boltzmann constant, T is the ambient tem-

Table 1 Array for calculating thermal conductivity

(data of run TU 4)

POSITION TEMPERATURE  dT/dx a?t/ax? o B, F
(cm) x) Keml)  (Keem2 (ufecm) (weem™3)
0.000 1475.15 206.43% -88.025  40.2597 0.1933  -97.143
0.100 1495.36 197.81 -85.504 40,9255 0.1957  -95.354
0.200 1514.72 189.40 -83.090  41.5649 0.1979  -93.419
0.300 1533.25 181.20 -80.782  42.1786  0.2000  -91.357
0.400 1550.97 173.21 -78.582  42.7669 0.2021  -89.185
0,600 1584.06 157.85 -74.503 43.8695 0.2060  -84.582
0.800 1614,16 143.32 -70.852 44,8768 0.2095  -79.743
1.000 1641.44 129.58 -67.629 45.7932  0.2127  -74.789
1,400 1688.03 103.73 -62.099  47.3663 ©0.2181  -64.995
1.800 1724.70 79.95 -55.696  48.6114  0.2224  -56.023
2.200 1752.37 59.02 -48.053  49.5551 0.2264  -48.463
2,800 1779.98 34.28 -36.732  50.5002 0.2289  -40.210
3.200 1790.84 20.12 -33.401 50.8729 0.2301  -36.761
3.800 1796.80 - 0.16 -34.814  51.0776 0.2308  -34.818
4,400 1790.38 - 21.53 -37.122  50.8571 0.2301  -36.908
1,800 1778.76 - 36.71 -37.978 50,4582 0.2287  -40.591
5,200 1760.94 - 52.47 -40.309  49.8480 0,2266  -45.980
5.400 1749, 64 - 60.57 -42.785 49,4618  0.2253  -49.241
5,600 1736.68 - 69.24 .46.136 49,0194 0,2238  -52.836
5.800 1721.88 - 78.92 -50.360 48.5154 .0.2221  -56.754
6.000 1705.04 - 89.60 -55.459  47.9432 0.2201  -60.976
6.200 1685.97 -101.29 -60.507 47.2966 0.2179  -65.465
6.400 1664.46 -113.92 -64.581  46.5693 0.2154  -70.116
6.600 1640.37 -127.07 -67.681  45.7573  0.2125  -74.994
6.800 1613.60 -140.68 -69.806  44.8582  0.2094  -79.838
7.000 1584.07 -154.74 -70.957  43.8699  0.2060  -84.580
7.200 1551.68 -169.26 -71.134  42.7906 0.2022  -89.094

Temperature (X) A(watts w1 k-1y

1500 109.6
1550 108.7
1600 107.8
1650 107.0
1700 106.1
1750 105.2
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perature, and p is the Thomson coefficient. The values for \,dA/dT
and u are found in the following fashion:

Assume: A = \g+ M T
then dNdT = A\
and

Md2T/dz2) + dNAT(dT/dz)? + wp(I/A)dT/dz) = F becomes
No(d2T/dz2) + M(T(d2T/dz2) + (dNdT)?) + w(I/ANdT/dz) = F.

The array of Table 1 is then solved for the best values {in the least
squares sense) of Ag, Ay and p. This procedure yields the values of A
versus T given at the bottom of Table 1. The value of I was 160.63
amps and A was 0.08006 cm? for this experiment.

Specific Heat. The specific heat (C,) measurements are made
by subjecting the sample to a small step-function change in power
after the sample has attained a stable condition. Voltage and current
measurements are made as a function of time. The governing equation
is:

Cp=UE-D) = E - Deg]/m (dT/dt)

where m is the mass and the subscripts “eq” and “t” refer to equi-
librium and transition conditions, respectively. The current may be
increased, in which case (E - I), is greater than (E - I)., and dT/dt
is positive (heating curve) or the current may be decreased in which
case (E - I), is less than (E - I)., and dT/dt is negative (cooling curve).
In practice both heating and cooling data were taken over the same
temperature interval. Several hundred data points were taken over
a short interval (usually about six seconds). The temperature was
determined from the resistivity and dT/dt was determined by fitting
temperature-time data to curves and differentiating and by deter-
mining dT/dp and dp/dT at each point and multiplying these terms
together, The results for a typical run are given in Table 2.

Results

Electrical Resistivity. The electrical resistivity results, uncor-
rected for expansion, are plotted in Fig. 1. These values can be ap-
proximated within a standard deviation of 0.21 microhm c¢m by the
equation

p(uQem) = —2.7626 + 0.2511377 X 10717 + 0.2440221
X 107372 — (.7974080 X 101073 1150 < T' < 2850

over the range 1150 to 2650 K. In the range from 300 to 800 K, the
resistivity can be approximated within a standard deviation of 0.021
microhm ¢m by the equation

p(uQem) = —0.223865 + 0.1537791 X 10~1T + 0.1400266
X 107472 — 0.43543094 X 10-87% 300 < T <800

The electrical resistivity values given for SRM 799 [1] with an un-
certainty of %2 percent [1], also uncorrected for expansion, are within
1 percent of the present results.

Thermal Conductivity. The thermal conductivity results are
plotted in Fig. 2. These values are smoothed to give the best repre-
sentation of the thermal conductivity values and the smoothed results
are also plotted in Fig. 2. The smoothed results lie above both the
SRM certification [1] and TPRC recommended [7] curves below 2400
K and between these two curves above this temperature. However,
the present curve is well within the combined uncertainties of the
present curve and either recommended curve over the entire tem-
perature range. The smoothed values were corrected for thermal ex-
pansion (which in the present case was a (1 + AL/Lg)™2 correction
factor [8]) and the corrected results are included in Fig. 2. The cor-
rected curve can be represented by the equation

MW M-1K~1 = 148.60 — 0.40332 X 10717 + 0.11161 X 107472
—0.14644 X 107873 4 0.08 1200 < T < 3000
The corrected results are between the NBS and TPRC [8] recom-

mended values (both of which are uncorrected for expansion) between
1200 and 2400 X, but decrease below the TPRC curve at 2400 and is
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Table 2 Specific heat results for run TUCOOL

E 1 Time RHO TEMP L cp1 sz
(volts) (amps) (sec) (ufem) (K) {K/sec) W) (W sec gm‘lK‘l) (W sec gm'lx")
0.1689 118.66 0.00 59.78 2093.5 -62.22 52.21 0.1782 0.1780
0.1671 118.64 0.296 59.17 2075.7 -58.66 50.06 0.1775 0.1774
0.1655 118.64 0.592 58.59 2058.8 ~55.40 48.09 0.1768 0.1767
0.1640 118.64 0.887 58,05 2042.8 -52.41 46,27 0.1761 0.1761
0.1625 118.63 1.184 57.53 2027.8 -49,65 44.61 0.1755 0.1756
0.1611 118.63 1.479 57.05 2013.5 -47.08 43.07 0.1751 0.1751
0.1598 118.63 1.775 56.58 1999.9 -44.69 41.64 0.1747 0.1747
0.1586 118.63 2,071 56.15 1987.0 -42.47 40,33 0.1743 0.1743
0,1574 118.63 2,367 55.73 1974.7 -40.40 39.10 0.1740 0.1740
0.1563 118.63 2.663 55.34 1963.1 -38.48 37.96 0.1737 0.1737
0.1552 118.63 2.959 54.96 1951.9 -36.69 36.90 0,1733 0.1733
0.1542 118.63 3.255 54.61 1941.3 ~35.03 35.90 0.1730 0.1730
0.1533 118.63 3.550 54.26 1931.2 -33.48 34.97 0.1726 0.1726
0.1523 118.63 3.846 53.94 1921.5 ~32.03 34.09 0.1722 0.1722
0.1515 118.62 4.142 53.63 1912.2 -30.27 33.27 0.1718 0.1718
0.1506 118.62 4.348 53.33 1903.4 -29.33 32.50 0.1716 0.1716
Diameter = 0.1253 cm _
Density = 19.285 gm cm
Length = 1.89404 cm
Cpl calculated with dT/dt = (dT/dp) (dp/dt)
sz calculated with dT/dt determined directly
T T T T T T T T T T T T T T T T T T T T LA
020} -
©  KOHLRAUSCH ™ n
* RUNY
oI T Runs . o9f— -
€ o RUN4
£ » RUNS | $  TUCOO2 B
5 L 5 RUNG - -
. Ty o TbCoo?
©
2 TE 08— Particlpsnt @  TUHE2 —
Ty | ) No. 44 A TUHE3
£ ¢ - & TUCOO3 ~
5 z @  TUHES
§ 3 n o O0Irl— o TUCO4 —
© ® TUCO3A
- B TUCOB B
o I O TUCOHA
08— —
L R Partlclpant Ko, 11
1 | | 1 i 1 it 018 - SN WO SN S NN SRS N R o
265 500 600 1400 [CE] 7200 2600 g 1260 1600 1800 2060 2200 205 2600 2800

TEMPERATURE, K TEMPERATURE , X

Electrical resistivity of tungsten Fig. 3 Specific heat

Cp = 0.0956 + 0.621586 X 10~4T — 0.197747
X 107772 + 0.42197 X 101173

SRM 730 {uncorrected for expansion)

TPRC Recommended {uncorracted for expenaion]

Present Reelts .
Present Results (smovthed)

120]— —.—  Present Results (corrected for expsnston) -

within a maximum deviation of 0.1 percent and a standard deviation
of 0.00006. Specific heat values calculated from the equation are
provided in Table 3. The results are compared to those obtained by
AGARD participants [2] on sintered tungsten in Fig. 3. The present
results are in good agreement with participant no. 44.

Discussion

Three properties of the SRM tungsten were measured; p, A, and Cp.
The major errors associated with the resistivity measurements are
the temperature measurement and the diameter measurement. The
inaccuracy with the temperature measurement is £5° at 1200 K in-
creasing to £13° at 2600 K or 0.5 percent. The diameter measurement
is accurate to.one part in 1250 but enters as a square term leading to
a 0.16 percent uncertainty. All other errors are much smaller than
these two so the maximum inaccuracy is £0.7 percent.

The inaccuracies of the thermal conductivity measurements have

80
1260

1400 1600 BOO 2000 2260 3000

TEMPERATURE , K

200 2600 2600

Fig. 2 Thermal conductivity

three percent below the TPRC curve and nine percent below the NBS
curve at 3000 K.

Specific Heat. The specific heat results are plotted in Fig. 3. Ten
heating or cooling runs were made. Runs designated “HE” are heating
runs, and runs designated “CO” are cooling runs. Heating and cooling
rates at the same temperature were usually about a factor of two
different, but the results were in excellent agreement (Fig. 3).
Smoothed values for the specific heat can be represented by the
equation

332 / VOL 100, MAY 1978

been discussed in detail in a critical evaluation [9]. From this evalu-
ation, updated to account for recent imporvements in the software,
it is concluded that the smoothed values are accurate within £2 per-
cent from 1250 to 3050 K.

The accuracy of the specific heat values is controlled by the accu-
racy of the derivative dT'/dt. Consequently this quantity is deter-
mined by two different methods and the results (Table 2) are generally
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Table3 Properties of sintered tungsten corrected for p— -
thermal expansion o.s0p A * Caloulated from preseat results o . Partictpant No. 1 ]
& . Partictpant No. ¢4 a Participant No, 26
-8 -3 £ 4 O ° Particlpast Ko, 13 @ * Patticlpant No. 13
Temp. e x 10 A Cp x 10 L x 10 o x 10 ass b Farticiput Ne, 15 ¢  Partictpant No. 39
- - - - - ~ s articipant N N
K (om) W m 1 K (W-secm 1 K 1) (WaK 2) (mzsec ! P, : :‘::C:mz :: :Z
s %o ©  TPRC REC
1300 34,002 111.8 2.925 B
1350 35.577 110.9 2.921
1400 37.164 110.0 2.919 M
1450 38,762 109.1 2.917 —
1500 40.372 108.2 2.913
1550 41.993 107.4 0.1602 2,911 0.3544 ]
1600 43.626 106.6 0.1618 2.906 0.3484
1650 45.257 105.9 0.1633 2.904 0.3429
1700 46,925 105.0 0.1649 2.898 0.3374 o
1750 48.591 104.3 0.1665 2.895 0.3320 ozt -1
1800 50.269 103.6 0.1681 2.893 0.3270
1850 51.958 102.9 0.1697 2.890 0.3221 o | . ! L i . | ! | L l .
1900 53,659 102.1 0.1713 2.884 0.3169 1400 600 800 2090 g #00
1950 55,370 101.5 0.1730 2.881 0.3120 TEMPERATURE , K
2000 57.093 100.9 0.1746 2.880 0.3077 Figureld Diftastvty of SiM Tungaten
2050 58.827 100.2 0.1763 2.875 0.3029 Fig. 4 Diffusivity of SRM tungsten
2100 60.572 99.5 0.1781 2.871 0.2981
2150 62.329 98.9 0.1798 2.868 0.2939
2200 64.096 98.3 0.1816 2.864 0.2893
2250 65.875 7.7 0.1835 2.860 0.2848 diffusivity, but is contrary to the general trend which had a much
2300 67.665 97.1 0.1853 2.857 0.2807 smaller temperature dependency than the present results (Fig. 4).
2350 69.466 96.4 0.1873 2.850 0.2760
2400 71.279 95.8 0.1893 2.846 0.2717
2450 73.103 95,3 2.842 References
2500 74.937 94.7 2.838 . .
1 Hust, J. G., and Giarratano, P. J., “Standard Reference Materials:
2550 76,784 94.1 2.833 Thermal Conductivity and Electrical Resistivity Standard Reference Materials:
2600 78.641 93.8 2.828 Tungsten SRM’S 730 and 799, from 4 to 3000K,” NBS Publication 260-52,

in very good agreement (0.2 percent). The overall accuracy of the
smoothed data should be within 1.5 percent.

The values of p, A, and C,, corrected for expansion at even tem-
perature intervals are given in Table 3. These values are used to
generate two additional properties “L” (Wiedemann-Franz-Lorenz
ratio) and “«” (thermal diffusivity). These values are included in
Table 3. The classical value of L for good metals is 2.44 X 10-8V2K~2,
so the value for tungsten is about 20 percent above the classical value.
An increase in the value of L above the classical value is often at-
tributed to phonon conduction. However, in the present case, the
increased value is probably due to an additional electronic contri-
bution since the temperature dependency of L above 1300 K is very
small and a significant phonon conduction would lead to an appre-
ciable decrease in the value of L.

Calculated values of the thermal diffusivity decrease from 0.354
X 10™4m2 5~ at 1550 K t0 0.272 X 10~4m? s~ 1 at 2400 K. This follows
the results of one of the AGARD participants who measured thermal
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Introduction

The conservative design of nuclear reactor structural components,
guarding against thermal transients in the upper mixing plenum of
liquid-metal-cooled fast-breeder reactors (LMFBRs), requires a
predictive knowledge of the turbulent sodium mixing. Specifically,
the eddy diffusivity of heat, ey

(8T (x, t)/dx;)

describes the turbulent mixing that lessens thermal shock on the
structural components. The eddy diffusivity of heat is often expe-
diently defined in terms of conveniently known quantities [1]* that
fall short of describing the mixing accurately. Calculation of the eddy
diffusivity of heat from equation (1) demands the mapping of the
turbulently fluctuating temperature and velocity for any particular
flow geometry.

This paper approaches the LMFBR turbulent sodium mixing
problem with a transparent fluid scale model, measuring the fluctu-
ating temperature by a novel optical method. The fluctuating velocity
is not measured in this paper, but could be found with standard
Laser-Doppler anemometry techniques. This combination of optical
systems could achieve the extremely fast time response needed to
follow faithfully the turbulent fluctuations, while not intruding into
the flow and disturbing its structure.

i

1

enij(x)

1 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for presentation at the Winter
Annual Meeting, New York, N. Y., December 5, 1976 of THE AMERICAN SO-
CIETY OF MECHANICAL ENGINEERS. Manuscript received at ASME Head-
quarters August 18, 1976. Paper No. 76-WA/HT-82.
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Interferometric Investigation of
Turbulently Fluctuating Temperature
in an LMFBR Outlet Plenum
Geometry

A novel optical technique is developed for the measurement of turbulently fluctuating
temperature is a transparent fluid flow. The turbulent sodium mixing in the ANL ;5-
scale FFTF outlet plenum is investigated with a scale-model outlet mixing plenum, using
flows of air. The electrical analogue and the power spectral density of the fluctuating tem-
perature are observed experimentally at seven stations in the flow.

The recently developed [2, 3] optical system for temperature
measurements uses a Mach-Zehnder interferometer [4] of extremely
short field (about 0.5 mm) in real time. Due to the short field and other
considerations, the instrument defines a temperature sensitive volume
of 1 mm?. The detector system produces a nearly linear electrical
analog of the fluctuating temperature over most of the 67°C (120°F)
range of the instrument. The frequency response range is greater than
10 kHz for the inexpensive photodetector used in this work. The av-
erage temperature is not currently available from this optical tech-
nique, but could be incorporated into the analog temperature signal
by simply biasing the analog with an appropriate dc voltage. The
average temperature is measured mechanically at a symmetrical, but
remote, station in the flow.

The experiments reported seek to establish the capabilities of the
temperature measurement technique and to visualize the transport
and mixing of heat in a ¥5-scale Fast Flux Test Facility (FFTF) outlet
plenum model. The experimental results are not meant to be con-
clusive with regard to LMFBRs; rather, the results will be used to
validate a computer code for plenum flows that is currently under
development for LMFBR analysis.

The characterization of the turbulent temperature proceeds with
photographic studies of the electrical temperature analogue; Fourier
analysis of the analogue yields data regarding the power spectral
density of the fluctuating temperature,

Optical Technique

The optical technique developed in this work requires that the
flowing fluid be transparent. A flow of water is unsuitable in this ap-
plication due to the large variation of the index of refraction of water
with temperature, which would require that the thickness of the test
cell be less than 100 um. A flow of air is much more suitable; the exact
thickness that is required is developed later in this section. Also, the
Prandtl number for air is about Yo that of water at room temperatures
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which makes air closer to, though admittedly very far from, liquid
sodium as a heat-transfer medium.

The index of refraction of air varies, most importantly, with its
temperature and pressure. The variation is quite small, being about
1 X 1078 per °C with temperature [5], and about 3 X 10~7 per millibar
with pressure.? In this paper, the Mach-Zehnder interferometer is
used as a differential refractometer [6] in which an extremely sensitive
measurement is made of the difference of the index of refraction
between a test fluid and a standard fluid. The design of the experi-
ments imposes the responsibility for insuring that the temperature
fluctuations always induce a much larger effect than the pressure
fluctuations.

The Mach-Zehnder interferometer is shown schematically in Fig.
1. The incident monochromatic light ray divides in amplitude in the
first beamsplitter; the rays reflect in their own mirrors, and recombine
at the second beamsplitter. If the rays encounter different conditions
in the two cells through which they pass, their phases will generally
ditfer, and they will interfere when recombined. All of the mirrors and
beamsplitters are mutually parallel, and the two arms are of equal
geometrical length. The optical path lengths experienced by the rays
are governed by the refractive indices of the media through which the
respective rays pass, as either foamn(s)ds or foapn(s)ds. With ideal
optical components, total destructive interference of the two ray
oceurs when the condition [7] ‘

A
f n(s)ds = +m =2 (2)
OABA’O 2

is satisfied, where odd integer values of m are the “order of interfer-
ence.” The transmitted intensity generally obeys the relation:

I = I cos? [{—0 ﬁn(s)ds] (3

The argument of equation three must be kept within a range of 7/2
as the idex of refraction in the test cell fluctuates, so that the analogue
output intensity will correspond to a single value of the temperature.
Further, the analogue intensity is linear only in a broad range about
the half-maximum of equation (3). To illustrate these points the in-
terferometer characteristic (equation (3)) is sketched on the right-
hand side of Fig. 2. From these considerations, the maximum tem-
perature range of the instrument should be specified to be somewhat

LASER Lo, o o
L,____;_J
LS mﬂ?ﬁ”s/d {:j} ”fes’t
I
A B V' [Z]

Fig. 1. Mach-Zehnder Interferomeler applied to temperature measurements.
A, A'-—mirrors; O, B~—beamsplitters; D-—photodiode detector system;
V—variable aperiure; S-~slandard cell with index of refraction ngy; T——test
cell with index of refraction ny... The initial laser intensity /p is reduced to in-
tensity / by the interferomster.

2 This is the value of the derivative of the Biot and Arago formula (5) with
respect to pressure at STP,

=Nomenclature

larger than the expected range of the temperature fluctuations, so that
the analogue fluctuations will be linear; the maximum permissible
thickness of the test cell is then governed by this maximum temper-
ature range through equation (2). For this work, the temperature
fluctuations ranged through approximately 45 Centigrade degrees,
and the maximum range of the instrument is 67°C above the ambient.
air temperature. The inside thickness of the test cell is 0.64 cm (0.025
in.), which corresponds to the first minimum condition (m = 1) of
equation (2) for a uniform temperature distribution over the thickness
of the test cell.

Schlieren effects, which can cause a misalignment of the interfer-
ometer in several ways, have been considered, and they have been
found to produce less than 1 percent error in the temperature ana-
logue.

The analogue output intensity of the interferometer is detected by
a simple battery-powered photoconductive diode circuit. The char-
acteristic curve of the photodiode is included on the left-hand side
of Fig. 2. In Fig. 2, a uniform test cell temperature of 33°C above
ambient corresponds to a detector voltage of about 8 V. The nonideal
fringe contrast is entirely suppressed with the oscilloscope pream-
plifier so that the display of the electrical analogue is always a full-
scale waveform of cos?[(n/Ag) £ n(s)ds]. In the work being reported,
the electrical analogue is displayed on a storage oscilloscope and re-
corded via still photography. Additionally, the power spectral density
of the analog is measured electronically, and recorded similarly with
still photography.

Experiments
The Argonne National Lab (ANL) Yi5-scale FFTF liquid sodium
test loop is the standard geometry for the flow experiments. A cross
section of the cylindrical ANL test loop is represented by the thin
(0.63-cm inside gap width) test assembly of Fig. 3. The positioning
of the optical components about the test cell is shown in Fig. 4.
The average recirculating flow pattern in the test cell must be re-

18 ) .
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Fig. 2. Visualization of parameters for Interferometric temperature mea-
surements. The Interferometer characteristic curve on the right and the
photodetector characteristic curve on the left share the interferometer
throughput as a common axis.
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I = intensity of the light transmitted by the s
interferometer, mW/em?
Iy = the maximum interferometer through- air
put, expressed as an intensity, mW/cm?2

nga = index of refraction of the ambient

Niest = index of refraction in the test cell

v;{x, t) = fluctuating velocity in the x; di-
rection at point x, cm/s

eij(x) = eddy diffusivity of heat, a second
rank tensor, cm?/s

m = the order of interference, an odd inte- ¢ = time, s Mo = wavelength of the laser beam, 6328 X
ger T(x, t) = fluctuating temperature at point x, 108 cm
n(s) = index of refraction at the path length, °C {...) denotes averaged over time
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Fig. 3. Test cell dimensions. The test cell is constructed entirely of 0.64-cm
{0.25.in.) laminated plexiglass. L—typical laser measurement station;
T—typical thermocouple measurement station,

from Laser

Inlets

Fig. 4. View of the optical components (from Fig. 1) and the test cell (from
Fig. 3). All of the optics are outside of the test cell, and the temperature is being
measured at stalion F (see Fig. 8). A” is a mirror. The inlets and outlets are
connected to large hoses for the experiments.

stricted to two dimensions in order to facilitate the temperature
measurements. The test assembly is slightly larger than the ANL
model in order to permit large Reynolds numbers, while decreasing
the large flow rates. Even so, an entrance velocity of air of 119 m/s (390
ft/s) is needed to match the ANL inlet Reynolds numbers. The
Reynolds numbers of the air flows investigated are about ten times
smaller than those of the ANL model.

The experiments investigate the steady mixing of hot and cold
coflowing inlet streams. The central 5-cm (2-in.) inlet admits hot air
at about 56°C (100°F) above ambient. The two adjacent 2.5-cm (1-in.)
inlets admit ambient air. The difference in the average temperatures
of the inlet flows is referred to as the inlet temperature upset. The
entire flow is maintained by Y;-hp blower, with about half of the flow
being heated before entering the central inlet. Heated inlet Reynolds
numbers of 10,000 and 20,000 are investigated. The inlet air velocities
are matched with the flow heater turned off. When the central flow
of air is heated, its velocity increased along with its specific volume,
and shearing of the hot and cold inlet flows takes place. The effect of
this flow slip on the average recirculating flow properties is not known
accurately.

Due to the heating of the test cell walls, an unknown phase angle
is opened between the arms of the interferometer. The rate of varia-
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Fig. 5. View of the seven interferomstric temperature measurement stations
in the test cell of Fig. 3. The average temperatures at the stations durlng rated
flow conditions are listed in Table 1.

Table1 Average temperatures during steady flow

heating
Re = 9300
Ambient inlet at 65°F
Heated inlet at 155°F
Average Temperature
Station °F °C
A 117 47
A 109 43
B 79 26
C 76 25
D 65 18
E 65 18
F 104 40

tion of the index of refraction of plexiglass with temperature is several
orders of magnitude larger than that for air, This slow (but large)
variation completely masks a measurement of the average tempera-
ture in the flow. Additionally, free convection of the air outside of the
test cell introduces another slowly fluctuating phase angle, but this
is greatly suppressed by wrapping the entire interferometer in thick
fiberglass insulation, especially near the warm test cell. The turbu-
lence of the flow within the cell produces a smaller but much faster
variation in the analogue output intensity. This work seeks to examine
only this rapidly fluctuating analogue and rejects the time-average
of the analogue as spurious information since it includes the wall
heating and uses a separate measurement of the average temperature
to replace the mean. The symmetry of the test cell is exploited by
placing a thin thermocouple in the flow at a station that is symmetric
with respect to the laser station (see Fig. 3). A fine chromel-alumel
thermocouple protrudes into the middle of the test cell through a
1.6-mm (Yi6-in.) dia hole in the front face of the cell. The thermo-
couple wires are 28-gauge, or 0.40 mm (0.0156 in.) in diameter.

Experimental Results

Temperature Analogue Traces. Several illustrative traces of
the temperature analogue are presented here. Fig. 5 presents a closeup
view of the lower left-hand portion of the test cell shown in Fig. 3,and
it serves as a key to the seven laser measurement stations of the study-
Table 1 includes the representative average temperatures at the seven
stations under typical running conditions.

A typical noise trace (taken at station F) is presented in Fig. 6. The
noise is independent of the particular station, and it shows a moderate
frequency (several hundred Hz) ripple due to the motor-induced
acoustical vibrations of the optical components of the interferometer-
The noise generally represents a £3°C (5°F) error in the temperature
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signal. An equally strong source of low-frequency noise in the data
is due to the shaking of the building. However, due to the very short
(10 ms) duration of the data trace, the shaking of the building (of the
order of 10 Hz) cannot be seen. These errors in the temperature an-
alogue are certainly not fundamental, and can be reduced with more
careful isolation of the interferometer. Note carefully that the ordi-
nates of the temperature traces are nonlinear—they are obtained from
an inversion of equation (3), and they are very nearly linear in the
central 33°C range.

The two most vigorously fluctuating traces ohserved at Re = 10,000
are presented in Figs. 7 and 8. The data of Fig. 7 are taken at station
F, which is closest to the confluence of a hot and a cold inlet stream.
The 40°C average temperature at station F (see Table 1) is very close
to the mean temperature of the two streams, and the trace exhibits
a very strong 300 Hz character. The trace is very suggestive of the
initially uniform breakup of a shearing flow. A power spectral density
trace of this signal is presented in the next section. The data of Fig.
§ are taken from station B, which is further along in the flow. The data
trace has a much more random character and is representative of the
traces obtained at stations A and A’, which differ only slightly from
this data trace. The data trace taken at station C (not presented here)
exhibits much less mixing. Note that station C is much farther along
on the average streamlines of the recirculating flow of Fig. 3. The
traces from stations DD and E (also not presented here) show no mea-
surable fluctuations above background noise. This is in agreement
with the average temperatures for stations D and E quoted in Table
1, which hover near the ambient inlet temperature during the ex-
periments.

Power Spectral Densities. Several traces of the power spectral

60 T T T T

32 &
Noise only

201 1
10 ¥ b
T T
10 F -

2ot -
32 L Re = 8300 |

FLUCTUATING TEMPERATURE
(°F; arbitrary zero)

60 1 1 ! |
0 2 4 & 8 10
TIME (milliseconds)
Fig. 6. Nolse in the temperature analogue; Re = 8300, and all of the inlets

are at ambient temperature. The nonlinear ordinate is discussed in the
text.
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Fig. 7. Temperature irace at station F (see Fig. 5); Re = 8800, and the
heated inlet Is at 47°C (85°F) above ambient. The nonlinear ordinate is dis-
cussed in the text.
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densities are also presented. Separate power spectral density (PSD)
measurements are made of the temperature analogue and of the
background noise trace at each station. The background root-mean-
square fluctuation at each frequency value is subtracted from the
root-mean-square fluctuation data curve of the temperature analogue
in order to correct for the noise signal. The resultant PSD curves are
normalized to unit area. Some error is introduced during the nor-
malization because the full range of the PSD data is not determined
experimentally. The composite error in the PSD curves is about 30
percent. Generally, the PSD technique suffers from short sampling
times, but the qualitative behavior shown by the results is clear.

The PSD curves for stations F and B are presented in Figs. 9 and
10, respectively. The spectral bandwidths of all of the various com-
ponents in the temperature analogue are shown in Fig. 11. It is found
that the Fourier analysis is especially noise-free above several hundred
Hertz. The PSD data curve at station F (Fig. 9) exhibits a strong 300
Hz component and a harmonic of substantially less magnitude. A
significant PSD signal persists well into the kHz range, even at this
relatively low Reynolds number of 8800. The PSD data curve at sta-
tion B (Fig. 10) shows the reduced intensity of the 300 Hz component
and the decay of the higher frequencies as the flow progresses. Note
that both of the PSD curves do not resolve the low-frequency behavior
of the analogue signal due to the high noise level, while the high-fre-
quency behavior is very well represented; this is quite contrary to the
usual fast-response temperature measurement results [8, 9].

Inlet Temperature Upset. Several PSD data curves at various
inlet temperature upsets are shown in Fig. 12. The data of all of these
curves are taken at station A’. The inlet temperature upset is found
to have no measurable effect on the spectral distribution of the PSD,
at least for stations similar to A’, That is, the turbulent mixing in these
experiments is not measurably enhanced with the additional buoyant
forces. Note that the higher Reynolds number (Re = 19,000) in this
experiment causes the PSD to extend to considerably higher
frequencies than the Re = 8800 results of Fig. 9.

The information foregone by normalizing the PSD curves to unit
area® has been regained in a different experiment. The spectrum
analyzer is stopped at 1500 Hz, and is used to measure the value of
the Fourier component at 1500 for different values of the inlet tem-
perature upset. This frequency is chosen because the measurement
technique is most sensitive at this value, i.e., the highest signal-to-
noise ratio is obtained here. The output data fluctuations are
smoothed for several seconds in an integrating circuit, and the re-
sulting data are plotted as a function of the applied temperature upset
in Fig. 13. Two separate regressions are quoted in Fig. 13. They indi-
cate that the rms fluctuation (at 1500 Hz) increases very nearly lin-

3 The PSD curves have unit area by convention.
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Power spectral density curve at station B (see Fig. 5); Re = 8800,

| | | 1 T I T —
TURBULENCE; Re = 20 000 === mmmmmcs = o

TURBULENCE; Re ~ |0 000

PUMP NOISE

BUILDING VIBRATIONS

TEST CELL WALL HEATING

! I ] 1 I ] l ! j
10-3 108 ol 10 02 03 4 s
FREQUENCY (Hz)

Fig. 11. Frequency bandwidths of the component signals in the temperature
analogue. The three lower bands are all sources of noise in the analogue. The
solid portions of the two upper bands show the frequencies observed in the
turbulent mixing experiments.
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and the heated inlet is at 44°C (80°F) above ambient.

early with the temperature upset. Note that the inlet temperature
upset may affect the average flow pattern in the test cell.

Conclusions

The following conclusions have been derived in this work.

1 The temperature measurement method presented in this paper
is an effective, and potentially a very accurate, way to implement an
unintrusive turbulent temperature measurement.

2 The accuracy of the temperature analogue, in its linear region,
is about £3°C (5°F), with most of the noise originating from building
vibrations and room noise affecting the interferometer. The accuracy
may be improved in a straightforward manner, by seeking a quieter
room and by upgrading the quality of the optical bench. A special
geometry for the incorporation of feedback to stabilize the system and
to refine the temperature analogue has been considered [10].

3 The frequency response of the temperature analogue is limited
only by the choice of the photodetector. For the inexpensive detector
in this work, the frequency response range is greater than 10 kHz.

4 The fluctuating temperature has a strong position dependence
in the test cell. A large 300 Hz component in the power spectral density
is generated in the inlet shearing layer, and it decays as the flow
progresses along the average streamlines. This component is probably
stimulated by a forced vibration of the inlet air columns; this is sug-
gested by considering the typical velocity and lengthscales at the in-
lets.

5 The results demonstrate that the temperature upset in the test
cell does not drive any measurable instabilities in the flow with
buoyant forces. In effect, the temperature serves only to “‘color” the
turbulent mixing that is driven almost solely by the shearing of the
inlet flows.
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Simultaneous Measurements of
Velocity and Temperature in
Nonisothermal Flows

A two-wire probe technique has been developed for the simultaneous and continuous mea-
surements of instantaneous velocity and temperature tn nonisothermal flows. The equa-
tions of the thermal equilibrium of two adjacent fine wires, one hot and one only a little
above the fluid temperature, are solved by employing analog technique, wherein not only
the difference of the heat transfer coefficients between two wires but also their variations
with both the velocity and temperature are taken into consideration. The measuring sys-
tem proposed in this study is founded on fairly strict principles of analysis and, hence,
provides automatic compensation even for very large amplitude velocity and temperature
fluctuations over a frequency range of d-c to six kHz.

Introduction

Simultaneous velocity and temperature measurements are essential
in the experimental studies of heat transfer and combustion. In
nonisothermal flows, an effect of varying temperature on a hot-wire
anemometer output is comparable to that of varying velocity, so it is
impossible to distinguish a single hot-wire anemometer output into
its velocity and temperature components without additional infor-
mation. Theoretically, these two kinds of components can be sepa-
rated by using two fine wire probes operated in different modes.
Analog circuits of the two probes can be designed so that simultaneous
temperature and corrected velocity signals are made available. The
relevant techniques hitherto reported [1- 3], however, are still not
satisfactory, because they involve a number of assumptions and ab-
breviations based on the underlying analytic principles concerned,
which result in a lack of an automatic compensation system for the
large velocity and temperature fluctuations and an excessive cali-
bration procedure for the time constant setting.

The technique described here has heen developed to permit the
aforementioned problems to be solved. First, an analysis is given of
the thermal behaviors of hot and cold fine wires, together with the
underlying principle of compensation. Secondly, the complete com-
pensation circuit and the setting procedure of circuit parameters are
described. Finally, some results are given of measurements of the
velocity and temperature in a nonisothermal flow of air.

Governing Equations
With the assumption of the uniform radial temperature distribution

! Numbers in brackets designate References at end of paper.
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within a fine wire, the thermal equilibrium of the wire in a fluid of
temperature ¢ gives the following equation:

Tro2eeyudb/dr + 2rroh (0 = t) — jitR = 0 1

where R denotes the electric resistance of the wire per unit length.
The temperature dependence of the wire resistance may be ex-
pressed as follows:

R = Rol1 + 3(8 — 8} (2)

With equation (2), rewriting equation (1) in terms of wire resis-
tances gives:

128R
- ’——") R =R, 3)

ToCwYw gi_-\)_ + (l
27\'7‘()}1

2h dr

in which R, denotes the wire resistance corresponding to an ambient
fluid temperature ¢, i.e.,

Ro = Rofl + B(t — 60} )

Heat Transfer from Fine Wires

The empirical relation evolved by Collis and Williams [4] is con-
sidered to express well the heat transfer rate from a fine wire to flow.
However, for th~ sake of simplicity and convenience in the electronics,
we use in this study the Kramers relation [5] describing a Nusselt
number dependence on the square root of the Reynolds number, so
that:

Nus = 0.42 P1/%% + 0.57 Pry0 33 Re/ 05 (5)

in which the fluid properties are to be evaluated at the film temper-
ature t; = (8 + ¢)/2. When a wire of 5 um dia is used in an air flow,
equation (5) gives satisfactory results in the range of {luid velocity 3
m/s < u < 30 m/s. If the fluid velocities are out of this range, it is
recommended that we first process and arrange the data according
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to the Kramers relation (5) and then correct the final results as re-

quired. .
Heat transfer coefficient h derived from equation (5) becomes:
h=A+BvVu (6)
with

A =042 PI‘/O'Z)\/'/QI‘Q
_ 0.57 Prf°<33)\,r _ 0.57((2,")/,'}\/)0'5
(2,.01,/)0,5 (2,.0)0.5}!”0‘17

in which ¢, v, and X are the specific heat, the specific weight, and the
thermal conductivity of fluid, respectively. For many gases, 4 is well
approximated by the linear function of temperature t;, while the
variations of B with temperature are negligible (the converse being
true for water). Hence we shall consider B to be constant and write
A as follows:

A= Ag+alt — 6o) (7)
For air and 6 = 0°C, 2rg = 5 um, for example, we obtain:
A =1.63 X 10% + 4.98 ¢; keal/m?h°C
B = 1.29 X 10% keal/m2h°Cv'm/s

Basic Equations for Measurement with Two Fine
Wires

In nonisothermal flows, the continuous signals of the velocity and
temperature are not readily obtainable by a single hot-wire output.
The simultaneous use of two wires operating in different modes,
however, provides two simultaneous equations to solve for the velocity
and temperature. While the combination of two wires yields various
modes of operation, we shall confine ourselves to the simplest, i.e., one
wire is operated as a constant temperature hot wire providing a signal
with information on both the velocity and temperature, whereas the
other is a cold wire operated with so low a current as to have a negli-
gible current heating. We assume further both hot and cold wires
consist of the same material with the same diameters, but resistances
Rg at a reference temperature fy may differ from each other.

Considering that a hot wire keeps a resistance constant and a cold
wire has a negligible current heating, the following equations for hot
and cold wires are obtained from equation (3):

.
Ry - Ry — 280 p (@
27}'7‘0}11
’.OCw'\/wdRZ
Do C 2 Ry~ Ryp = 0 9
ohy dr > % ©)

where subscripts 1 and 2 refer to the hot and cold wires, respective-
ly.

For the hot wire, multiplying equation (8) by constant current i,
we get:

iBRo1t2 . . .
————((1R1)2 = isRy — 3R
27rroR1h1(1 D2 = 1Ry —iaRy
Writing
€= Rq1/Rao = Ro1/Roa, Vi =11Ry,
Va=iaRs, Vaz=1isRe2, Va1 =isly
and substituting these into the above equation, we get:
2K1hy = Vi2/(Vo1 — €V49) (10)
where K is a constant given by:
Ky = (aro/iB)(Ri/Rop)/ig (11)

In equation (10), V; refers to an output voltage of the hot wire and
Va2 corresponds to a signal linearly related to fluid temperature, while
eand Vg; are constants for given types of wires and for the pertinent
operating conditions.

For the cold wire, upon multiplying equation (9) by constant ig, we
obtain the following relation:

roCwYw dVa
2]12 dr

in which V refers to an output voltage of the cold wire. The quantities
hi and Vg9, which are related respectively to the fluid velocity (as
described in more detail in the next section) and to the fluid tem-
perature, are obtainable by solving equations (10) and (12), provided
that the relation between h and hg is given.

In general, the difference in heat transfer coefficients between the
hot and cold wires cannot be neglected because the relevant film
temperatures differ considerably from each other. The heat transfer
coefficients h1 and h, are given by equations (6) and (7):

Va? = + V2 (12)

hi =A()+Cl(tf1"00) +B\/l; (13(a))
ho = Ag+ altep — ) + BVu
=~ Ag+alt — ) + BVu (13(b))

where
tfl = (f; + t)/2 and lyo = b+ ¢t) /2

The approximation in equation (13(b)) is valid, provided (8 — ¢)/2
& (t — 8y), which is generally true, since the difference between wire
temperature s and fluid temperature ¢ is very slight. From equations
(13(a)) and (13(b)) we obtain the following relation between hy and
hg.‘

Nomenclature
A = defined by equation (6)

Aq = constant, equation (7)

a = constant, equation (7)

B = defined by equation (6)

¢ = specific heat

Eqo = constant (voltage), equation (20)

E1 = voltage = 2K 1h,

h = heat transfer coefficient

hg = heat transfer coefficient at temperature
to, equation (22)

{ = current

J = conversion constant

K1 = constant, equation (11)

K4 = constant, equation (18(a))

K3 = constant, equation (18(b})

M = time constant of wire, equation

(18(c))

Journal of Heat Transfer

Nu = Nusselt number = 2r¢h/A

Pr = Prandtl number

R = resistance of wire

Ry = resistance of wire at reference temper-
ature 6y

R, = resistance of wire at temperature ¢

Re = Reynolds number = 2rqu/v

ro = wire radius

t = instantaneous local temperature of
fluid

tr = film temperature = (6 + £)/2

u = instantaneous total velocity of fluid

V = voltage = (R

Va = voltage = iR,

Vo1 = constant (voltage) = isRy

B8 = temperature coefficient of resistivity

defined at g
v = specific weight
¢ = resistance ratio = Rg/Rgs
§ = wire temperature
o = reference temperature
A = thermal conductivity
v = kinematic viscosity

7 = time
Subscripts
1 = hot wire

2 = cold wire

f = value evaluated at film temperature ¢;

w = property of wire

Properties without subscript denote those of
fluid.
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alf, —t)
hg=h;———==h Vv Ve 14
2=hy 5 1= 2ﬁL2R01( 21— €Va2) (14)
With equation (10), this again gives:
1 V2 a
hy = — e ———— (Vg = V@) (15)
2K; Vo1 — €Vay  2BisRn
Substituting equation (15) into equation (12), and putting
Ei= V¥ (Vy — Vao) (16)
for the cold wire, we finally obtain:
K A%
Vaz = : —2 4V, (17
E1 - K3G(V21 et 6V02) dT
= MdVQ/dT + Vs (17(a))
where
rofCeYw K1 1
Ky = rocyvoKy = e 2L~ (18(a)
jB8  Rois
K ro B1 1
==L -3l (18(b))
BisRo1  jB% Roi® ip®
K oYw 1
M 2 = ToCwYu = (18(c))

E; = Ksa(Vy — €Vea) 2 hy
M denotes the time constant of the cold wire, and is a function of both
the fluid velocity and temperature. By solving equations (10) and (17),
with measured values V; and Vs, we obtain hy and V3 by the analog
technique described later.

Equation for Measurement of Velocity

With equation (13(a)), the fluid velocity u is directly obtainable
from the measured heat transfer coefficient k. Although it is mainly
the effect of Vi that determines the heat-transfer coefficient, the
effect of the fluid temperature changes, as seen from equation (13(a)),
cannot be neglected. Therefore the additional correction is necessary
for the measurement of velocity in flows with temperature fluctua-
tions.

The film temperature is expressed as a function of V9 by using
equations (2) and (4) as follows:

tr1 = 0o = (8 — 0p) — (0; — £)/2
= (R = Ro1)/BRo1 — (Ry — Ra1)/28R¢;
= (Ry — Ro1)/BRo1 — (Va1 = €Va2)/2Bi2Ro1

Substituting the above equation into equation (13(a)) and using
equations (10), (16) and (18(b)), the following equation for the fluid
velocity u is obtained:

2KlB\/L:=E1—E0+K3(l(V21—6 az) (19)
where Eq is a constant expressed as:
aR; - Ry,
E =2K’<A Tapie LD 20
0 (At s > (20)

Solutions by Analog Technique

When signals V; and Vy from the hot and cold wires, respectively,
are available, we can obtain h and V5 from equations (10) and (17)
so that u also may be derived from equation (19). These simultaneous
equations can be solved by employing a suitable analog technique,
as shown schematically in Fig. 1. The analog technique provides not
only outputs proportional to flow and temperature, but frequency
compensation as well. The output E, and Vs proportional to the
velocity and temperature of fluid, respectively, are on the right side
of the block diagram of compensation. Heat transfer coefficient hy
is also obtainable, if necessary, from an intermediate signal K.

The evaluation of constants K, and K3 given by equations (18(a))
and (18(b)) involves some difficulties, and hence, for practical ap-
plications, the following procedure is to be recommended. First, set-
ting all compensation circuits under the normal operating conditions,
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we place both the hot and cold wires in a flow of a constant velocity
and room temperature t,. Secondly, we feed a certain additional
current into the cold wire so that the wire temperature rises to 8;.
Sudden removal of the added current from this state works as the
step-response test of the cold wire as illustrated in Fig. 2. The corre-
sponding situation may be the step change of the fluid temperature
from ¢; to t,, as shown by A in the figure, in which ¢; =~ 6; may hold.
An uncompensated signal Vs, corresponding to a cold-wire temper-
ature 0o, usually deviates from the true input curve. By employing a
compensation based on equation (17(a)), the signal Vs is, however,
to be restored to the precise signal V5, which shows the step change
given by A in the figure. Inaccurate settings for Ky and K3 result in
either under or overcompensation, illustrated by B or C in the figure,
respectively. Consequently, the proper settings for Ko and K3 to ac-
cord with equations {(18(a)) and (18(b)) are achieved by adjusting
these constants until the compensated output Vs indicates the cor-
rect stepwise change, as shown by A in Fig. 2. In practice it will be
more appropriate to adjust K first in a flow at room temperature and
then K3 at a high temperature.

Although the constant E in equation (19) can be calculated from
equation (20), its practical evaluation is performed as follows. Set the
wires in a static fluid « = 0, then from equation (19) the intermediate
signal K1 is given by a linear function of the output V4 as:

Ei1=Eq— K3a(Vy — Vy2)

Hence, the estimation of Eg and Ksa in the compensation circuit can
be made from the measured relation between E; and (Vo; — ¢Vy9) at
various fluid temperatures.

Possible Shortcuts for Moderate Temperature
Fluctuations

The time constant M in equation (17(a)) is given by equation (18(c))
as a function of the fluid velocity and temperature. Except for very
large temperature fluctuations, we can approximate equation (18(c))
as:

"oCwYw E(_)}_i_
2 }102 h1

M~ (21
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where hg; and hqg are the heat transfer coefficients of the hot and cold
wires, respectively, at a given fluid temperature to and are expressed
as follows:

hot = Ao + alto/2 + 61/2 — 8¢) + BV
hos = Ag + alte — o) + BV

(22(a))
(22(b))

Now since, from equation (18(c)), the true time constant M;, is written

as:
My = rocwyw/2hs
we obtain:
M hoihg
My hozh
Equations (13) and (22) combine into the following:

h1 = hm + (L(t - t())/g, }'LQ = hog -+ a(t - t())

Substitution in the above equation then yields:
’% _ 1+ a(t - t())/ll()g

My 1+ alt — t0)/2ho
or
M = My a(t = to)(L/hog — 1/2ho)
M., 1+alt —to)/2ho
Since from equation (6), a(t — tg)/2hgy = (hy — ho1)/he; < 0.046 holds
for 2ro = 5 um,u 2 5m/sand t — to < 100°C, we may put a(t ~ tg)/
2ho1 < 1 and approximate the above equation as follows:

M=~ M, 11
MMy (L)
M, hos  2hg

Equation (23) gives the resulting error due to the approximation to
the time constant with equation (21). When 2rg = 5um and u = 5m/s,
the absolute error in M remains less than 5.8 percent even though ¢
— tg = 100°C. The ratio hqi/ho2 decreases by only 4.0 percent even
though the fluid velocity increases from 5 to 30 m/s. Accordingly,
hot/hog in equation (21} is considered to be a constant independent
of velocity. With equation (10), we can write:

_ho Ke  _hakKs
hoa V12/(Var — €Va9)  hog Eq
Thus we obtain the approximation for V9 as:

hoy Ko dV.
0222_-2—2"’“ Vz
}l()gEl dr

(23)

(24)

in which Kyho1/hos is a constant.

The block diagram of the complete system in this case becomes
simpler, as illustrated in Fig. 3. The proper setting for the time con-
stant of the cold wire is accomplished by the adjustment of (hg;/
ho2)Ks in equation (24) at room temperature in the way previously
described. This need be done only once for a given type of wire.

Instrument for Measurements of Velocity and
Temperature in Heated Air Flows

A practical instrument for measurements in nonisothermal air flows
is described here, together with some remarks about the application
and possible significance of the results. A two-wire probe consisting
of 5 um dia tungsten wires with copper plated ends was used as shown
in Fig. 4. The downstream wire was the 1 mm long hot wire and the
upstream one the 2 mm long cold wire separated by 0.7 mm to avoid
any mutual interference.

Fig. 5 shows the result of probe orientation fests to identify the
region of negligible wake interference. The two wires are paralle] and
are held normal to an air flow. Such a probe configuration is highly
effective in the study of turbulent shear flow. The fluid velocity u
measured by the downstream hot wire starts to deviate significantly
from the true fluid velocity 1. when the distance x separating the two
wires becomes less than 150 wire diameters. This critical distance is
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practically unaffected by the Reynolds number Re = u.d/v. In ex-
ceptionally low velocity situations, a slight phase shift is introduced
between the signals of hot and cold wires by the physical distance
separating the two wires. This corresponds, for instance, to a delay
of the order of 0.7 X 1035 in the case of 4. = L m/s and x = 0.7 mm.
When the precision control of the phase shift is required in such an
exceptional case, a delay line should be inserted in the circuit before
compensation is performed.

A compensation circuit was built up on the basis of the block di-
agram for moderate temperature fluctuations given in Fig. 3. In Fig.
6, the schematic of the complete compensating circuit is presented
in detail. An anemometer unit on the market was used for constant
temperature operation. The current supplied to the cold wire was 1
mA. The wire-temperature rise caused by current heating was mea-
sured and proved to remain less than 0.1°C provided i3 < 1 mA. The
output of the cold wire was amplified by the differential amplifier
made of Fairchild ud 725C instrumentation operational amplifier at
a gain of 1000. The differential amplifier gave a flat frequency re-
sponse up to 40 kHz, which was quite adequate, and 108 dB common
mode rejection ratio for a signal with a frequency of 60 Hz. The total
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Fig. 3 Block diagram of compensation for moderate temperature fluctua-
tion
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noise voltage referred to input was 1.2 ¢V (r.m.s) for a bandwidth of
10 kHz, which resulted in the corresponding error in temperature of
0.05°C at the most. The multiplier and divider were made from NEC
pPC 132D wideband four quadrant multipliers, the operational errors
of which were less than 0.8 percent.

The proper setting for the time constant of the cold wire could be
accomplished, as described previously, by applying the on-off added
currents to the wire and adjusting the feedback resistance (potenti-
ometer) until the output V5 indicated the correct step response. Fig.
7 shows typical traces illustrating the step response of the cold wire
obtained by the compensation setting. It was our experience that the
readjustment for the compensation was not needed with the changes
of the fluid temperature from 20 to 100°C and of the velocity from 5
to 25 m/s.

The frequency response of the compensating circuit is shown in Fig.
8. The gain of the velocity measuring circuit is presented with the ratio
of the output £, to the input V. The frequency response of the
complete temperature measuring circuit is shown by a solid curve
derived from the combination of the measured frequency response
of the electronic circuit (V,9 versus Vg) and the calculated frequency
response of the uncompensated cold wire shown by a dot-dash line.
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The gain thus corresponds to the ratio of the output Vo to the signa)
of virtual voltage fluctuation proportional to the fluid temperature
fluctuation. In Fig. 8, the d-c gains of both the velocity and temper.
ature measuring circuits are fixed so as to indicate 0 dB. With a view
towards preventing the undesired contribution of noise with
frequencies higher than the range of interest, the differentiating action
in the temperature measuring circuit was restricted up toa frequency
of 6 kHz, which is more than adequate for most turbulence research
{6, 7]. The phase shift contributed by the compensators is seen to be
quite acceptable over the frequency range of interest [8, 9. In general,
the overall response of the compensating circuit is limited only by the
electronic properties of the devices used.

The calibration curves between the linearizer output E,, and the
velocity measured by Pitot tube at various temperatures are presented
in Fig. 9. The figure clearly shows that the velocity calibration curveg
of the uncompensated hot-wire anemometer output, which indeed
vary widely with temperature, can be reduced to a single one, re-
gardless of temperature changes, when the temperature compensa-
tions are performed with this proposed circuit.

To verify the effectiveness of the compensation for fluctuations,
sample oscillograph records (Fig. 10) of velocity and temperature
fluctuations were measured with this instrument in a heated pipe
flow.

Another set of reference flow fluctuation data in fully developed
pipe flow is shown in Fig. 11, in which the distributions of intensities
of velocity and temperature fluctuations normalized by the friction
velocity u» and the friction temperature ¢» are presented as a function
of dimensionless distance from wall y/r,, (r, being pipe radius). The
data of Bremhorst, et al. [7] are those obtained by the conventional
constant-current method introduced first by Corrsin [10]. Such
conventional measurements of turbulent intensities, however, are
bound to be erroneous due to nonlinearity of the hot-wire response
and additional assumptions needed to find the sensitivities to fluc-
tuations {11, 12]. As seen from Pig. 11, the effect of heat input on the
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Fig. 9 Results of compensation

Fig. 10 Velocity and temperature fluctuations in a heated pipe flow
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v UT2/U 4 distribution is chiefly produced in the wall region, and in
the core region there is no longer a definite effect of added heat. De-
tails of fine structures of turbulent velocity and temperature fields
in fully developed pipe flow, and extensive turbulence studies on the
thermal entrance region of a pipe, will be given in other reports [13,
14].

The relation between A in equation (6) and film temperature ¢;is
obtained through the evaluation of h; from the intermediate signal
E; measured in still air at various temperatures, since from equation
(6), h = A for u = 0. Fig. 12 shows the experimental result of the
relation between A and fluid temperature ¢, in which A denotes the
value of A at 0°C. The assumed linear relation (7) between A and ¢;
has been proven acceptable for air in the temperature range of 20 to

Journal of Heat Transfer

100°C.

Conclusions

The results of this investigation pertaining to simultaneous mea-
surements of velocity and temperature can be summarized in the
following conclusions:

1 Considering the difference of the heat transfer coefficients
between hot and cold wires, the analysis has been presented in as strict
a form as possible.

2 For simplicity of presentation, the analysis involves the use of
Kramers heat transfer equation, which has proved to be an expression
acceptable enough to warrant its use in practice.

3 Separate and simultaneous signals of the velocity and tem-
perature are obtained by employing analog technique in which the
time constant of the cold wire is automatically evaluated from the
signal directly proportional to the heat transfer coefficient of the hot
wire.

4 Compensation for the effects of fluid temperature on the heat
transfer coefficient has been accomplished through compensating
circuits.

5 Possible shortcuts for moderate temperature fluctuations are
described.

6 A measuring system has been built by using a two-wire probe
consisting of 5 um dia tungsten wires. The unit has been tested in a
controlled environment, and the corresponding results have proven
very satisfactory for the measurements of velocity and temperature
fluctuations in ordinary turbulent fluids.
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Introduction

Longitudinal heat conduction through the heat exchanger wall
structure in the directions of fluid flows has the effect of decreasing
the exchanger performance. Investigations of this effect have been
done for storage type periodic-flow heat exchangers [1-5],! and for
the direct transfer type counterflow heat exchangers [6-8]. Reporting
on the investigation of this effect for the direct transfer type crossflow
heat exchanger is very limited [9].

This paper presents the results of the study of the thermal per-
formance deterioration in the direct transfer type single pass crossflow
heat exchanger. The deterioration is the result of the two-dimensional
longitudinal heat conductions through the exchanger wall in the di-
rections of the two fluid flows. Heat transfer rate equations for the
two fluids and the heat exchanger wall are first formulated. By using
a successive substitution technique, these three equations are reduced
to a single equation with the wall temperature alone as the unknown
variable. The two-dimensional temperature distribution of the ex-
changer wall is then determined. Next, the temperature distributions
of both fluids in the heat exchanger are calculated. Finally the ex-
changer heat transfer effectiveness and its deterioration due to this
longitudinal heat conduction effect are determined for various design
and operating conditions.

Analysis

Many types of heat transfer matrices are used in direct transfer type
heat exchangers. The heat transfer matrices generally can be classified
into plate-fin surfaces and tubular surfaces. When the two-dimen-
sional longitudinal heat conduction through the exchanger wall is

1 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER., Manuscript received by the Heat Transfer Division
October 29, 1976.
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The Effect of Longitudinal Heat
Conduction on Crossflow Heat
Exchanger

A numerical method to determine the effectiveness of the crossflow heat exchanger, ac-
counting for the effect of the two-dimensional longitudinal heat conduction through the
exchanger wall structure in the directions of fluid flows, is presented. The exchanger ef-
fectiveness and its deterioration due to the conduction effect have been calculated for var-
fous design and operating conditions of the exchanger. The results indicate that the ther-
mal performance deterioration of the exchanger may become significant for some typical

taken into consideration, the thermal performance deterioration is
more significant for the plate-fin heat exchanger than for the tubular
heat exchanger. Thus, in this investigation, a plate-fin heat exchanger
is considered. The subject heat exchanger may be visualized as a wall
separating the two fluid streams flowing at right angles and with
plate-fins on both sides as shown in Fig, 1. In most heat exchangers,

Cold Side Fin Exchanger

wall
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{} ’
:1""j
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Fig. 1 Single pass crossflow heat exchanger
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the thickness of the exchanger wall is small compared with its other
two dimensions, so the thermal resistance through the exchanger wall
in the direction normal to the fluid flows is small enough to be ne-
glected. The fin thickness, especially in the plate-fin heat exchanger,
is much thinner than the exchanger wall; it is also small compared with
the fin height and fin width. Therefore, the temperature gradient
across the fin thickness may be neglected. For the same reason, the
heat transfer rate across the fin in the direction of the fluid flow (on
the same side of the fin concerned) is also very low and can be ne-
glected, especially when the off-set or interrupted-fin is used. In other
words, one-dimensional heat transfer fin concept is assumed in this
investigation. Other assumptions of this analysis are:

1 Steady state condition.

2 Both fluids considered are nonliquid metal type. Their tem-
peratures remain constant and uniform over their respective inlet
sections. Their mass velocities are also constant with respect to
time.

3 Both fluids pass in crossflow pattern on both sides of the ex-
changer wall. Each stream is assumed to have been broken up into a
large number of separate flow tubes for passage through the exchanger
with no cross or transverse mixing [2}. Change of flow distribution
inside the exchanger is neglected.

4 Thermal-physical properties of both fluids and the exchanger
wall and fin are independent with respect to the temperatures.

5 The convection heat transfer coefficient between either fluid
and its respective heat transfer surface is constant throughout the
exchanger.

6 The heat transfer surface configurations and the heat transfer
areas on both sides per unit base area are constant and uniform
throughout the exchanger.

7 Noheat generates within the exchanger. No phase change occurs

in the fluid streams flowing through the exchanger. Heat transfer
between the exchanger and the surrounding is negligible.

Based on these assumptions, the governing differential equations
of the heat transfer activities of the subject system are formulated as
shown below:

Heat transfer between the hot fluid and the exchanger wall:

gﬁc')T’
¢ ax’

= (nha")n(T" — 67) (1

Heat transfer between the exchanger wall and the cold fluid:

Ce ' (uharyo 1) @
Cedt o
L ay’ n c

Two-dimensional longitudinal heat conduction in the wall;

(kAw)hﬂ_*_ (kAw)cﬁ_ﬁfE 92_(&_ (3)
£ ox? L ay'? ¢ ax’ L oy
The boundary conditions are:
0,y = T'iw; E(x’, 0) = t'in )
a0, y) a0, y) _ 3, 0) a0, &) _
ax’ dx’ ' dy’ ay’
Let:
1 1
Ah = [(kAw)/C]hs >\c == [(kAw)/C]c (5)
L £
then equations (1)-(3) can be expressed as:
aT
a— + NTUW(T - 0) =0 (6)
X

- Nomenclature

a’ = heat transfer area per unit base area,
dimensionless

a = total heat transfer area (= a’£L), ft?

A = a dimensionless parameter defined by
equations (17), and (18)-(20)

A = total solid area available for longitudi-
nal heat conduction, ft2

B and B’ = dimensionless parameters de-
fined by equation (10)

¢p = specific heat of fluid at constant pres-
sure, Btu/Lbm. F

C = Mcp = fluid heat capacity rate, Btu/hr
F

D = a dimensionless parameter defined by
equation (10)

E, B’ and F = dimensionless parameters de-
fined by equation (15)

G and H = dimensionless parameters defined
by equation (17)

h = convection heat transfer coefficient,
Btu/hrsq ft F

[ = subscript of the one-dimensional variable
#* as defined in equation (21)

i and j = subscripts of the two-dimensional
variable 0. i specified i-th row and j speci-
fies j-th column

k = thermal conductivity of exchanger wall,
Btu/hr ft F

L, € = the length of the exchanger in the x’ or
y’ directions respectively. ft

m = number of subdivisions in y’ direction.

M = mass flow rate, Lbm./hr.

n = number of subdivisions in x’ direction.

NTUy = number of transfer units on the hot
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side = (nha),/Ch, dimensionless
NTU, = number of transfer of units on the
cold side = (yha)./C., dimensionless
NTU = number of transfer units of the heat

1
exchanger = ,

1 1
con] (52),* ()
nha/ h nha/ ¢
dimensionless

Py, Py, P3, P4y and R = dimensionless pa-
rameters defined in equation (17)

r = an integer

S = (yha)p/(yha)., dimensionless

T= (T~ t'ip) (Tin — in)i t = — t'in)/
(T"in, = t'in), dimensionless

T, t’ = fluid temperature on hot or cold side,
F

V = C./C}, dimensionless :

W = a dimensionless parameter as defined in
equation (17)

x = x’/L, dimensionless coordinate in x’-
direction

x’ = coordinate in x’-direction (direction of
hot fluid flow), ft

Ax = x/n, the length of the subdivision in
x’-direction

y = y'/¢, dimensionless coordinate in y’-di-
rection

y’ = coordinate in y’-direction (direction of
cold fluid flow), ft

Ay = y/m, the length of the subdivision in
y’-direction

Z = a dimensionless parameter as defined in
equation (17)

¢ = exchange heat transfer effectiveness

- Ch(T/in - T/exit)
Cmin(T/in - t/in)

_ Cc(t/exit - t’in) . .

= " dimensionless
Cmin(T/in - t,in)

Ae = deterioration of exchanger effectiveness
due to longitudinal conduction effect, di-
mensionless

\ = longitudinal heat conduction parameter
as defined in equation (5), dimensionless

n = overall surface efficiency, dimension-
less

6 = double subscripts dimensionless tem-
perature of exchanger wall = (¢ — t';,)/
(T’in - t/in)

§ = exchanger wall temperature, F

6* = single subscript dimensionless temper-
ature of exchanger wall

7 = conduction effect factor as defined by
equation (23)

Subscripts

¢ = cold side or in the direction of cold fluid
flow

exit = exit

h = hot side or in the direction of hot fluid
flow

in = inlet

max = maximum magnitude

min = minimum magnitude
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at
— + NTU(t —6) =0 (7
dy
% a% aT at
At AV —e——-V—=0 (8)
dx? Jy?  dx dy

The boundary conditions are:

T, y) =10, t(x,0) = 0.0 ©)
a0, y) - a9(1, y) 0 db(x,0)  d0(x, 1) -0
ox dx ’ dy ay

Subdivide the x’ — y’ plane of the exchanger into m X n small
subdivisions as shown in Fig. 2. The finite-difference representations
of the governing differential equations are obtained as shown
below:

Center Region Subdivisions. Let:

B’ = NTUpAx; B=(1—-%B)/B; D=(1+%B)/B (10)
equation (6) can be expressed as,
0;;+BT;j— DT j41=0 (11)

By means of successive substitution, the hot fluid temperature T, at
any position (i, j), can be related to the wall temperature of all the
upstream subdivisions in the same flow channel i, and the inlet tem-
perature of the hot fluid, T’ ; which is given. Thus,

1 B B\2 By\3
T,‘,j = [0,',]'_1 + <~‘> b j—2 + <—) O;j—3+ <—) Bij—a+...

D D D D
Byr Byj-2 Byj-1
+ <B> Oijmr—1+ ...+ (B) 0,‘,1] + <B) Ti1 (12)
Similarly, equation (7) can be expressed as,
0,‘,]' + Eti’j - Fti.(.u =0 (13)
then,
1 E E\2 EN3 .
=g st (5)0eart (5) 0t () uit
ENr E\i~2 ENi-1
+ <—F_) Opprj+ ...+ <E> 01,1‘] + <E> t1; (14)
Here,
COLD FLUID
{—. X' @
¥ tl,j
8 ” T i} 8
11z Lil %y T 1.0
[~ £\ X'~ gt t?.i
HOT
FLUID
'; b1 b i
Tl % T Tl %y (T %.n
b1 i+1,]
tm,l tm, n
Tm,l 6m,l Tm 2 Gm j Tm,n 9m n Trn,n+1
tm+1‘ 1 tm+1, n
Fig. 2 Subdivision of crossilow heat exchanger
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E'=NTUAy; E=(1~%E)E; F=(1+%E)E (15

Equation (14) indicates that the cold fluid temperature ¢, at any
position (i, j), can be related to the wall temperature of all the up-
stream subdivisions in the same flow channel j; and the inlet tem-
perature of the cold fluid, ¢4 ;, which is also known.

By means of the same successive substitution technique, equation
(8) can be written as,

GO;jr1+ HOpppj+ WO+ Pibij_1 + Poflieyj

B B\?
+ P3 [ﬂg,j_z + <B> b3+ <B> Oij—a+ ...+

E EN2
+ Py [01'_2,]' + <E) Oi—3j+ <*F~> Oigj+...+

=-R <1 + g) <§—>j_1 T —2Z <1 + i—) <§>H ty (16)

Here:

=T (ayp VU VoNTU

G = M/(Ax)% H = A\ V/(Ay)% R = YyNTUy; Z = %V - NTU,

R 2 B Z, E
W=A+—-+—;P1=G+E<1+——);P2=H+—<1+—>
D'F p\" "D F\'"F

IO TR
D D/\D F F/\F

Equation (16) is used to determine the wall temperature, §;;, in the
center region of the system. This equation is also used to determine
the wall temperature of all the boundary region subdivisions with
certain restrictions and limitations as discussed in the next sec-
tion.

Boundary Region Subdivisions. Following the same analysis
as the Center Region equations (6), (7) and (8) can be written into
similar finite-difference forms for the boundary region subdivisions.
Therefore, all the finite difference equations developed for the center
region subdivisions can be used for all the boundary region subdivi-
sions with the following restrictions:

a Only those terms of T;; are retainedif 1 Si <mand1 5 <

n-+ 1
b Only those terms of £, ; are retained if |l <i <m+land1 <
<n.
¢ Only those terms of §;; are retained if 1 <i <mand1=<j <
n.
d The parameter, A, for various boundary region subdivisions
are:
For the four corner subdivisions,
AV
A=--—>\}'-————°———-NTU},-—V-N'I‘Uc (18)
(Ax)2  (Ay)?
For the top and bottom center subdivisions,
2\ AV
=2 el NTU, - V- NTU, (19)
(ax)?  (Ay)?
For the left and right center subdivisions,
A 22V
A=——2__ 2l _NTU, - V-NTU, (20)
(Ax)? (Ay)?

Equation (16) must be formulated for every subdivision of the
system. There are m X n equations to form a set of simultaneous
equations. The unknown variables of equation (16) are the wall
temperatures of the related subdivisions. These related subdivisions
are:

a the subdivision concerned,

b the immediate downstream subdivision of both fluids (up to
the last row or/and last column subdivisions),

¢ all subdivisions in the upstream directions of both fluids (up
to the first row or/and first column subdivisions).

Solving 8 alone by equation (16) is much simpler than solving 8, T
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and ¢ simultaneously. The advantage of using the successive substi-
tution technique to obtain equation (16) is therefore obvious.

Numerical Solutions

Iu equation (16), the wall temperature, 8(i, j), is expressed in a
two-dimensional array. Because the wall temperatures of all the re-
Jated subdivisions are present, identification of each element and its
coefficient in the matrix is complicated. In order to simplify this
problem, the two-dimensionsl array (i, j) is transformed into one-
dimensional array 6*(1), here

I=@-1n+j (21)

The general arrangement of the one-dimensional array, 6*, is shown
in Fig. 8. After this transformation, equation (16) can be written as

GtFre + HOF e + WO + P10*1-1 + Pof*1—p

B B\ 2 B\ij-3
+ P3 [H*IAZ + <B) 0*1-3 + <5> g +. ..+ <'D-> 0*{_j+1:|

E E E\i-3
+ Py [9*1_2,1 + (E) %13, + (E) 0 pegn+ ...+ (‘F’> B*j]

=-R (1 +§> (E)’ "7y -2 <1 + E) <5> ‘@
D/ \D F/\F

The node I and its related nodes in equation (22) are also shown in
Fig. 3. There are m X n equations of the type of equation (22) in the
system. After 0* are determined, 0; ;, the temperature distributions
of the two fluid streams and their average values can then be calcu-
lated.

The Conduction Effect Factor, 7, is introduced to illustrate the
influence of the two-dimensional longitudinal heat conduction on the
deterioration of exchanger performance.

. é_f _ €no conduction " €with conduction

(23)
€ €no conduction

The conduction effect factor directly shows the degree of deterio-

ration of the exchanger heat transfer effectiveness due to the longi-

tudinal heat conduction. The larger this factor is, the greater is the
deterioration of the exchanger effectiveness.

@ COLD FLUID

o e{
b
HOT
FLUID —_—
—> NS
* 'N *
EN 2 | o]
e ° L . *
1D T
81 je2 B R I
Note: 871 - 8 i, j)
I = (-1in+j

Fig. 3 Related nodes In equation (22)
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The NTUy, and NTU, used in the various equations developed
before are determined from V, S and NTU as shown below.
For the case when Cy, 18 Cpin,

1
NTU, = NTU (1 + §); NTU, = NTU <1 + E) /V (24)
For the case when C. is Cpin,

1
NTU, = NTU - V(1 + S); NTU, = NTU <1 + E) (25)

Results

The accuracy of the solution obtained by finite-difference mathe-
matics depends on the number of the subdivisions used. Use of a
greater number of subdivisions not only can produce results of higher
accuracy but can also enhance the convergence. Practically, the
number of subdivisions used is determined by a compromise between
the accuracy desired and the time required on the computer. It was
found that when a 10 X 10 matrix was used, the results were accurate
to the third digit for most cases, as compared with the near-exact
solution [2, 10]. This accuracy is believed to be sufficient for most
engineering applications. Thus, a 10 X 10 matrix arrangement was
used throughout this investigation.

In this study, the ranges of the design and operating parameters
of the exchanger under consideration are:

C./Cy = 0.1t010.0

Ae/An = 0.5, 1.0, and 2.0

An = 0.00, 0.04, 0.06, 0.08, 0.10, 0.20, and 0.40

(nha)n/(nha). = 0.5, 1.0, and 2.0

NTU = 1.0, 2.0, 4.0, 6.0, 8.0, and 10.0 to 100.0 at an interval of
10.0

The parameters covered are in the range of general interest. The
methods developed, however, are not limited to within these ranges
and also can be applied to treat various other heat exchanger problems
as well {11, 12]. Useful data of 7 for various exchanger design and
operating conditions are presented in [9].

Fig. 4 shows the exit temperature distribution of both fluids with

Cold Fluid, t
Inlet Fluid Temp = 0.0

Hot Fluid

O‘gj 0.5 0.7 T
l—.x
O
; y ¢
Hot Fluid, T |:> Exchanger o
Infet Fluid Temp = 1.0
0.
1.
=
=
=2
8
= 0.0
=0.2
CONDITIONS: Cc!Ch =1.0
(”)ha)h/(“yha)c =1.0
NTU = 1.0
Fig. 4 Fluid temperature distributions at exits of exchanger
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An (and A¢) = 0.0 and 0.2 respectively. In this figure, exchanger NTU,
C./Cy and (nha)n/(nha). are all equal to unity. When A, (and Ac) =
0.2, the exit temperature of the hot fluid is warmer and that of the cold
fluid is colder in most regions than those of the respective fluids when
An (and Ac) = 0.0. This results in lower thermal performance of the
exchanger when the longitudinal heat conduction in the wall cannot
be neglected.

For the case of Co/Cy, = 1.0, the conduction effect factor increases
as the exchanger NTU increases as shown in Figs. 5 and 6. For the
cases of C,/Cy = 0.5 and 2.0, the conduction effect factor generally
increases with NTU until NTU reaches approximately 10, then it
decreases with the increase of NTU as shown in Figs. 5 and 7. These
results are due to the exchanger unbalanced flow stream capacity rates
which suppress the longitudinal conduction effect, and are similar
to those observed by other investigators [1, 2, 7].

Relations between (yha)n/(nha). and 7 used C./Cy, and Ao/An as

0.4 T T

e
A

0.2

o
—

0.08
0.0¢

o
[
r

CONDUCTION EFFECT FACTOR T

0.02

b

0.01 { | 111
8 10 20 40
NTU

60 80 100

CONDIT!ONS:xh= 0.1000; {y haihlhha)C =1.0

Cclch =05
Cchh =1.0:

Cclch 20—
CCICh 0.5 &2.0: ——

Fig. 5 Relations between conduction effect factor v and other parame-
ters

0.4 T T T T I e P
(7ha, fi ha = 2.0 A

Lo 2.0

0.2 - 1.0
0.5 0.5

=
—

=

0.03]
0.08

(=1
(=]
&

CONDUCTION EFFECT FACTOR T

i
=)
~

{

I | S
1 2 4 6 810 20 40 60 80 100

0.01

CONDITIONS: CC/C =1.0; . 0.1000

h

Fig. 6 Relations between conduction effect factor 7 and other parame-
ters
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parameters are presented in Fig. 8.

For all other parameters held constant, the conduction effect factor,
7, is maximum when C./Cy, = 1.0 as shown in Fig. 9. In other words,
the deterioration of the exchanger effectiveness is the greatest when
the flow stream capacity rates on both sides are equal. This result is
similar to those of previous reports (1, 2, 7].

From the results presented in this paper, it is noted that the thermag)

(7ha)h
f7hal 2

0.10 ‘ ¢

0.08—

0.06

0.04 2.0
(l/
o 0.02
8
=
0.0t | I | L1 ]
9 1 2 4 6 810 20 40 6080100
[
fre.
o % ha)
5 M
=2 (7 ha} by
S 0.10 < ¢
)
= O
=
Q
(]

< 0.5

NTU

CONDITIONS: A he 0.100

Fig. 7 Relations between conduction effect factor v and other parame-
ters

\cc/ch=o,5
FOR ALL AfA,
(—f L—/// cchh: Lo
§ ﬂcl A = 0.5
(&}
=
5
B~ ot 10
= AIX =10
2 ¢ h
=
(&1
3
= \—_ -
& c.fc, = 1.0
AA -
A = 2.0
/ ¢ e, = 2.0
FOR AtL a2

0.5 1.0 2.0

{yha) Hpha)

CONDITIONS: FOR CERTAIN Ay AND NTU

Fig. 8 Relations between conduction effect factor 7 and other parame-
ters
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0100~
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0.06—

€04t~

CONDUCTION EFFECT FACTOR T

CONDITIONS: NTU = 10.0;)«“ =0.100: A/2 = 1.000; (7 ha) H{7ha) = 1.000
T h R <

Fig- 9 Relations between conduction effect factor 7 and other parame-
ters

performance deterioration of crossflow heat exchanger due to longi-
tudinal conduction through the wall structure is not always negligible,
especially when the capacity rate ratio of both fluids is equal to 1.0,
and when the longitudinal conduction parameter is large.
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Spacing

Heat Transfer From Arrays of
Impinging Jets with Large Jet-to-Jet

Local and average convective heat transfer coefficients were measured for arrays of widely
spaced impinging air jets and correlated in terms of system geometry, air flow, and fluid
properties. The configurations were square arrays of circular turbulent jets (spaced from

10-25 diameters apart) incident upon a flat isothermal target surface. Independent pa-
rameters were varied over ranges generally corresponding to gas turbine cooling applica-
tions. Local heat transfer coefficients were influenced by interference from neighboring
Jjets only when the target plate and the jet orifice plate were less than five jet diameters
apart. Average heat transfer coefficients were nearly equal for all the arrays tested as long
as the coolant flow per unit area of target surface was held constant. In fact, there was a
tendency for the more widely spaced configurations to produce slightly higher average
heat transfer under such conditions.

Introduction

Impinging fluid jets are widely used for heating and cooling solid
surfaces. Applications include the processing of glass and some metals,
the drying of paper stock, and the cooling of electronic components.
Impinging jets provide an especially attractive means of cooling
critical gas turbine parts; they produce very high convective heat
transfer rates with minimal expenditures of cooling air.

A single jet directed at a target surface tends to produce very lo-
calized cooling; hence, most practical impingement systems consist
of an array of many cooling jets laid out in a regular pattern (often a
square matrix) to produce more uniform heat transfer. Several in-
vestigators have measured average and local convective heat transfer
coefficients for such multi-jet systems; these include Friedman and
Mueller [1],! Gardon and Cobonpue [2], Huang [3], Daane and Han
[4], Kercher and Tabakoff [5], and Chance [6]. They determined, in
their investigations, how heat transfer coefficients varied with coolant
flow rate, fluid properties, and system geometry.

In certain gas turbine applications, the coolant flow (per unit area
of cooled surface) and the available pressure drop are set, within
narrow limits, by the overall design of the engine. Corresponding
situations may exist for the other applications cited above. In these

1 Numbers in brackets designate References at end of paper.

Contributed by the Gas Turbine Division for presentation at the Gas Tur-
bine Conference, London, England, April 9-13, 1978, of THE AMERICAN S0-
CIETY OF MECHANICAL ENGINEERS. Manuscript received at ASME Head-
quarters December 22, 1977, Paper No. 78-GT-117.
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cases where the flow is relatively low and the pressure drop is high,
the designer is forced to use an array of cooling jets spaced far (15 or
more diameters) apart to provide the desired metering—though this
may or may not be the optimum array with regard to magnitude and
uniformity of heat transfer. Though there is presently an extensive
body of heat transfer data for impinging jet systems, the information
for arrays having holes more than 10-12 diameters apart is scant.

The purpose of this study, then, was to measure both average and
local convective heat transfer coefficients for arrays of turbulent air
jets with jet-to-jet spacing varying from 10-25 diameters. Often,
knowledge of only the space-averaged heat transfer coefficient is
adequate for design calculations. However, the heat transfer distri-
bution for widely spaced jets tends to be quite nonuniform, with iso-
lated cool spots beneath individual jets. Such a situation has the po-
tential for producing severe thermal stresses or distortions in the
target surface. The local heat transfer measurements may be used in
conjunction with heat transfer and stress analysis computer routines
to establish the level of thermal stresses and strains.

The data obtained were correlated in terms of relevant independent
parameters involving flow rate, fluid properties, and system geometry.
These parameters were varied over ranges generally appropriate to
gas turbine cooling, though this information is certainly of use to
designers in those other areas where impinging jets find use. Table
1 summarizes the ranges of variation of the test variables involved.
The jets were formed by 4 X 4 square arrays of circular orifices on a
flat surface oriented parallel to the target plate as shown in Fig. 1, and
spent air was exhausted along all four edges of the enclosure. The
orifices themselves were square-edged with length/diameter = 1.0,
which is typical of the sort used in practical applications. The working
fluid was air near S.T.P.
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Table 1 Ranges of test variables

Nominal jet diameter d 25,50 mm?

Jet spacing/jet diameter X/d 10,15, 20, 25
Plate spacing/jet diameter Z/d 1,2.5,5,10, X/d
Jet Reynolds number Re 3000-35,000

Jet exit Mach number * 0 0.06-0.40

Jet exit velocity V. 20-130 m/s

2 Mominal diameters were 2.5 and 5.0 mm. Actual diameters were 2.54 and 5.08
min.

jet oritice
plate
oy
|
Z
i
X ( impingement
surface
Fig. 1 Impingement system, with nomenclalure
pressure valves
gage %
R I"’“?"'l &%
] l L"X’-J safety
valve |
rotametersﬂ ba!fle~—\ ==X
I
[_j | plenum———x
manometer screen
LN manometers
jet plateb
T target plate
pressure — eetp
fiter | regulator %_*—“—;r_—‘l heater

air ’ L@ e insulation
su
upply A powerstiat

Fig. 2 The testrig

Experimental Apparatus and Procedures

The test system is shown in Fig. 2. Impingement air is supplied by
a compressor, and dried and filtered upstream of the heat transfer rig.
The flow to the jet array is regulated with manually-operated valves
and measured with a bank of precision (&1 percent) rotameters. The
constant supply pressure provided by the regulator and the constant
jet discharge pressure (i.e., ambient pressure) insure that the flow rate

- Nomenclature

does not vary during a test. Cooling air enters the jet plenum at room
temperature; and a baffle and screen in the plenum insure that the
air is evenly distributed among the several jet orifices. Total pressure
and temperature are measured in the plenum. Interchangeable orifice
plates are used to provide the eight impingement geometries (two
values of d and four values of X/d) indicated in Table 1. The spacing,
Z, between the orifice plate and the target plate is set and maintained
using wooden spacers machined to the appropriate lengths. The
spacers are small wooden dowels located at the four corners of the
plates. They are set as far as possible from the jet array to minimize
their effect on the crosstlow between the plates. Wood has a fairly low
thermal conductivity, tending therefore to minimize the fin effect (i.e.,
the conduction of heat away from the target plate along the dow-
els).

Air jets issuing from the orifice plate impinge upon a flat isothermal
surface consisting of a 6 mm thick copper target plate heated by re-
sistance heater pads glued to its back face. In fact there is one such
plate (square, with dimensions 4X X 4X) for each of the eight arrays
tested. Electric power is supplied to the heaters with a powerstat, and
the heat input is determined by measuring current (I} and voltage (E)
in the heater circuit. Each plate is insulated with 6 cm of balsa wood
to reduce heat leak from its edges and back to the surroundings.

Each target plate is instrumented with five 30 gas iron-constantan
thermocouples to measure surface temperature. They are installed
in holes drilled in from the back surface to within 1.0 mm of the im-
pingement side. The TC’s (thermocouples) are forced into the (tight)
holes and held in place by peening the metal to clamp the leads where
they enter the plate. The holes are drilled inclined at 45 deg to the
plate to keep a greater length of the leads in thermal contact with the
plate, thereby reducing conduction error. Leads are routed out to the
edge of the plate along slots milled into the back face of the plate, and
finally through tight holes drilled through the balsa insulation.
Measuring junctions are located at sites near the four jet orifices at
the center of the array. For an x-y co-ordinate system with axes par-
allel to the edges of the target plate and origin at its center, the loca-
tions are

TCix=0andy =0
TC2x =X/2and y=0
TC3x=0andy = X/4

TC4dx=X/2andy = X/2
TC5x =X/4and y= X /4

One copper plate (the one with X/d = 25 and d = 5.0 mm) is instru-
mented with 12 thermocouples—the five listed above plus seven at
sites near the edges of the plate. During the entire test program this
plate, presumably a “worst case,” remained acceptably isothermal.
The maximum and minimum readings never differed by more than
7°C; the difference was usually less than 4°C.

In addition, one target plate is instrumented with a microfoil heat

A = area of target plate, m?

d = nominal diameter of jet orifices, mm

. = voltage supplied to target plate heater,
volts

R = average impingement heat transfer
coefficient, W/m2.°C

h = local impingement heat transfer coeffi-
cient, W/m2.°C

[ = current supplied to target plate heater,
amps

k = thermal conductivity of test fluid, W/m
—oC
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Nu = average Nusselt number, hd/k

Nu = local Nusselt number, hd/k

Pr = Prandtl number

q = heat flux, W/m?

q, = radiant heat flux, W/m?

Re = jet Reynolds number, pVd/u

r = radial distance from jet stagnation point,
mm

T, = fluid temperature used in defining k
and h, °C

T = jet plenum temperature, °C

T« = ambient (room) temperature, °C

Ts = target surface temperature, °C

T, = jet centerline recovery temperature,
°C

V = jet discharge velocity, m/s

X = center-to-center spacing of jet orifices,
mm

Z = normal distance between orifice plate
and target plate, mm

w = test fluid dynamic viscosity, Pass

p = test fluid density, kg/m?
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tlux sensor (having a sensing area of 0.7 mm X 1.0 mm) located at the
center of its impingement surface. This plate was traversed beneath
jet arrays to determine local heat fluxes and local heat transfer coef-
ficients. The heat flux sensor {a commercial unit available from Rd¥F
Corporation of Hudson, N.H.) consists of two thermopiles affixed to
opposite faces of a 0.025 mm thick Kapton thermal barrier, with this
assembly sandwiched between two more Kapton sheets of the same
thickness. The thermopiles are wired so that their emf’s “buck” one
another and the net emf produced is proportional to the heat flux, q,
through the barrier. The manufacturer furnishes a calibration with
each unit.

Space-average heat transfer coefficients were computed using

— EI —
h=~———————Ah 1
A(Ts — Ta)
where A is the target surface area (16 X2), and T’ is the target surface
temperature obtained by taking the arithmetic mean of the readings
from the five thermocouples imbedded in the heated plate. The term
Al accounts for heat lost by radiation, and by conduction through the
insulation. Its value was determined by performing a calibration with
the cooling jets inoperative, and correcting for free convection using
the appropriate correlation from Kreith [7]. In this fashion, it was
determined that Ak = 4.0 W/m?2 — °C.

During these tests, air arrived at the test rig at room temperature.
Because the jet velocity was always low (£130 m/s) it was presumed
that it would be justified to use T (the total temperature of the air
measured in the plenum) as the effective air temperature in equation
(1). As testing proceeded, it was observed that there was radiation heat
transfer between the heated target plate and the orifice plate which
warmed the air in the plenum; the condition was, of course, most
pronounced when running arrays with large X/d at low flows. In fact,
over the whole program, T averaged 4-5°C above room temperature.
Because this difference was significant compared to the overall AT
((Ts — To) = 656°C was used) measurements of the recovery or adia-
hatic wall temperature were made, and these values were used for T,
in equation (1). These measurements were made with a thermocouple
buried in a eylindrical aluminum slug (length = 5 mm, dia = 6 mm)
which was imbedded in a large flat balsa wood block flush with the
surface. The block was traversed beneath the jet array to determine
the spatial variation of recovery temperatures on the target sur-
face.

Local heat transfer coefficients were calculated from local heat
fluxes measured with the heat flux sensor using

h = 4749 )

Ts - Ta
where g, is the radiant heat flux from the sensor surface. The radiation
correction was calculated using an emissivity value for the Kapton
sensor which was provided by the manufacturer. The surface tem-
perature (T}) was measured using one T'C in the thermopile nearest
the air-side surface of the sensor, and a small correction was made for
the temperature drop across the intervening layer of Kapton. Again,
the recovery temperature was used as the effective air temperature
(T,) in equation (2). There is a tendency for there to be a local cold
spot at the sensor site. To discourage this tendency and keep a fairly
isothermal target surface, a roughly circular region (dia = 300 mm)
around the sensor was masked with a sheet of Kapton having the same

thermal impedance as the sensor itself.

Results and Discussion

Recovery Temperatures. Recovery temperatures were mea-
sured, using the methods previously described, while V and Z/d were
varied over the same ranges which would be used when measuring heat
transfer coefficients. Fig. 3 shows the recovery temperature (T5) at
the jet stagnation point. Measurements were made on a 5.0 mm jet,
and the highest Re shown (40,200) corresponds to a jet exit velocity
of 130 m/s. For Z/d < 2 or 3, the recovery temperature is somewhat
lower than the jet plenum temperature (To). For 3 < Z/d < 15, the
recovery temperature exceeds the plenum temperature. The jets ex-
pand to a temperature below ambient, and are subsequently heated
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by mixing with warmer ambient air so that, upon impingement, they
have a total temperature (and recovery temperature) which exceeds
the plenum temperature. This behavior was noted also by Gardon [2]
and Sparrow, et al. [8]. For large Z/d, the recovery temperature is
equal to ambient temperature (7). During these tests, ambient
temperature was approximately 1.0°C higher than the plenum tem-
perature, hence (T, — T) approaches 1.0°C for large Z/d. Fig. 4 shows
the radial variation of the recovery temperature measured for Z/d =
10 and V = 130 m/s, which is the highest jet velocity for which heat
transfer data was taken.

It was decided that the most suitable air temperature to use in
correlating heat transfer data would be the area-averaged recovery
temperature, and that this temperature could be adequately ap-
proximated (see Fig. 4) by

Ta =%(Tr+ Ta) (3

The centerline recovery temperature {7.) was calculated in the tol-
lowing way. For small Z/d (<5), it was assumed that T, was not in-
fluenced by T as mixing had not penetrated to the jet axis (see
Abramovitch [9]); values of T, were taken directly from Fig. 3. For
Z/d > 15, it was assumed (see Fig. 3) that T = T'w. Finally, for 5 <
Z/d <15, T was obtained from a linear interpretation (based on the
value of Z/d) between the value of T} at Z/d = 5 (from Fig. 3) and the
value of Tr at Z/d = 15 (i.e., T = T'»). This method of determining
T, eliminates the need to measure the recovery temperature each time
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a heat transfer measurement is made. In fact, equation (3) gives a
value of Ty that never differs from the arithmetic mean of Tyand T«
by more than 1°C.

Average Heai Transfer Coefficients, Average heat transfer
coefficients were found to correlate well using a relation of the
form

— hd
Nu = —lk— = Re™Prof(X/d, Z/d) )

where all fluid properties (u, &, etc.) were evaluated at a “film” tem-
perature halfway between T and T’;. The Prandtl number (Pr) was
constant at 0.72 for this study and the traditional assumption n = 1/3
was used. Fig. 5 shows average heat transfer coefficients obtained in
this study for the smallest jet-to-jet spacing (X/d = 10), compared
to measurements made by other investigators. Results compare fa-
vorably, though some basic differences in the test configurations
preclude better agreement. Gardon and Cebonpue (Curve II) used
jets produced by arrays of long nozzles instead of by perforated plates.
Kercher and Tabakoff, Chance, and Daane and Han (Curves 1, I1I,
and IV respectively) reported data for systems in which spent air was
constrained to exhaust at one end of a rectangular enclosure. In both
instances, the crossflow pattern (hence the heat transfer rates) must
he expected to differ somewhat from those obtained here.

Figs. 6 and 7 show average heat transfer for the rest of the arrays
tested, X/d = 15, 20, and 25. It was noted that there was no hole-size
effect: at the same Re, Z/d, and X/d, jets formed by 2.5 and 5.0 mm
dia. orifices yielded virtually the same Nu. Fig. 6 shows this for arrays
with X/d = 20; it was true for arrays with X/d = 10, 15, and 25 as well.
[t was noted, also, that there was no effect due to varying AT (AT =
T, — To). Several tests were run using AT = 32°C, and the resulting
values of Nu were virtually identical to those measured using AT =
65°C. The slopes, m, of the Nu versus Re curves (Figs. b, 6, and 7) vary
hetween 0.74 and 0.86, depending upon both X/d and Z/d. The most
apparent trend was that m decreased with increasing Z/d, as these
figures clearly indicate. The method of least squares was used to de-
termine that the value which best fit all data was m = 0.80. Despite
the variation of m discussed above, the data correlated well (see Fig.
8) with

Nu X z
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The geometry function, f, is portrayed graphically, as no simple al-
gabraeic representation was found. The data of [2, 4, 5, 6] may in
general be reduced to the form of equation (5). Daane and Han used
exactly the same form with m = 0.78. Chance and Kercher and Ta-
bakoff used virtually the same form, but both found that m increases
with X/d for X/d < 12. At X/d = 10, they obtained m = 0.84 and m
= 0,94 (respectively) for turbulent Reynolds numbers. The correla-
tions of Kercher and Tabakoff and Chance contains also a “crossflow
degradation” factor ¢g; for large X/d and relatively few rows of jets
the crossflow effect on average heat transfer is small and ¢9 = 1.0.
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Gardon and Cobonpue correlated their data using Nusselt and
Reynolds numbers in which X is the significant length, and the
Reynolds number contained the fictitious “arrival” velocity of the jet.
However, their correlation can be recast in the form of equation (5)
with m = 0.625.

From inspection of the same figure, several useful observations may
be made. For all arrays tested, the average heat transfer coefficient
was sensitive to Z for Z/d < 5. The “tightest” array (X /d = 10) ex-
hibited a marked decay in Nu as Z/d was increased past 5; the same
tendency (though less pronounced) was exhibited by the array with
X/d = 15. However, for the most widely-spaced arrays (X/d = 20, 25),
Nu is virtually independent of Z for 5 < Z/d < X/d. For the designer
whose requirements demand an array with X/d > 15, the implication
is apparent. If space limitations permit, use Z = 5d for maximum heat
transfer; as long as Z < X, the actual value of Z selected has no sig-
nificant effect on Nu.

It has been generally accepted that the “best” impingement systems
have X/d < 10. It may be true that such geometries produce high
average heat transfer, but the total required coolant flow is also high.
This is an important consideration in gas turbine applications, where
a penalty (in terms of overall power plant efficiency) is exacted for
air diverted for cooling purposes. Accordingly, arrays having differing
X/d should be rated by comparing their respective heat transfer rates
at the same coolant flow per unit area of cooled target surface. Fig.
9 shows Nu plotted against the parameter Re*, for the several values
of X/d considered here. This parameter is a Reynolds number based
upon the flow rate per unit area, G, of target surface, and is defined
as

Re* = égc_l = Re(d/X)? (6)
T ou
Fig. 9 was constructed for Z/d = 5, which is nearly optimum orifice
plate-to-target plate spacing for all arrays. At constant Re* (i.e., at
constant () average heat transfer increases steadily as X/d increases;
and the array with X/d = 25 yields Nu about 20 percent higher than
that produced by the array with X/d = 10.

Local Heat Transfer Coefficients. Measurements were made,
also, of local convective heat transfer coefficients beneath individual
jets in the arrays. These measurements were made with and without
the remaining jets operational, to determine the extent to which local
heat transfer coefficients were influenced by crossflow from neigh-
boring jets. All such data were taken at the following conditions:

Re = 20,000
d = 5.0mm
X/d=10,15

Z/d = 1,5,10,15

Figs. 10 and 11 show typical radial variations of local heat transfer
coefficients for X/d = 10. The solid lines represent the author’s
measurements of local heat transfer coefficients with all jets plugged
except the one for which measurements were being made. For Z/d =
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1 (Fig. 10) secondary heat transfer peaks occur near r/d = 1.9, these
same peaks were observed by Gardon and Cobonpue {2] and lage,
attributed by Gardon and Akfirat [10] to variations in jet turbulence,
There is apparently some degree of jet interaction. For1 < r/d <
local Nu values are increased due to the influence of nearby jets. At'
larger r/d, Nu values differ, depending upon which radius one selecq
to make the measurements; this must be attributed also to jet intey.
action. For Z/d = 10 (Fig. 11) the jet within an array yields virtually
the same heat transfer profile as a single jet operating at the same
conditions. Measurements at Z/d = 5 (not shown) also show no ap-
preciable distortion of the profile. The same measurements were re.
peated for X/d = 15. For Z/d = 1, the same behavior was ohserveq
(though less pronounced) as for X/d = 10. For Z/d = 5,10, 15 the
profiles were essentially unaffected by jet interaction.

It must be pointed out that while the heat transfer profiles in Figg,
10 and 11 are generally typical for such impingement systems, the
profiles must, in fact, change shape continuously throughout the
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impingement region. This occurs for two reasons:

1 Crossflow is cumulative. For a square region [, X L in the center
of the array, the coolant mass flow is proportional to L? while the exit
area for the same flow in proportional to L. Jets farther from the
center of the array find themselves, therefore, in a stronger wind and
one must expect a correspondingly larger distortion of the local -
distribution. Because this study concerned itself with widely spaced
jets, this crossflow effect is less pronounced than it would be for more
closely-packed arrays.

2 There is an edge effect. The flow field near the periphery of the

array is affected by the absence of additional jets farther out. The
measurements reported here were all made on 4 X 4 jet arrays. Hence
there is some small measure of “edge effect” undoubtedly reflected
in all the local h’s measured.
All local heat transfer measurements were made at Re = 20,000 for
this study. The author cautions that these heat transfer profiles
cannot be applied to jets operating at significantly different Re. For
a single impinging jet, b ~ Re®® near the stagnation point of the jet
(where the boundary layer is laminar), while h ~ Re®8 at large r/d
(where the boundary layer is turbulent). Therefore h-profiles for low
Re are relatively more peaked near r/d = 0 than are those for large
Re. The data reported in a recent paper by Martin [11] clearly show
this behavior.

Conclusions

The heat transfer data obtained from this experimental investi-
gation should provide the practicing engineer with sufficient infor-
mation to design impingement cooling configurations consisting of
square arrays of axisymmetric turbulent jets, spaced from 10-25 di-
ameters apart. Significant conclusions resulting from this study are
the following:

1 Local A’s beneath individual jets in such an array are affected
by interference from neighboring jets only for small Z/d. For Z/d =
5, each jet produces virtually the same h-profile as would be produced
by a single isolated impinging jet.

2 Forlarge X/d (X/d = 20, 25) average h’s are nearly independent
of Z {and are maximum) for 5d < Z < X. Moreover, local h-profiles
are flatter (see Figs. 10 and 11) for large Z—thereby reducing tem-

Journal of Heat Transfer

perature gradients in the target surface. For such arrays, then, it is
best to use Z — X if space permits.

3 At constant coolant flow per unit area of target surface, average
h’s increase with X/d for 10 < X/d < 25. One does not, therefore, pay
a penalty in terms of total heat transfer if obliged to use a widely-
spaced array. It remains true, however, that such arrays still produce
more nonuniform cooling than more tightly packed jet arrays.
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fields and heat transfer characteristics for needles with power-law thermal variations in

(1) wall temperature, and (2) surface heat flux, are obtained. The influence of needle size
and Prandtl number on the thermal behavior of the flow is examined for a uniform as well

as an accelerating flow.

Introduction

An important aspect of experimental studies of flow and heat
transfer characteristics is the measurements of velocity and tem-
perature profiles of the flow field. The probe of the measuring devices,
such as a hot wire anemometer or shielded thermocouple, is often a
very thin wire or “needle.” The detailed analysis of the flow over such
slender needle-shaped bodies, therefore, is of considerable practical
interest. The axisymmetric boundary layer flow past a thin paraboloid
of revolution has been investigated by Mark [1},! Lee [2], and Miller
[3]. These problems are closely related to the flow problem on a long
thin cylinder considered by Glauert and Lighthill [4]. Free-convention
heat transfer from vertical thin needles has been examined by many
investigators in recent years [5-9]. Since Cebeci, et al. {10} extended
Mark’s [1] analysis to forced-convection heat transfer, considerable
efforts have been very usefully devoted to forced convection {11, 12}
as well as combined forced and free convection [13, 14] from thin
needles. However, these investigations have been concerned only with
uniform surface temperature or uniform surface heat flux.

This analysis is primarily intended to cover the problem of forced
heat transfer from nonisothermal thin needles. Similarity solutions
are presented for the steady, incompressible forced heat transfer from
needles having arbitrary power-law variations in (1) wall temperature,
and (2) wall heat flux. To the authors’ knowledge, solutions for non-
isothermal needles have not been reported previously in the literature.
Results for temperature fields and heat transfer characteristics with
negligible viscous dissipation are obtained. It is also shown that the
existence of similarity solutions depends upon pressure variations
along the needle when viscous dissipation is considered.

Analysis

Consider a steady, incompressible, laminar boundary-layer axi-
symmetric flow past a thin needle. The needle is considered thin when
its thickness does not exceed that of the boundary layer over it. Under

! Numbers in brackets designate References at end of paper.
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this assumption, the effect of transverse curvature is of importance,
but the pressure variation along the surface due to the presence of the
needle can be neglected [2, 12]. Clearly, the solution so obtained is not
applicable in the region near the front stagnation of the needle. Ta
study a more general flow with axial pressure gradient, however, we
impose a variable mainstream velocity of the form U(x) = ux™
When m = 0, it reduces to the cases of uniform flow reported in [1-4,
12]. The mainstream fluid is maintained at a uniform temperature
T .. Assuming constant fluid properties, the governing boundary layer
equations of continuity, momentum, and energy use, respectively,

a(ru) + a(rv) =0

(1)
dx ar
d i) dU a du
u—li+u~u=U-+£—<r£-Ii) (2)
dx ar dx rar\ ar
aT T ad aT v oyouN2
u~—+v—=——<r—) *(-'—) 3)
dx ar ror ar ar

¢p
As a preliminary part of the investigation, we retain the viscous dis-
sipation term in (3) and find whether there is a similarity solution of
(1) to (3) with appropriate boundary conditions,

Introducing the axisymmetric stream function ¥, we define the
similarity variable z:

¥ = pxf(z) (4)
z=urymiy (5)

The surfaces of constant z = a correspond to the surfaces of revolution
and refer to the walls of the needles. For example, at z = a, surfaces
are paraboloids of revolution when m = 0, cylinders when m = 1, and
cones whenm = —1,

Continuity equation, (1), is identically satisfied when the velcocity
components are expressed as

u=2U)f(z),v= _vf_m = Dezf ®)

r r
where the primes denote differentiations with respect to z. Substi-
tuting (5) and (B) into (2) gives

82" + 42+ )f” = 4m(f)? +m =0 @
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The boundary conditions for f can be obtained as
fla) = f'(a) = 0; f(x) = 1/2 (8)

1t is noted that by setting m = 0 in (7), the flow problem reduces to
that considered by Lee [2] and Narian and Uberoi [12]; and m = 0.5
to that reported in [14] when the forced-convection dominated flow
is considered therein. The skin friction coefficient can be readily de-

termined to have
()
v {—
ar/w

Cf R 8(11/2Re"1/2f”(a)
1
~[J2
2

9)

We next seek to transform the energy equation, (3), for needles with
nonisothermal surfaces.

Variable Surface Temperature Needles. By using (5) and (6)
in {3) with the definition of dimensionless temperature

T~T.
Ty~ T

it can be shown that (3) reduces to an ordinary differential equation
inz only if

0(z) (10)

Ty=Te+ Txn (11)
and
n=2m (12)
The resulting dimensionless energy equation becomes then
220” + 20’ + Pr(f0’ — nf'8) + 8EPrz(f")2 =0 (13)
and the boundary conditions
f(a) = 1; (=) =0 (14)

Thus, similarity solutions are possible for only a restricted power-
law surface temperature, as dictated by (11) and (12}, whenever the
effects of viscous dissipation must be considered. Fortunately, in a
great majority of practical applications in low speed flows such effects
are negligible. In this case the restriction (12) is no longer necessary,
and the value of n is independent of m, Le., the wall temperature given
by (11) is independent of the imposed axial pressure variations. Ac-
cordingly, (13) reduces to

where n is an arbitrary constant.
The local Nusselt number is

Nomenclature

(5)
ey [
ar/w

Nu = = —2aq/2Rel20/(a) (16)
Tw -~ T
and in terms of the Stanton number, (16) becomes
StRel/2 = ~2q12P1r~1¢/(a) 1mn

Variable Surface Heat Flux Needles. In this case, we define
a dimensionless temperature as

- T
gﬂ< X )1/2
k \daU

1 —
226" + 20’ + Prfé’ — Pr <s + -—-f-) IZ;
+ 16EPrz(f)2 =0 (19)

0(z) = (18)

and (8) transforms to

under the restrictions of

qQuw = (les (20)

and

S = l(5m -~ 1) (21)
2

If the viscous dissipation is important, then a similarity tempera-
ture field exists only if there is a power-law variation in surface heat
flux given by (20). It also depends on the needle shape and the axial
variation of mainstream velocity through (21). Similar to the pre-
ceding case, however, if the viscous dissipation is negligible, the re-
striction (21) can be disregarded. It follows that similarity solutions
are possible for an arbitrary power-law variation in surface heat flux,
and (19) is simplified, neglecting viscous dissipation, to

1 —
9220 + 20’ + Prf¢’ — Pr <S + _2m_> f8=0 (22)

with the boundary conditions

#(a) = —1;,0(«) =0 (23)

where S and m are independent constants. It is noted that when S =
0 and m = 3/5, the problem is reduced to that treated by Narain and
Uberoi [14] for a uniform heat flux needle when the heat transfer mode
is dominated by forced convection.

@ = needle size

220”7 + 28" + Pr(f¢ — nf'8) =0 (15) Using (18) in the definition of local Nusselt number yields
Nu = —2%— — 94122Rel/2~1(a) (24)
k(Tw - Tw)
(24) leading edge
Pr = Prandtl number, v/a y = Prz/4

b = 1-maP1/4, parameter in F

C = b + n, parameter in F

Ct = skin-friction coefficient

¢, = fluid specific heat

E = Eckert number, u12/cp Ty

E; = Eckert number, u12k(au1/v)V?/cpq1

F = golution of Kummer’s equation, defined
by (29)

f = dimensionless stream function

k = fluid thermal conductivity

M = Kummer’s function

m = axial potential flow index

n = gurface temperature distribution index

Nu = Nusselt number defined by (15) or

q = heat flux
g1 = constant in (20)
r = radial coordinate

T = temperature
T1 = constant in (10)
u = axial velocity

u; = constant
v = radial velocity

Journal of Heat Transfer

Re = Reynolds number, Ux/v
S = surface heat flux distribution index
St = Stanton number, Nu/RePr

U = mainstream flow velocity

x = axial coordinate measured from needle

z = gimilarity variable defined by (5)

o = fluid thermal diffusivity

I' = gamma function

# = dimensionless temperature defined by (9)
or (18)

v = kinematic viscosity

¥ = axisymmetric stream function

Subscripts

w = needle surface condition

© = mainstream condition

Also,” denotes differentiation with respect to
z or y, whichever is appropriate.
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or in terms of the Stanton number

StRel/2 = 2¢12Pr~1~Yaq) (25)
Results and Discussion

Local velocity profiles and skin friction coefficients for needles with
variable mainstream velocity can be obtained by integrating (7) with
the boundary conditions (8). Numerical results for a uniform flow (m
= () and an accelerated flow (m = 0.5) are given in Table 1 for the
needle sizes a = 0.1, 0.01, and 0.001. Mark {1}, and Narain and Uberoi
[12] reported skin friction coefficients along with values of f”(a) for
the case of m = 0. In this case we find that our results for /”(a) agree
with theirs to four decimal places, although the results of skin friction
coefficients for a = 0.1 and 0.001 given in {12] are believed to be
slightly in error. The dimensionless axial velocity profiles for various
needle sizes are displayed in Fig. 1 for m = 0 and 0.5. As expected, the
velocity boundary layers are thinner for accelerated flows at a given
needle size and thicker for larger needles placed in a given potential
stream,

The velocity profiles are applicable to the heat transfer problems
of thin needles having either variable surface temperature or variable
surface heat flux. Results for these two cases with negligible viscous
dissipation are presented as follows.

Variable Surface Temperature Needles. In this case, (7) with
(8) and (15) with (14) are numerically integrated using “shooting”
methods until mainstream conditions are satisfied. The dimensionless
fluid temperature distributions for a = 0.1 with isothermal (n = 0)
and linear (n = 1) wall temperatures are graphically displayed in Figs.
2(a) and 2(b), respectively, for m = 0 and 0.5.

Table 2 lists the wall values with heat transfer results. There appear
to be no solutions available in the literature except for isothermal
needles in a uniform stream [12] and in an accelerated flow with m
= (.5 [14]. For these cases the results agree with our data.

The effect of Pr is clearly seen. At a given needle size and a surface
temperature distribution, the smaller the Pr, the thicker the thermal
boundary layer, as is expected. When Pr = 0.02 for a prescribed wall

Table! Local Skin-friction coefficient over thin
needles for m = 0 and 0.5
7 (a) C;Re0®
a m =90 m =05 m=0 m = (.5
0.1 1.28881 1.72178 3.26045 4.35579
0.01 8.49244 10.35056 6.79395 8.28045
0.001 62.16372 71.66594 15.72632 18.13021

u/U

Fig. 1

Axial vefocity distribution
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temperature variation, the influence of m on the dimensionlegg
temperature distributions and heat transfer processes from the necd|e
is quite small. This behavior is analogous to the cases of forced-coy.
vection heat transfer from two-dimensional wedges in Newtonian Ny
[15, 16} and in power-law non-Newtonian flow [17] when Pris smaly
A physical explanation given by Chen and Chao [15] is that, under thig
circumstance, the velocity boundary layer thickness is only a smal|
fraction of that of the thermal boundary layer. It is interesting to note
that the influence of m is indeed small as revealed by the foll()wing
analysis of the limiting case of Pr — 0.

In this case, the velocity boundary layer might be neglected enti rely,

o 4 8 12 1] 20

Fig. 2(a) Temperature fields for a uniform flow (/m = 0) past a needle (a =
0.1) with variable wall temperature

1O
[eX:] n=0
m=05
8 nEl =
o6 H\
\
\
i \\
0.4 =
\ ~ Pr=0.02
| \ ~.
S
|\ T —
0.2 \ ]
N
0.733
\
o W I I
0 4 B 2 ] 20
Z

Fig. 2(b) Temperature fields for an accelerating flow {(m = 0.5) past a needle
with variable wall temperature

Table 2 Values of StRe%% and ¢’(a) for a = 0.1. Values
in parentheses are of §'(a).

m=0 m = 0.5
Pr n=20 n=1 n=10 n=1
0.02 46.145 51.275 46.295 51.639
(—1.459) (—1.621) (—1.464) (—1.633)
0.733 2.100 2.519 2.161 2.611
(—2.434) (—2.920) (—2.505) (—3.026)
100.0 0.045 0.058 0.048 0.062
(—7.046) (—9.100) (—17.555) (—9.808)
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and the velocity components can be approximated by

1
uee Ulx) = ux™ v o Emur"l(a —2z) (26)

The energy equation (15) with (14) has the simplified form
Pr
v + <1—?ma+y> ¢ ~ng=20
for Pr—0 (27)
with
P
0 <Tra> =1,6(=) =0

where y = Prz/4. It can be readily demonstrated that the solution of
(27) is
_ F(C, b, Prz/4)
F(C_, b, Pra/4)
where F is related to the Kummer’s functions M(C, b, y) by [18] the
expression

exp [Pr{a — z)/4], for Pr — 0 (28)

M(C, b,
F(IC, b y)= = [I,( ( )

1+C = b)I(b)
MO+ Cc-b2-by)
P(C)T(2 - b)

sin b

] (29)

inwhich b = 1 — Prma/4, C = b + n. The local dimensionless tem-
perature gradient corresponding to (28) is

¥(a) = — PrF(C, b+ 1, Pra/4)

(30)
4  F(C, b, Pra/4)

,for Pr—0

Equations (27) to (30) suggest that, for sufficiently small needle size
and Pr, the effect of m is quite insignificant. In the limit as Pr — 0,
b approaches unity, and the dimensionless temperature distribution
is independent of m. The influence of flow acceleration, however,
increases with progressively increasing Pr. For large Pr, the thermal
boundary layer is confined within the velocity boundary layer, and
the presence of the latter can no longer be ignored. Data for the ac-
celerated flow m = 0.5 deviate significantly from that for the uniform
flow m = 0 for Pr = 100 at a given surface temperature distribution
n = 0 or 1. The relatively higher convective transport is clearly due
to a greater flow acceleration. As expected on the other hand, imposing
alinear axial surface temperature variation (n = 1) upon a needle in
lieu of an isothermal distribution (n = 0) results in a higher heat
transfer rate.

The effect of needle size on the dimensionless temperature distri-
bution for n = 1 is illustrated in Figs. 3(a) and 3(b) for Pr = 0.733 and
100, respectively. Local heat transfer data corresponding to Fig. 3 are
given in Table 3.

The results show that the thermal boundary layer increases with
increasing needle size, as it does in the case of isothermal needles in
uniform flows reported in {10, 12]. This means that the effect of needle
transverse curvature is of importance and a more slender needle fa-
cilitates heat transfer. The dependence of heat transfer on m is again
such that accelerating flow promotes heat convection in relatively
large Pr fluids.

Variable Surface Heat Flux Needles. Neglecting viscous dis-
sipation, (22) and (23) are numerically integrated by the same method
as in the preceding treatment of needles with variable surface tem-
peratures. Figs. 4(a) and 4(b) show the dimensionless temperature
distributions for two flows m = 0 and 0.5 past a needle of size a = 0.1.
Results of wall temperature and wall heat transfer corresponding to
Fig. 4 are given in Table 4.

Unlike the preceding case of variable surface temperature, the data
in Table 4 appear to lack uniformity. For Pr = 0.02, the wall value
increases with m at a given value of S. For the remaining two Pr’s, it
decreases. This behavior is similar to that of heat transfer from wedges
having a uniform wall heat flux [15]. At present, a satisfactory physical
explanation is lacking.

Journal of Heat Transfer

0.8 i1 meo
. Pr=0.733, n=1

mM=0.5 — —— —

z
Fig. 3(a) Effect of needle size on temperature fields for n = 1.0 and Pr =
0.733
1.0
m=o
o8 Pr=100, n=i
me0s w— e —
0.6
g
0.4 H
0.2
o L
O [eR] 02 03 0.4 05 0.8 o7
z
Fig. 3(b) Effect of needle size on temperature fields for n = 1.0 and Pr =
100

Table3 Effect of needle size on StRe% forn=1

m =0 m = 0.5
a Pr=0733 Pr=100 Pr=0.733 Pr=100
0.1 2.519 0.058 2.611 0.062
0.01 5.103 0.092 5.203 0.096
0.001 11.574 0.172 11.706 0.176

Due to the definition of 8 given by (18) and the wall flux condition
of (23), all curves in Fig. 4 have identical slopes at z = a. The thermal
boundary layer follows the usual expectation that it is thinner for
larger Pr fluids. The wall temperature decreases with increasing Pr
for given m and n.

In departure from the case of variable surface temperature needles,
the effect of m is more discernible for Pr = 0.02. We have also exam-
ined the solution for vanishingly small Pr when variable wall flux is
imposed. Using the velocity profile given by (26) in (22) yields

Pr 1—m
y()”+<1—-——ma+y>0’——<8+ >H=0
4 2
forPr—0 (31)
with

P
% <—ra) =—1,0(=) = 0

4

where, again, y = Prz/4. It is readily shown that the solution of (31)
is
F(d, b, Prz/4)

=4pPr1l—
F(d, b+ 1, Pra/4)

exp {Prla — z)/4],

forPr—0 (32)
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Fig. 4 Temperature fields for a = 0.1 with variable wall heat flux (a) for m
=0,(b)form =05

Table 4 Values of StRe®5 and 6(a) for a = 0.1. Values
in parentheses are of (a)

m=0 m = 0.5

Pr S=0 S=1 S=0 S=1
0.02 48.985 53.190 47.859 52.681
(0.646) (0.595) (0.661) (0.600)

0.733 2.345 2.658 2.304 2.690
(0.377) (0.325). (0.375) (0.321)

100.0 0.052 0.062 0.052 0.064
(0.122) (0.102) (0.121) (0.099)

whered = b+ S+ (1 ~ m)/2.

It is then seen from (31) that, as Pr — 0, the dimensionless tem-
perature depends upon m as well as S—unlike the previous case de-
scribed by (27) which does not involve m for vanishingly small Pr

362 / VOL 100, MAY 1978

fluids.

Finally, we note that the results of (28) and (32) for the limiting cage
Pr — 0 should be used with caution due to the assumption of absent
velocity boundary layers. For Pr = 0.02 and a = 0.1, for example, the
results for the wall temperature gradient given by (30) and the wa))
temperature by (32) are about 14 to 23 percent too high as compareq
to numerical data for various values of m, n, and S considered herejn,
As has been demonstrated by Chen [16], the potential flow theory does
not suffice to yield sufficiently accurate results for practical appli-
cations where the fluids have small but finite Pr.
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Effect of an Elevated Pipeline on
Moss Covered Ground Temperature

Elevated pipelines in cold regions will lose heat to the environment and raise the ground

temperature below the pipe. The maximum temperature in the ground is the (steady) so-
lution of Laplace’s equation with boundary condtions appropriate for summer months

which are complicated by the insulating effects of mossy vegetation that grows in cold re-
glons. A linear decomposition of the problem was accomplished to permit isolation of the
thermal effects for the pipeline. That is, increases in ground and vegetation temperature
due to the presence of the pipeline were oblained so that the environmental impact of a
pipeline can be assessed.

Introduction

An elevated pipeline in a cold climate will lose heat to the envi-
ronment and increase ground temperature below the pipe. Brown [1]!
has described the types of measurements {(core drilling, ete.) that are
routinely made as part of site investigations for construction projects
in permafrost regions. Ground thermal conductivity, ground tem-
perature profiles, vegetation characteristics, and depth of the so-called
“active layer” which thaws each summer are quantities essential to
assessment of the thermal impact of a proposed pipeline. Gilpin and
Wong [2] have developed analytical models to predict annual ground
temperature variations that occur in permafrost regions in the absence
of man-made structures. The results of this work permit rapid cal-
culation of ground temperature increases that would be caused by an
elevated pipeline. The temperature increases from this work can be
combined with known temperatures in the absence of the pipeline to
determine the possible increase of the “active layer” thickness that
would be caused by the pipeline as well as the ground surface and
vegelation temperatures. This information can be used by engineers
concerned with foundation design and also by those charged with
predicting the environmental impact of the pipeline.

Analysis and Formulation

The geometry of the problem investigated is shown in Fig. 1. In-
sulating effects of mossy vegetation which covers the ground in cold
tundra regions must be accounted for in a realistic analysis. Gilpin
[3] has shown that the insulating effects of moss are minimized when
the moss is moist throughout. That case is appropriate for this study
since it will result in a maximum ground temperature increase. Giil-
pin’s measurements indicate that a moist moss layer can be modeled
by a simple conductor with all convective and radiative heat transport

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER. Manuscript received by the Heat Transfer Division
August 1, 1977,
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Copyright © 1978 by ASME

taking place only at the moss surface. Brazel and Outcalt {4] have
shown that latent heat transfer from moist moss can be accurately
modeled using saturation pressures based on temperatures of the moss
surface and ambient air.

The maximum temperature increase that could occur is the steady
temperature profile increase for boundary conditions appropriate to
summer conditions. The year-round warming from the pipeline will
cause the ground temperature increase due to the pipeline to pene-
trate deeper in successive years. The maximum temperature increase
will thereby be more closely approached year by year. The impact of
two unusually warm years in succession could then be a surprise to
engineers operating a pipeline that encountered no foundation
problems in previous years.

The steady value of ground temperature satisfies Laplace’s equa-

;L//I& of Symmelry

r
// Z-~Moss Surface

A e o —]

7 >
Ground Surface

Fig. 1 Geometry
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tion:
Tox(x, y) + Tyy(x, ) = 0,2 >0 (1)

The solution of equation (1) is very difficult to obtain in the present
case because of insulating effects of the moss and the complicated
nature of the boundary condition on the moss surface. The moss
surface boundary condition is illustrated schematically in Fig. 2. As
indicated in the figure, net heat flux to the moss surface is

R+ Ri' = RiMy) — SO —L(y) + Rpy) = Q(y) 2)

The term R,(y) is long wavelength radiative heat flux absorbed
through the moss surface due to the presence of the pipeline. The
other terms are defined in the nomenclature.

In principle, one must also solve Laplace’s equation for the tem-
perature distribution in the moss layer. In practice, however, a simple
one-dimensional model for the heat transfer through the moss layer
may be applied. Such a model is appropriate whenever the moss
thermal conductivity is small compared to ground thermal conduc-
tivity. To see that this is true, consider the moss-ground interface.
Heat flux across that interfacial surface must be continuous:

T aT
o ()= (50) ?
T\ ax Jx=0 dx/x=0 @
Also, continuity of temperature across the surface requires that
T, aT
(o)™ () @
dy /x=0 dy/ x=0

Dividing equation (4) by equation (3) leads to
k
tan 6, = ’—m tan 6 (5)
R

where O is the angle the ground temperature gradient makes with a
direction normal to the interface surface, and 0,, is the angle the moss
temperature gradient makes with the normal. A small conductivity
ratio in equation (5) will cause 0,, to be small even if © is not partic-
ularly small, So it is assumed in this work that 6,, = 0, which is a
mathematical statement that heat transfer through the moss layer
is one-dimensional. Conservation of energy for the moss layer then
gives

by,
Q) = i [Tsly) = T(O, ¥)] = —kT:(0, ) (6)

Nomenclature

Moss Surface

Q

Fig. 2 Moss surface heat flux balance

In order to evaluate effects of the pipeline on ground and moss
temperatures, one must compare those temperatures with tempera-
tures that would occur in the absence of the pipeline. In the absence
of the pipeline, equations (1), (2) and (6) would be replaced by

To"(x)=0,x >0 n

Ry + Rt = Rpol — So— Lo = Qp, and (8)
kum

Qo= r [Tso — To(0)] = RT¢'(0) (9)

Subtraction of equations (7), (8) and (9) from equations (1), (2) and
(6) yields

bex (X, ¥) + Lyy(x,¥) = 0,2 >0 (10)
~ [RL1() = Reo'l = [S() — Sol = [L(y) — Lol + RBp(y) = q(y)
(11
and
R
qy) = I [t:(y) — £(0, )] = —kt (0, y) (12)

where the lower case quantities,
tx, y) =T(x, y) — Tolx),
ts(y) = Ts(y) — Tso, and
g} = Q) — Qo

represent effects of the pipeline on the upper case quantities. For

example, the first of these quantities is the ground temperature in-

crease that occurs as a result of the presence of the pipeline.
Terms in equation (11) must be expressed as functions of the moss

A = function defined by equation {33)

ts = moss surface temperature increase
caused by pipeline

B = function defined by equation (35)

¢ = gpecific heat of air

d = moss layer thickness

D = thermal diffusivity between moss surface
and air

h = total effective film coefficient (equation
21)

H = latent heat for water evaporation or
condensation

k = ground thermal conductivity

ke = effective ground thermal conductivity
(equation 25)

km = moist moss thermal conductivity

¢ = elevation of pipe centerline above moss
surface

L = latent heat flux from moss surface

P = atmospheric pressure

P, = saturation pressure at atmospheric
temperature

P, = saturation pressure at moss surface
temperature

) = heat flux through moss layer

364 / VOL 100, MAY 1978

g = heat flux increase through moss layer
caused by pipeline

§p = radiative flux due to presence of pipe-
line (equations (18, 19))

r = distance from pipe centerline

rp = pipe outer surface radius

Ry} = long wavelength radiation absorbed
through moss surface

R.! = long wavelength radiation emitted by
moss surface

R, = pipe radiative heat flux absorbed
through moss surface (equation (18))

R = short wavelength radiation absorbed
through moss surface

S = sensible convective heat flux from moss
surface

T = absolute ground temperature

t = ground temperature increase caused by
pipeline

T, = absolute moss temperature

T, = absolute pipe surface temperature

T, = absolute moss surface temperature

U = wind speed

x = distance below ground surface

y = horizontal distance from pipe center-
line

B = Biot number (equation (30))

B = Biot number for moss layer (equation
(23))

¢ = long wavelength moss surface emissivi-
ty

¢, = long wavelength pipe surface emissivi-
ty

p = mass density of air

o = Stefan-Boltzmann constant (5.67 X 1078
W/m2K*4)

¢ = quantity defined by equation (26)

Subscripts

0 = property value in the absence of pipe-
line

x = differentiation with respect to x

y = differentiation with respect to ¥
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surface temperature increase to make the appropriate solution of
equation (10) possible. The first terms are long wavelength radiative
fluxes emitted by the moss surface and are expressed in terms of moss
surface emissivity, ¢, as

RLT(y) - RL()T = GU{T34(}/) - TsOﬂ (13)

The bracketed quantity in equation (13) can be linearized with respect
to moss temperatures as

Ts4(y) - TsO4 o 4T503[Ts(y) - TSO] = 4Ts03ts(y) (14)

This linearization is accurate whenever the temperature difference,
t:(v), is small compared to the absolute temperature, Tp, and is called
the small temperature difference approximation.

The next two terms are sensible convective heat fluxes from the
moss surface to the atmosphere. These terms are expressed [3] as

S(y) = 8o = peD[Ts(y) = Tal] = pcD{(Tso = To)

= peDts(y) (15)

where D is the diffusivity between the moss surface and air.

The next two terms are latent energy fluxes between the moss
surface and air. These terms account for moisture evaporation, and
are expressed [4] as
[Ps(y)“‘Pa] - [PSO——PH}

P

= 0.622pHD[P,(y) — Pyo]/P

L(y) = Lo = 0.6220HD

(16)

Saturation pressure is a function of temperature, so that the satura-
tion pressure difference can be approximated from a truncated
Taylor’s series as

dP,
P, —P;=PS+< 3\ [Ty(y) = Two] . .. —P,s
() 0 0 de)Tso[ (v) TsO] 0

dP;
o~ ts
<de) Ts0 (y)

This expression could also be called a small temperature difference
approximation. The approximation is not particularly accurate for
large moss surface temperature increases. For example, Keenan and
Keyes [5] give

dP;
T = 0.001084 Atm/°C at 15°C,

an

while the correct value that should replace this derivative in equation
(17) for a 5°C temperature increase would be

P,(20°C) — P,(15°C)
be

= 0.001248 Atm/°C,

so that the value recommended in equation (17) is 13 percent low.
Errors caused by this approximation will be discussed in more detail
later.

Finally, the last term is radiative heating of the moss surface that
occurs due to the presence of the pipeline. The y-dependence of this
function is easily derived if radiative flux due to the pipe is diffuse.
Diffuse radiation will decrease by a factor inversely proportional to
the distance from the pipe centerline. Finding the x-component of
that flux, evaluating at the moss surface level, and multiplying by
moss absorptivity (assumed here to equal long wavelength emissivity
¢) gives

RP (y) = M ‘g‘ =

r r

erp 8,
£2 4 y?
where @), is the diffuse radiative flux due to the presence of the
bipeline evaluated at the pipe surface.

The pipe contributes to @, by three mechanisms. The first is
emission by the pipe surface, ¢, 0T The other two mechanisms are
diffuse reflection of radiant energy incident on the pipe and shad-
owing of radiation by the physical presence of the pipe. In order to
estimate the contributions of these mechanisms, one can imagine that
the ground surface and atmosphere form an isothermal surface en-

(18)
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closing the pipe. The temperature of the isothermal surface can be
approximated for computational purposes as Tso. Then,

Qp = fpﬂ'(Tp4 - Tsoé)

This approximation introduces some error since neither the ground
surface nor the atmospheric air will be at exactly the temperature T'so.
The relative error is small, however, because we are dealing here with
small differences in absolute temperature. In order for the atmosphere
to form an enclosure, it must be opaque to long wavelength radiation.
This also is not strictly true, but the atmosphere is over 90 percent
opagque to long wavelength radiation [6, 7].

The effects of shadowing and reflection of short wavelength solar
radiation by the pipe are ignored in this analysis. Ignoring shadowing
of solar radiation which occurs throughout the day during summer
months in permafrost regions (with the shadow in constant motion)
causes this analysis to be slightly conservative. That is, the results of
this study slightly overestimate ground temperature increase. More
accurate estimates of @p require extensive data from the proposed
pipeline site. It is important that equation (16) is thermodynamically
consistent in that the pipe can only heat the moss surface if the pipe
is at a higher temperature than the surface.

Combining the equations (13) through (17) with equation (11)
vields

(19

q(y) = —ht;(y) + Rp(y) (20)
where the total effective film coefficient is
h=he+he+h, (21)

with

JHD / dP,
he = peD), he = 0.622 2= <___,) ,
P \dT.o/ 720

and h, = 4e0To® being the convective, latent and radiative film
coefficients, respectively. Since h constitutes only a fraction of the
total quantity h, errors in equation (17) are reduced in final results
employing h.

Solution of the Equations

Kquation (2) and the first of the two equations (12) can be combined
to eliminate the moss heat flux increase, ¢(y). The resulting equation
may then be solved for moss surface temperature increase as

d
L) = [t(o,w + }—Rp(y)]/u + By

m

(22)

where

Bm = hd/km (23)

is a Biot number based on moss properties. Equation (22) may then
be combined with the last of the equations (12) to yield

}
£.(0,y) - ki £, y) = ~Rp(y)/ke, (24)

e

where

ke =FkR(1 + fr) (25)

is a modified ground conductivity accounting for effects of the mossy
insulation on the boundary condition. Equation (24) is the boundary
condition for equation (10). The solution to those equations is facil-
itated by the substitution

B(x, y) = t(x, y) — ;eh: tlx, y). (26)

Then equations (10) and (24) are transformed to
bxx (%, ¥) + dyy(x, y) = 0, @0
(0, y) = ~Rp(y)/ke. (28)

The solution to equations (27) and (28) is readily available [8] as
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X = Rplz)dz

= 29
¢(x, y) I T—r (29)

wRe

With ¢(x, ) now taken as known, equation (26) is regarded as a first
order differential equation for temperature increase. The solution to
that equation which satisfies the boundary condition,

lim t(x,y) =0

x— o

H(x, y) = —efx/t f o0/ (w, y)dw (30)
X

where
8 =ht/k,

is another Biot number.
Substitution of equation (18) into equation (29) and nondi-
mensionalization of the integration variable yields

erpQpx
B e et A (x £ 31
#lx, y) O Ax/L, y/8) (31)
where
© d¢
Alg, ) = . (32)
& ‘f—w 1+ 3O+ —-n7

This integral was evaluated by means of complex contour integration
[9] as
Q+HRPP+E-28+1)
w
El(® + £ = 1) + 497
Substitution of equations (31) and (33) into equation (30) gives the
temperature increase as

Alg, ) = (33)

== ﬂﬂe Bx/e © SBE 34
te,y) = S @B yied (34)
where

(PP+g-2t+1)

35
(2 + 82— 1)% + 49 3

Bl n) =1 +%)

Along the line of symmetry (y = 0), the integral in equation (34) is_

easily performed because of the simple form of the function B
there:

1
B(£,0) =—— (36)
1+¢
So along the line of symmetry, temperature increase is
t(x, 0) = "—Z-Qf-’ PUHIOF [5(1 + 1/0)), (37)

e
where E1 is the first exponential integral and is a tabulated function
[10]. The maximum ground temperature increase is

£(0,0) =%’fQ€eﬂEl(a).

Ve

(38)

Equations (22) and (38) may now be combined to give the moss
surface temperature increase:

(0 = 10,0 (1 +6Tﬁ[%(67>/(1 +8)

Equations (37), (38) and (39) give the desired environmental tem-
perature increase caused by the pipeline. Errors in results from
equations (38) and (39) due to small temperature difference ap-
proximations can easily be corrected by successive substitution.

(39)

Results and Discussion

Equations (38) and (39) can be used not only as tools to estimate
evironmental temperature increases, but also as design tools to control
those increases. For example, if the anticipated ground temperature
increase is too high, it can be reduced by changing various design
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parameters. In order to evaluate the effects of those parameters, the
following numerical example was evaluated:

Tso = 285 K (53°F)

Tp = 310 K (98°F)

e=0.98, ¢ = 0.80

k = 2.22 W/mK (ice)

km = 0.156 W/mK (from Gilpin [1})

d = 0.15m, ¢ = 1.00m, rp, = 0.50m

U = 0.50m/s (wind velocity = 1.12 mph)
Sellers {6] suggests that for flat open country, thermal diffusivity
between the moss surface and air can be expressed as the linear
function

D=f+gU (40)

where f = 0.003m/s and g = 0.002, Temperature increases for the
above numerical example were

t(0,0) = 1.5 K, and t5(0) = 3.4 K.

Effects from variations in the above tabulated quantities were studied
separately by maintaining all quantities constant, except for the
quantity being considered.

Fig. 3 shows the insulating effect of the mossy ground cover. An
increase in the moss thickness is seen to decrease ground surface
temperature but to have little effect on the moss surface tempera-
ture.

Fig. 4 shows the effect of pipe elevation on environmental tem-
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Fig. 3 Effect of moss thickness on moss surface and ground surface tem-
perature increases
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Fig. 4 Effect of pipe elevation on moss surface and ground surface tem-
perature increases
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peratures. Raising the pipe reduces the temperature increases caused
by the pipeline. Because of the insulating property of the moss cover,
this tactic affects moss surface temperature strongly, but has little
effect on the ground temperature.

Fig. 5 shows the effect of the pipe surface temperature on envi-
ronmental temperatures. The curves are fourth order in pipe surface
temperature, but they appear to be nearly linear because of the rela-
tively small absolute temperature differences involved. Pipe surface
temperature is controlled by pipe insulation.

Other effects were also studied. For example, higher wind velocities
reduce the environmental temperature increases. Short time period
fluctuations in wind speed would have negligible effect on ground
surface temperature, since the diffusion time for temperature change
penetration through the moss is quite large. A smaller value for either
ground conductivity or pipe emissivity would reduce environmental
temperature increases.

The results of this work permit estimation of environmental in-
creases that would occur as a result of a proposed elevated and heated
pipeline in a tundra region. Application of the results requires ade-
quate data for the proposed sited. Minimal data required includes
peak temperatures at the site in the absence of the pipeline, moss
thickness, and ground and moss thermal conductivities. Gilpin [3] has
shown that the effective thermal resistance of the moss layer increases
significantly if even a thin surface layer dries out. It would be some-
what risky, however, to design a pipeline based on the assumption that
such a dry layer is going to exist during every summer of the pipeline
service life.
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ERRATUM

Erratum: S. V. Patankar, S. Ramadhyani, and E. M. Sparrow, “Effect of Circumferentially Nonuniform Heating on Laminar
Combined Convection in a Horizontal Tube,” published in the February, 1978 issue of the JOURNAL OF HEAT TRANSFER, pp. 63-70.
The quantity (2/7)Gr*, which appears either on the abscissa or as a parameter in Figs. 1 through 8 of the paper, should be replaced
by (4/7)Gr*. A similar replacement should be made throughout the discussion of results, wherever reference is made to the figures.
These corrections are needed to rectify a misinterpretation of the computer print-outs that was made when the graphs were
plotted.

With the renaming of the abscissa of Figs. 1 and 2 as (4/7)Grt, it is also necessary to shift the short-dash curves, which represent
the results of reference [5], to the right. The shift is accomplished by multiplying the abscissa coordinate of each point of the re-
spective curve by two. Inasmuch as the shift is slight, the characteristics discussed in the paper remain unchanged.
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Melting and Natural Convection
Due to a Vertical Embedded
Heater

J. W. Ramsey! and E. M. Sparrow’

Introduction

In this paper, experiments are described which provide definitive
information about the heat transfer processes which occur when a
solid is melted by a vertical cylindrical heat source embedded within
the solid. The analytical approach to solid/liquid phase change
problems that has been standard in the heat transfer literature is
based on conduction as the sole transport mechanism, as witnessed
by numerous literature surveys [1-5].2 On the other hand, it can be
reasoned that the temperature differences which necessarily exist in
the melt region will result in buoyancy forces which, in turn, will
generate natural convection motions. The importance of natural
convection in the melting of a solid by an embedded heater was not
experimentally confirmed in the heat transfer literature until the very
recent past. Those experiments [6, 7] demonstrated the dominance
of natural convection for the case where the heat source was a hori-
zontal cylinder.

The present study was undertaken to investigate the role of natural
convection in a melting configuration in which the direction of the
buoyancy force, relative to the heating surface, differs from that of
[6] and [7]. Consideration is given here to melting caused by a vertical
heating cylinder embedded in a solid whose temperature is at the
fusion point. During each data run, the heat input from the cylinder
to the melting phase-change medium was maintained constant, and
the response of the cylinder surface temperature as a function of time
was recorded. The time varying shape of the melt region was deter-
mined by running a sequence of experiments, each of which was ter-
minated at a successively longer time. Upon termination of the run,
the melted material was removed, and the remaining solid was sec-
tioned and photographed.

The experiments were performed with naphthalene as the phase
change medium (fusion temperature = 80°C). T'wo power densities
were employed, with the resulting Rayleigh number (based on the
cylinder diameter) being in the range of 6-7 X 108,

Both the surface temperature histories and the melt region shapes
offer clear testimony affirming the importance of natural convec-
tion.

! Department of Mechanical Engineering, University of Minnesota, Min-
neapolis, Minn.

2 Numbers in bracket designate References at end of technical note.
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During the Journal review process, a prior paper [8], published in
the aerospace literature, was called to the authors’ attention. That
paper deals with a melting situation which has some similarities to
that described here. The relationship between the experiments of (8]
and the present work will be discussed later, after the results have
been presented.

Experimental Apparatus and Procedure

For the melting experiments, the phase-change medium was con-
tained in an open-topped, cylindrical stainless steel vessel, 12 em in
diameter and 18 cm high (4%; X 7 in.). The heating eylinder was po-
sitioned along the vertical centerline of the vessel, with its lower end
about 2.5 ¢ (1 in.) above the bottom of the vessel and its upper end
flush with the surface of the phase change medium in its unmelted
state. The containment vessel was situated in a thermostatically
controlled circulating bath whose temperature was maintained well
within one degree of the fusion temperature of the naphthalene me-
dium. A shroud was placed just above the top of the vessel to preclude
contact between the room air and the naphthalene.

The cylindrical heater consisted of a smooth-walled stainless steel
sheath encasing a closely spaced helical electrical heating element.
d-c current was supplied to the heater via leads which extended from
its upper end. The cylinder was 1.27 cm (Y2 in.) in diameter and 14.6
cm (5% in.) long. It was suspended in the naphthalene with the aid
of a specially designed insulating fixture made of a phenolic laminate.
Three 30-gage chromel-alumel thermocouples were spot welded to
the surface of the heater at approximately equal intervals along its
height. The thermocouple wires extending from the respective junc-
tions were run axially along the surface of the heater and secured by
fine wire ties.

Each data run required a number of preparatory steps. First, a
suitable quantity of naphthalene was placed in the test vessel and
liquified, whereupon the vertical heating element was fixed in place.
The freezing of the naphthalene was painstakingly performed to avoid
potential cavities and depressions associated with the contraction that
accompanies solidification. The actual freezing was accorplished with
the vessel mounted on a high-frequency, low amplitude vibrator. Not
only did the vibrator effectively avoid internal contraction cavities,
but it also eliminated the small air bubbles which initially existed in
the molten material. Additional molten naphthalene was added to
the test vessel at the end of the freezing process to attain a final solid
configuration in which the top surface was flat and flush with the top
of the heater.

Once freezing was accomplished, the test vessel was returned to the
constant temperature bath and allowed to equilibrate until the entire
mass of naphthalene attained a temperature that was within 1°C (or
better) of the fusion temperature. The data run was initiated by en-
ergizing the heater to a preselected power level and maintaining it
constant thereafter, Power levels of 24.5 and 49 W were employed.
At each power level, three data runs were made with respective du-
rations of %, 2, and 4 hrs at the lower power and Y, 1, and 2 hrs at the
higher. Surface temperature data were collected throughout the
run.
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At the end of the data run, the power input was terminated, and
the test vessel was immediately removed from the constant temper-
ature bath and the melted naphthalene poured off. Subsequently, the
unmelted naphthalene was taken out of the vessel and cut along a
vertical plane that had contained the axis of the heater. In order to
obtain a clear photographic record of the shape of the melt region, the
melt cavity in one of the halves of the sectioned material was filled
with a dark sand. In addition, prior to photographing the section, a
thin white-painted rectangular slab whose length and width corre-
spond respectively to the length and diameter of the heater was po-
sitioned at the location of the heater.

"T'he fusion temperature of the naphthalene was determined to be
80.0°C from auxiliary experiments in which temperature versus time
cooling curves were measured.

Results and Discussion

"I'he progress of the melting at a succession of times is displayed
photographically in Figs. 1 and 2, respectively, for surface heat fluxes
of 0.42 and 0.84 W/cm?2. The successive photographs in Fig. 1 corre-
spond to run times of Y, 2, and 4 hrs, while those of Fig. 2 correspond
to Y, 1, and 2 hr runs. In each photograph, the heater is represented
by the white vertical rectangle, and the white cup-shaped region is
the unmelted solid. The initial volume of the solid naphthalene is
outlined by the outer perimeter of the remaining solid and by the
white dotted lines. The slight irregularities of the liquid-solid inter-
faces in evidence in the figures are due primarily to unavoidable
chipping that occurred at the melt cavity surface during the cutting
operation.

[t is evident from the figures that there is substantially more
melting adjacent to the upper part of the heater than adjacent to the
lower part, and this behavior is accentuated as time progresses. These
melt layer shapes are in sharp contrast with the vertical annuli that
would be predicted by an analysis based on pure conduction. Clearly,
conduction is not the transport mechanism that is responsible for the
melting patterns displayed in Figs. 1 and 2.

Rather, the experimentally determined melt shapes are consistent
with the presence of a recirculating natural convection flow. As the
buoyancy-induced flow moves upward along the heated cylinder, the

a b c
Fig. 1. Progress of melting at a succession of times for surface heat flux =
0.42 W/cm?. Duration of melting period: (a) ¥, hr, (b) 2 hrs, (¢) 4 hrs

Fig. 2 Progress of melting at a succession of times for surface heat flux =
0.84 W/cm?, Duration of melting period: {a) ', by, (b) 1 by, (c) 2 hrs

Journal of Heat Transfer

fluid temperature increases. Therefore, the maximum fluid temper-
ature occurs at the top of the heater and, as a result, the highest rates
of melting also occur in that region. The recirculating flow passes
downward along the solid-liquid interface and is progressively cooled,
thereby weakening its melting capabilities.

The melting patterns of Fig. 2 correspond to twice the heat flux and
half the run times of Fig. 1. Although there are some differences in
detail, the corresponding melt shapes for the two cases are quite
similar. This outeome is not unexpected in view of the fact that the
Rayleigh numbers for the two cases are nearly equal, 6.5 X 106 and
7.0 X 108, respectively. These Rayleigh number values are based on
the heater diameter, on the difference between the heater and inter-
face temperatures, and on fluid properties evaluated at the film
temperature.

The finding that the highest rates of melting occurred near the top
of the heater are consistent with the experimental results of [6, 7] for
melting adjacent to a horizontal embedded cylinder. There it was
found that melting primarily occurred above the cylinder, with very
little melting below.

Representative time histories of the heater surface temperature
are presented in Fig. 3. The ordinate variable is the difference between
the surface temperature (measured at the mid-height position) and
the fusion temperature. The plotted data correspond to the data runs
which culminated in the melt shapes pictured in Fig. 1, (b) and (¢).

Inspection of Fig. 3 reveals a pattern whereby the temperature
difference rises rapidly from an initially small value and attains a
maximum, whereafter it decreases and ultimately takes on a steady
value. Since the heat flux is independent of time, the reciprocal of the
temperature difference is proportional to the heat transfer coefficient.
Thus, it is seen that the heat transfer coefficient is very large at small
values of time but decreases rapidly and then reaches a minimum,
after which it increases to a steady-state value. In contrast, a pure
conduction model would predict a monotonic decrease in the heat
transfer coefficient for all times, starting with high initial values. Thus,
it would appear that conduction only.plays an important role at early
times, but that natural convection is dominant thereafter. This finding
is in accord with the results of {6, 7] for melting due to an embedded
horizontal heat source.

The attainment of steady-state heat transfer coefficients is worthy
of note, especially since the position of the solid-liquid interface
continues to change as time proceeds. This suggests that the thermal
resistance of the transfer processes that occur adjacent to the heater
surface is substantially greater than the thermal resistance at the
interface. This may, in part, be due to the significantly greater transfer
area at the interface compared with that of the heater.

The melt layer shapes and the temperature histories both dem-
onstrate the dominant role played by natural convection for melting
due to a vertical embedded heater. These findings reinforce those of
[6, 7] for the case of a horizontal embedded heater.

The experiments of [8] and those reported here appear to have some
similarities. However, the highly abbreviated description of the ap-
paratus and test procedure presented in [8] makes it difficult to fully
understand the nature of the experiment performed there. In general,
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Fig. 3 Representative time histories of the heater surface temperature
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the apparatus consisted of a relatively short (length/diameter <4)
vertically oriented cylindrical heater situated in an annular volume
of paraffin. The entire outer surface of the paraffin was surrounded
by an insulated plexiglass enclosure. Thus, unlike the present test
set-up, where the top of the phase change medium was unconstrained,
that of [8] was constrained by a rigid boundary. The paraffin was
initially solid and underwent melting when energy was supplied by
the heater. Temperatures at various positions within the paraffin were
recorded during the melting process and are reported.

Unlike the present investigation, direct visual determinations of
the melt region shape were not made in [8], nor were results obtained
relevant to the heat transfer coefficient. From the temperature dis-
tributions measured in the paraffin, it was inferred that the melting
rate increases with increasing height, which is consistent with the
findings presented in Figs. 1 and 2.
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A Note on the General
Formulation of Phase Change
Problem as Heat Conduction
Problem with a Moving Heat
Source

M. Necati Ozigik

The liberation (or absorption) of heat during solidification (or
melting) can be treated as a moving surface heat source (or sink) lo-
cated at the solid-liquid interface for pure substances having a discrete
melting point temperature. Then the phase change problem can be
replaced by an equivalent heat conduction problem with a moving
surface heat source for a region with stationary boundaries. This
approach, originally proposed by Lightfoot [1]2 and discussed in [2]
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for the solution of one-dimensional transient phase change problemg
was used by several investigators [3-7] under different names Such,
as the moving heat source method, the integral equation method ang
the Green’s function method. In these investigations a heuristie
argument is used to derive the appropriate moving heat source term
for each particular case studied, or lengthy analysis is presented 7
just to obtain a solution in terms of Green’s function. However, if, once
and for all, the moving boundary problem is recast explicitly in the
form of a general three-dimensional standard heat conduction
problem with a moving surface heat source, its solution can immedj.-
ately be written in terms of Green’s function using the standard sg-
lutions in the literature [8]. Then, there would be no need to derive
for each specific case the appropriate heat source term or the solution
in terms of Green’s function. The problems of existence, uniqueness,
and stability of the solution of multifront Stefan problem have been
discussed in [9], and an infinite medium Green’s function is used to
transform the solution of a two-dimensional phase change problem
into a nonlinear integral equation for the location of phase front; but
the results are not in a form from which an appropriate moving surface
heat source term can be obtained. Therefore, the purpose of this note
is to recast a general moving boundary problem explictly as a three-
dimensional time dependent heat conduction problem with a moving
surface heat source, show the equivalence of the two problems, and
discuss how the standard solutions can be utilized to transform the
resulting heat conduction problem into an integral equation for the
location of the solid-liquid interface.

We consider a three-dimensional solidification problem for a sub-
stance which has a discrete melting point temperature; that is, the
liquid and solid phases are separated by a sharp interface at the
melting phase temperature. We assume the density to be the same
for both phases so that the convective velocity resulting from the
volumetric effects are neglected; also the thermal diffusivities for the
solid and liquid phases are taken to be equal. The differential equa-
tions of heat conduction for the solid and liquid phases are given re-
spectively as

1a0s(r, £) . .

V20, (r, t) = 190, 0) inregion Ry, t > 0 (1a)
« Ot
100G, t .

V2e(r, t) = _—ga(tr ) inregion Rg, t > 0 (1b)
o

where ¢ is the time, « is the thermal diffusivity, and the dimensionless
temperature 0 for the solid and 6, for the liquid phase are defined
as

Ts (r: t) - Tm

05(r, £) =——*A”7':""',

ke Te(e, 6) = T

e(r, t) =
ol t) . v;

Here T}, is the melting point temperature, AT is a reference tem-
perature difference, and k¢ and k, are the thermal conductivities for
the liquid and solid phases, respectively.

Let the location of the solid-liquid interface be defined by the
equation F(r, t) = 0. The boundary conditions at the interface are
given as

Os(r, ) = 0p(r, 8) =0 onF(r,t)=0,t>0 (2a)

ab, 08y pL

(2b)

Va(t) on F{r,t) =0,t >0

Here p is the density, L is the latent heat per unit mass, V,(¢) is the
normal velocity of the solid-liquid interface in the direction of a unit
normal vector f at any point p at the interface and pointing into the
liquid phase, and 8/9n is the derivative along the unit normal vector
fi. Finally, we assume that:

Appropriate boundary conditions are specified
on the outer boundaries of the regions R; 3)
and R, for ¢ > 0; and the initial conditions
are given.

Transactions of the ASME

Downloaded 21 Dec 2010 to 193.140.21.150. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



the apparatus consisted of a relatively short (length/diameter <4)
vertically oriented cylindrical heater situated in an annular volume
of paraffin. The entire outer surface of the paraffin was surrounded
by an insulated plexiglass enclosure. Thus, unlike the present test
set-up, where the top of the phase change medium was unconstrained,
that of [8] was constrained by a rigid boundary. The paraffin was
initially solid and underwent melting when energy was supplied by
the heater. Temperatures at various positions within the paraffin were
recorded during the melting process and are reported.

Unlike the present investigation, direct visual determinations of
the melt region shape were not made in [8], nor were results obtained
relevant to the heat transfer coefficient. From the temperature dis-
tributions measured in the paraffin, it was inferred that the melting
rate increases with increasing height, which is consistent with the
findings presented in Figs. 1 and 2.
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Formulation of Phase Change
Problem as Heat Conduction
Problem with a Moving Heat
Source
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The liberation (or absorption) of heat during solidification (or
melting) can be treated as a moving surface heat source (or sink) lo-
cated at the solid-liquid interface for pure substances having a discrete
melting point temperature. Then the phase change problem can be
replaced by an equivalent heat conduction problem with a moving
surface heat source for a region with stationary boundaries. This
approach, originally proposed by Lightfoot [1]2 and discussed in [2]
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for the solution of one-dimensional transient phase change problemg
was used by several investigators [3-7] under different names Such,
as the moving heat source method, the integral equation method ang
the Green’s function method. In these investigations a heuristie
argument is used to derive the appropriate moving heat source term
for each particular case studied, or lengthy analysis is presented 7
just to obtain a solution in terms of Green’s function. However, if, once
and for all, the moving boundary problem is recast explicitly in the
form of a general three-dimensional standard heat conduction
problem with a moving surface heat source, its solution can immedj.-
ately be written in terms of Green’s function using the standard sg-
lutions in the literature [8]. Then, there would be no need to derive
for each specific case the appropriate heat source term or the solution
in terms of Green’s function. The problems of existence, uniqueness,
and stability of the solution of multifront Stefan problem have been
discussed in [9], and an infinite medium Green’s function is used to
transform the solution of a two-dimensional phase change problem
into a nonlinear integral equation for the location of phase front; but
the results are not in a form from which an appropriate moving surface
heat source term can be obtained. Therefore, the purpose of this note
is to recast a general moving boundary problem explictly as a three-
dimensional time dependent heat conduction problem with a moving
surface heat source, show the equivalence of the two problems, and
discuss how the standard solutions can be utilized to transform the
resulting heat conduction problem into an integral equation for the
location of the solid-liquid interface.

We consider a three-dimensional solidification problem for a sub-
stance which has a discrete melting point temperature; that is, the
liquid and solid phases are separated by a sharp interface at the
melting phase temperature. We assume the density to be the same
for both phases so that the convective velocity resulting from the
volumetric effects are neglected; also the thermal diffusivities for the
solid and liquid phases are taken to be equal. The differential equa-
tions of heat conduction for the solid and liquid phases are given re-
spectively as

1a0s(r, £) . .

V20, (r, t) = 190, 0) inregion Ry, t > 0 (1a)
« Ot
100G, t .

V2e(r, t) = _—ga(tr ) inregion Rg, t > 0 (1b)
o

where ¢ is the time, « is the thermal diffusivity, and the dimensionless
temperature 0 for the solid and 6, for the liquid phase are defined
as

Ts (r: t) - Tm

05(r, £) =——*A”7':""',

ke Te(e, 6) = T

e(r, t) =
ol t) . v;

Here T}, is the melting point temperature, AT is a reference tem-
perature difference, and k¢ and k, are the thermal conductivities for
the liquid and solid phases, respectively.

Let the location of the solid-liquid interface be defined by the
equation F(r, t) = 0. The boundary conditions at the interface are
given as

Os(r, ) = 0p(r, 8) =0 onF(r,t)=0,t>0 (2a)

ab, 08y pL

(2b)

Va(t) on F{r,t) =0,t >0

Here p is the density, L is the latent heat per unit mass, V,(¢) is the
normal velocity of the solid-liquid interface in the direction of a unit
normal vector f at any point p at the interface and pointing into the
liquid phase, and 8/9n is the derivative along the unit normal vector
fi. Finally, we assume that:

Appropriate boundary conditions are specified
on the outer boundaries of the regions R; 3)
and R, for ¢ > 0; and the initial conditions
are given.
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Equations (1), (2), and (3) describe the complete mathematical for-
mulation of the solidification problem considered here in which the
solid-liquid interface moves in the direction of f.

We now consider the following time dependent heat conduction
problem with a moving heat source, for the region (R; + Re):

) 1 140G, t)
Vzﬂ(r,t)%ﬂ-—g(r,t)rw—-(-r—) in(Rsg+ Rp), t >0 (4a)
ks a
pL
where g(r, t) = AT Valt)s(n — no) (4b)

Here, 6{n ~ ng) is the Dirac delta function with n denoting the dis-
tance measured along the normal vector # at a point P on the interface
Fir, £) = 0 and ng the location of the point P. Thus, g{r, t) represents
a moving surface heat source at the solid-liquid interface.

We now impose the requirement that the temperature 8(r, £) should
be zero over the surface F(r, t) = 0, which is the location of the solid-
liquid interface; thus we have

e, 1) = 0 <on the surface F(r, t) = 0, Within) )

the region Ry + Ry, fort > 0

We now have to show that the solution of the heat conduction
problem defined by equations (4) and (5) subject to the boundary and
inital conditions (3) is equivalent to the solution of the above phase
change problem.

The heat conduction equation (4) reduces to equation (1a) in the
region R and to equation (1b) in the region R, because of the delta
function type heat source. The requirement given by equation (5) is
equivalent to the interface boundary condition (2a) of the phase
change problem. Finally, we need to prove that equation (4a) satisifies
the jump boundary condition (2b) of the phase change problem. This
can readily be verified by integrating equation (4a) over a small vol-
ume element across the interface, changing the volume integral to the
surface intergral, and then letting the thickness ¢ of this volume ele-
ment become zero, so that the volume element in the limit as ¢ — 0
coincides with the interface F'(s, t) = 0. The procedure is straight-
forward. Thus the two problems are identical.

The moving surface heat source term g(r, t) specified in the form
given by equation (4b) is not convenient for numerical or analytical
computations. Depending on the coordinate system used and the
functional form of F{r, t) = 0, it can be expressed in alternative forms.
To illustrate this matter we now consider a three-dimensional problem
in the rectangular coordinate system and assume that the equation
for the interface is given in the form

Fle,t) =z~ S{x,y,t) =0 (8)

The distance n measured along # is related to the distance along the
z axis by the relation

n =~ (7
where k is the unit direction vector along the z-axis. Then
1
é{n — ng) = ——6(z — 29) (8)
fick

Hers, zq is the z coordinate of the point ng on the surface F'(s, £) = 0.
We also have the relations

hei aF/9z (©9a)
Aok = —
|VF| :
aF/ot
Vn(t e 9b
) F| (9b)
Introducing equations (8) and (9) into (4b) we find
ol 3F/at
o(y, ) = — -z 10
§ AT 9F/dz o (10)
In view of the relation (6), this expression is written as
oL 88(x, v, t)
5(x, ¥, 2, L} = el (g — 11)
Hx AT Py ( 2p) (11

For the two and one-dimensional problems, equation (11) yields
the heat source terms used in [4] and [1], respectively.

The advantage of the formulation of phase change problem as a
heat induction equation (4a) is that its solution for 6{r, ¢) is immedi-
ately written in terms of Green’s function using the standard solutions
{8, chapter 5. When the condition (5) is imposed on this solution, an
integral equation is obtained for the location of the solid-liquid in-
terface.
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Nomenclature

¢, ¢s = fluid, solid heat capacities (constants)

h’ = volumetric heat transfer coefficient

L = tank length

N, As = effective fluid, solid thermal conductivities (constants)
y,, = roots of transcendental equation

Ty, Ts = fluid, solid temperatures (functions of x, t)
Tyo, Ts,o = initial conditions on T, T

T4 = ambient outside temperature

Tg = reference temperature

(AT)¢ = characteristic temperature difference

t = time variable

Uy = fluid velocity in bed

x = space variable
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Equations (1), (2), and (3) describe the complete mathematical for-
mulation of the solidification problem considered here in which the
solid-liquid interface moves in the direction of f.

We now consider the following time dependent heat conduction
problem with a moving heat source, for the region (R; + Re):

) 1 140G, t)
Vzﬂ(r,t)%ﬂ-—g(r,t)rw—-(-r—) in(Rsg+ Rp), t >0 (4a)
ks a
pL
where g(r, t) = AT Valt)s(n — no) (4b)

Here, 6{n ~ ng) is the Dirac delta function with n denoting the dis-
tance measured along the normal vector # at a point P on the interface
Fir, £) = 0 and ng the location of the point P. Thus, g{r, t) represents
a moving surface heat source at the solid-liquid interface.

We now impose the requirement that the temperature 8(r, £) should
be zero over the surface F(r, t) = 0, which is the location of the solid-
liquid interface; thus we have

e, 1) = 0 <on the surface F(r, t) = 0, Within) )

the region Ry + Ry, fort > 0

We now have to show that the solution of the heat conduction
problem defined by equations (4) and (5) subject to the boundary and
inital conditions (3) is equivalent to the solution of the above phase
change problem.

The heat conduction equation (4) reduces to equation (1a) in the
region R and to equation (1b) in the region R, because of the delta
function type heat source. The requirement given by equation (5) is
equivalent to the interface boundary condition (2a) of the phase
change problem. Finally, we need to prove that equation (4a) satisifies
the jump boundary condition (2b) of the phase change problem. This
can readily be verified by integrating equation (4a) over a small vol-
ume element across the interface, changing the volume integral to the
surface intergral, and then letting the thickness ¢ of this volume ele-
ment become zero, so that the volume element in the limit as ¢ — 0
coincides with the interface F'(s, t) = 0. The procedure is straight-
forward. Thus the two problems are identical.

The moving surface heat source term g(r, t) specified in the form
given by equation (4b) is not convenient for numerical or analytical
computations. Depending on the coordinate system used and the
functional form of F{r, t) = 0, it can be expressed in alternative forms.
To illustrate this matter we now consider a three-dimensional problem
in the rectangular coordinate system and assume that the equation
for the interface is given in the form

Fle,t) =z~ S{x,y,t) =0 (8)

The distance n measured along # is related to the distance along the
z axis by the relation

n =~ (7
where k is the unit direction vector along the z-axis. Then
1
é{n — ng) = ——6(z — 29) (8)
fick

Hers, zq is the z coordinate of the point ng on the surface F'(s, £) = 0.
We also have the relations

hei aF/9z (©9a)
Aok = —
|VF| :
aF/ot
Vn(t e 9b
) F| (9b)
Introducing equations (8) and (9) into (4b) we find
ol 3F/at
o(y, ) = — -z 10
§ AT 9F/dz o (10)
In view of the relation (6), this expression is written as
oL 88(x, v, t)
5(x, ¥, 2, L} = el (g — 11)
Hx AT Py ( 2p) (11
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For the two and one-dimensional problems, equation (11) yields
the heat source terms used in [4] and [1], respectively.

The advantage of the formulation of phase change problem as a
heat induction equation (4a) is that its solution for 6{r, ¢) is immedi-
ately written in terms of Green’s function using the standard solutions
{8, chapter 5. When the condition (5) is imposed on this solution, an
integral equation is obtained for the location of the solid-liquid in-
terface.
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A = void fraction of bed
¢ = dimensionless heat transfer coefficient
pf, ps = fluid, solid densities (constants)

1 Introduction

The problem of thermocline degradation in a packed bed thermal
storage tank arises in the analysis of a central solar receiver facility.
By passing hot fluid, heated by the sun in the receiver portion of the
system, through a cold bed (charging), heat energy is transferred from
the fluid to the solid portions of the tank. This stored heat energy may
then be reclaimed by the reverse process at a later time by passing cold
fluid through the hot bed (discharging). Both processes usually result
in a moving narrow region, called a thermocline, in which the tem-
perature gradients of the fluid and solid are relatively large and
monotonic. For the general case of a partially charged bed, main-
taining a sharp thermocline between the hot and cold regions of the
bed for reasonably long holding times is essential in order to keep the
hot end of the tank at or near its original charged temperature. Ac-
cordingly, this paper presents a time-dependent mathematical
analysis of the fluid and solid temperature profiles of the bed during
holding periods when no new fluid enters the tank.

The general case of fluid flowing through a packed bed consisting
of crushed material (Fig. 1) was first treated mathematically by
Schumann [1].% In that paper, the assumptions of constant fluid and
material properties, zero thermal conductivity in the flow direction,
and infinite thermal conductivity in the direction normal to the flow,
permitted a closed form solution of the one-dimensional semi-infinite
problem. Other papers have since extended these results to allow for
heat generation due to chemical reactions {cf. Hung and Nevins [2]).
Although the diffusion terms are usually small compared to those
describing the heat transfer between fluid and solid when the inlet
fluid velocity is nonzero, the neglect of these terms does not permit
the modelling of the thermocline degradation when the fluid is at rest.
Hence, the present contribution deals with the special case where the
inlet fluid velocity is zero, but incorporates the additional effects of
thermal conduction and finite tank length.

3 Numbers in brackets designate References at end of technical note.
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Fig. 1 Sketch of fluid flow through a packed bed
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2 Governing Equations

Assuming the fluid to be incompressible and the problem to be
globally one-dimensional, the problem reduces to the solution of the
energy equations for the fluid and solid portions of the bed. Assuming
constant thermal properties, these are

aT aT, h’ A 02T,
Sy yp) = 2 (1 - T L, (1a)
at dx  PBpser prep x?
aTs h’ s 02T
= e (T ~ T) + (1b)
ot (1—- B)pscs PsCs dx?

The semi-empirical terms containing h’ account for the heat transfer
between fluid and solid in the direction(s) pefpendicular to the flow,
whereas the terms containing Ay, A; (which denote effective thermal
conductivities) account for the diffusion of heat in the direction
parallel to the flow. In deriving these equations, it has been assumed
that the solid particles in the bed are sufficiently small relative to the
dimensions of the tank so that a continuum formulation is possible.
This justifies the use of the one-dimensional Fourier law of heat
conduction, provided that the thermal conductivities of the fluid and
solid are replaced by their “effective” values to take into account the
more intricate paths followed by the heat transport process.

The above equations, without the diffusion terms, constitute
Schumann’s original model. Setting Uy = 0, they govern the behavior
of the fluid and solid temperature profiles, subject to appropriate
initial and boundary conditions, when no new fluid is allowed to enter
the tank. Of course, the one-dimensional formulation does not permit
one to impose a nontrivial boundary condition, such as a heat flux,
on the tank side walls, but practical applications indicate that such
possible heat losses are small compared to end losses when the hori-
zontal tank dimension(s) are at least comparable to the vertical length
of the tank. This (experimental) result (cf. [3]) is due both to the
presence of piping which allows for the passage of fluid into and out
of the bed during charging or discharging cycles and to the contact
of the bottom of the tank with a foundation (especially the latter).

Introducing the nondimensional quantities

X tAs T~Tg
y¥ =T = . % o=
L psCsL2 (AT)o

where psc,L2/\, is a diffusive time scale based on the thermal diffu-
sivity As/pscs of the solid, the governing equations become

(2a,b,c)

aT; 92Ty
gLt = o f
pyn he(Ts —T7) + « Toez (3a)
T, 32T,
L= b (T — Th) + — 3b
Y. (T} ) e (3b)
where the pure numbers hy, by, « are
h' 2 s 1y 2
by = 'L 2p, G p = 'L = ArpsCs (4a,,0)
BXsprer 1 =B Asprey

It should be pointed out that correlated values for h’ are not readily
available for cases where U; — 0. The volumetric heat transfer terms
in equations (1) should thus be interpreted as first, semi-empirical
approximations to the actual mechanism of heat transfer between the
fluid and solid portions of the bed.

3 Analysis
The solution to the coupled system (3) for arbitrary boundary
conditions may be obtained by introducing the Laplace transforms

Trs(x; p) = fm exp (—pt*) T} (x*, t%)dt* 5
]

where the subscript f, s indicates that the definition holds for both
the fluid and solid variables. Defining

. dT
Kes = Le
dx*

(6)

one obtains the ordinary system
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t

T/ 0 1 0 "/
T, 0 0 1 ]
d { s
det | By =(hy+p) —=h 0 0 By +
«
Rs _hs hs‘ + p 0 0 Rs

0

1

— =Ty | 7
[23

= T5olx*)

where T;YQ, T+ o are the initial profiles at ¢* = 0. The formal solution
of equation (7) is

-7
T, 0
3 = exp (Ax*) f exp (~AT) | _ i T} ofF) dx
— ]?s - T:Q(I)
ci(p)
02([3)
+ exp (Ax*) (8)
c3lp)
cq(p)

where A is the matrix in (7) and ¢y, ¢g, 3, ¢4 are p-dependent constants
of integration which are in principle determined by the boundary
conditions in the transformed space. Owing to the simple structure
of A the matrices exp (+Ax*), and hence the solution (8), are tractable
(cf. [4]) and the physical solution is then given by the inversion for-
mula

ctia

Tfs(x*, %) = L f exp (pt*) Tys(x*; p)dp 9)
27l Je—iw

where ¢ is chosen so that the path of integration in the complex p-

plane lies to the right of all singularities of the integrand.

For solar energy applications, one has that hz, h; > 1 and thus only
minute temperature differences are maintained between the fluid and
solid portions of the bed. Hence, diffusion takes place in both mate-
rials at essentially the same rate, and it is therefore reasonable to drop
the volumetric heat transfer terms in the governing equations and to
replace the separate diffusivities with a single mean diffusivity for
the bed as a whole. That is, T'j= T, = T* (as shown in [4], this is rig-
orously true independent of hy, hy when a = 1 and T}, T+ satisfy the
same initial and boundary conditions). The result therefore is simply
the classical heat conduction equation for the mean bed temperature
T#(x*, t*). In the context of the above analysis, one may set fiy = h;
=0, « = 1 to obtain

_T . _ 0 -
L?] = exp (A.x*) f exp (—A.X) [-—Ta(f)] dx

+ exp (Ax*®) [lez;] (10)
3

where exp (£A.x*) is the compressed matrix
cosh Ax* 1
(£A%) + X sinh Ax*
ex Acx*) = !
p (£A, . a1
+A sinh Ax* cosh Ax*
with A = pV/2,

4 Results

To illustrate the analysis and to indicate the dominating effects of
imperfect insulation on the degradation of the initial temperature
profiles, consider the case of a tank which is perfectly insulated at the
top but allowed to lose heat out the bottom surface according to
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Newton’s law of cooling. For the single-phase approximation, the
boundary conditions are thus

aT* T "

——=Qatx*=0; ——=—(T*—Ty)atz* =1 (12a,b)

dx* dx*
where € = 0 is the dimensionless heat transfer coefficient and T is
the ambient temperature of the medium outside the tank (in di-
mensional units, the heat transfer coefficient is eA/L). The thermo-
cline-like initial profile is taken to be

Tox*) = A(x*)? + B(x*)3 (13)
where
2 3
A=ﬂ<2+e); B=-?1<2+6> (14a,b)
4 \3+¢ 4 \3+ e

This profile, which is shown in Fig. 2(a) for several choices of ¢, is zero
at x* = 0, has a maximum of unity at x* = —2A4/3B = 2(3 + ¢}/3(2 +
¢), and is consistent with the boundary conditions at x* = 0 and 1.

The resulting solution for ¢ > 0 according to the analysis of Section
3 (cf. [4]) is

., 2
TH(ek, t% e > 0) = Th+ 3 —
n=0Yn
o —YE+ va + v3c08 Yn + vay; ' siny,
cos yp + {1+ )y tsiny,

X cos (ynx*) exp (—y&t*) (15)

where the v, ’s are the positive roots of ¢/y = tan y and are obtained
numerically using a Newton-Raphson technique. (The integrand in
(9) has a nonsimple pole at the origin and simple poles at p = —yZ, n
=0, 1,...,where y, = nx fér n » 1.) Here,

yi=eTh —A(2+¢)— BB +e
v4 = 6eB (16b, ¢, d)

(16a)
yo = —2¢A ~6B(1 +¢); v3=6B;
For ¢ = 0 (perfectly insulated tank) one obtains
il 48

1
T x*’ t*; =) =—— B
( ¢ ) 2 np=1(2n — 1)dnt

cos [(2n — Dwx*] exp [—(2n — 1)?27%*]  (17)
Note that
1/2,¢=0
lim T = | /3¢ as)
t* >0 TA: € > 0

Fig. 2(b) and {(c) show the time evolution of the profiles according

10+ ey
. t =02

055 _‘_'__’_‘ké’_d__k_—_——'———-———‘—

— ——
o —
L —
4] ot 02 6.3 0.4 0.5 0.6 0.7 0.8 09 1.0
o
Fig. 2(a~c) Time evolution of temperature profile for the imperfectly Insutated

tank of Section 4. , € =0y e € = 05—t e = 2.0
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to the solutions given above. The dimensionless ambient temperature
T% = (T4 — To)(AT)o was taken to be —2, which corresponds to a
typical case in which T'4 is room temperature, the minimum initial
bed temperature Ty = T4 + 194 K, and the difference between the
maximum and minimum initial bed temperatures is (AT)o = 97 K.
For a tank length L of 6.1 m and a typical mean bed conductivity A
of 1.7 W/m ~ K, even the largest value of ¢ used in the figures appar-
ently represents a relatively low value for the dimensionless heat
transfer coefficient at the surface of the tank in contact with a foun-
dation (cf. [3]). A comparison of the time evolution of the temperature
profile for the e = 0 case with those for ¢ > 0 clearly illustrates how heat
losses due to imperfect insulation dominate over internal thermal
conduction effects alone in causing the degradation of the temperature
profile. (The initial heat content of the bed is an increasing function
of e for 0 = € < 6 so that the enhanced degradation for ¢ > 0 is not at-
tributable to lower initial heat content.) For a typical mean bed
thermal diffusivity of 5 X 107 m?2/s, the profiles of Fig. 2(b) show the
profiles after approximately 90 hours.
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Nomenclature

b = constant, (X — X.)/(T —T.)

B = (dr/dT)/(2¢/0T), B=0whenR =0

Bi,; = critical Biot number, Nu/K

¢ = external convective heat flux

¢p = external fluid constant pressure specific heat

C = constant

D; = outside diameter of inner cylinder

D = outside diameter of solid surrounding the inner cylinder

F = shape factor for radiation

g = gravitational acceleration

G = ratio of heat flux from surface heat generation to heat flux from
convection, s/c¢

h = mean external convective heat transfer coefficient

h=C(T~T)"D™m

hpe = enthalpy of sublimation for phase change substance

H = height of vertical cylinder

ks = thermal conduectivity of solid

kg = thermal conductivity of external fluid

K = ratio of solid to external fluid thermal conductivity, ks/ks

Le = Lewis number, Pr/Sc

m = exponent of D in the expression for variable external convective
heat transfer coefficient
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n = exponent of (T — T.) in the expression for variable externa]
convective heat transfer coefficient

Nu = external Nusselt number, hD/k;

Pr = external fluid Prandtl number

r = radiative heat flux

R = ratio of radiative heat flux to convective heat flux, r/c

Ra = Rayleigh number, gD3 (T — Tw)/re

s = heat flux due to surface heat generation

Sc = external fluid Schmidt number

T; = temperature of inner cylinder

T = temperature of solid external surface

T« = temperature of surroundings

X = mole fraction of phase change substance at solid-fluid inter-
face

X« = mole fraction of phase change substance in surroundings

« = external fluid thermal diffusivity

B = external fluid thermal coefficient of volumetric expansion

¢ = hemispherical emissivity of solid

v = external fluid kinematic viscosity

o = Stefan-Boltzmann constant

Introduction

Radial heat transfer by combined conduction and convection in-
cluding the concept of a critical radius has been discussed for many
years in standard heat transfer texts [1, 2].2 In these references, the
external convective heat transfer coefficient is assumed to be constant.
Sparrow [3] incorporated the effect of a variable convective coefficient
dependent on both cylinder radius and temperature. Simmons [4]
gave a relation for the critical radius using an exact expression for
radiation. The variable convection coefficients were determined from
laminar boundary layer theory. The purpose of this note is to add the
effect of uniform surface heat generation due to a phase change at the
external convective boundary. More accurate expressions for natural
convection heat transfer coefficients are given. These are valid at small
Rayleigh numbers where curvature effects make boundary layer so-
lutions inaccurate. The resulting critical radius equation is cast into
dimensionless form in terms of a critical Biot number. An application
is the solidification of a vapor from a gas-vapor mixture including
frosting of refrigeration tubes.

Analysis

The rate of steady heat conduction per unit length through a cy-
lindrical annulus with convection, radiation, and uniform surface heat
generation on the external surface can be expressed as

= 7Dh(T = Tw) + a#DeFo (T4 — T4
1D/ wDh( ) + wDeFo( )
o 7DR(X = Xo)hye

Lecp

o

The inner and outer boundaries of the annulus are each assumed to
be at a uniform temperature. The Lewis analogy is used to relate the
mass transfer of the phase change material to the convective heat
transfer. For many gases and vapors Pr ~ Sc so that Le =~ 1. The
concentration difference can be written in terms of the temperature
difference, (X — X.) = b(T' — T'.), when the phase change substance
is saturated at the solid surface and in the surrounding fluid. This is
a good approximation for enclosed spaces and small temperature
differences. Bottemanne [5] found that natural convection heat and
mass transfer coefficients are virtually independent providing the
body forces are aligned, Pr ~ Sc, and the rate of mass transfer is
small.

Considering the temperature difference (7; — T'») to be constant,
the critical radius equation describing the conditions of maximum
heat transfer can be written in dimensionless form. This becomes an
expression for the critical Biot number which is more general than
the relations for the dimensional critical radius used in the past.

2 Numbers in brackets designate References at end of technical note.
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T% = (T4 — To)(AT)o was taken to be —2, which corresponds to a
typical case in which T'4 is room temperature, the minimum initial
bed temperature Ty = T4 + 194 K, and the difference between the
maximum and minimum initial bed temperatures is (AT)o = 97 K.
For a tank length L of 6.1 m and a typical mean bed conductivity A
of 1.7 W/m ~ K, even the largest value of ¢ used in the figures appar-
ently represents a relatively low value for the dimensionless heat
transfer coefficient at the surface of the tank in contact with a foun-
dation (cf. [3]). A comparison of the time evolution of the temperature
profile for the e = 0 case with those for ¢ > 0 clearly illustrates how heat
losses due to imperfect insulation dominate over internal thermal
conduction effects alone in causing the degradation of the temperature
profile. (The initial heat content of the bed is an increasing function
of e for 0 = € < 6 so that the enhanced degradation for ¢ > 0 is not at-
tributable to lower initial heat content.) For a typical mean bed
thermal diffusivity of 5 X 107 m?2/s, the profiles of Fig. 2(b) show the
profiles after approximately 90 hours.
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n = exponent of (T — T.) in the expression for variable externa]
convective heat transfer coefficient

Nu = external Nusselt number, hD/k;

Pr = external fluid Prandtl number

r = radiative heat flux

R = ratio of radiative heat flux to convective heat flux, r/c

Ra = Rayleigh number, gD3 (T — Tw)/re

s = heat flux due to surface heat generation

Sc = external fluid Schmidt number

T; = temperature of inner cylinder

T = temperature of solid external surface

T« = temperature of surroundings

X = mole fraction of phase change substance at solid-fluid inter-
face

X« = mole fraction of phase change substance in surroundings

« = external fluid thermal diffusivity

B = external fluid thermal coefficient of volumetric expansion

¢ = hemispherical emissivity of solid

v = external fluid kinematic viscosity

o = Stefan-Boltzmann constant

Introduction

Radial heat transfer by combined conduction and convection in-
cluding the concept of a critical radius has been discussed for many
years in standard heat transfer texts [1, 2].2 In these references, the
external convective heat transfer coefficient is assumed to be constant.
Sparrow [3] incorporated the effect of a variable convective coefficient
dependent on both cylinder radius and temperature. Simmons [4]
gave a relation for the critical radius using an exact expression for
radiation. The variable convection coefficients were determined from
laminar boundary layer theory. The purpose of this note is to add the
effect of uniform surface heat generation due to a phase change at the
external convective boundary. More accurate expressions for natural
convection heat transfer coefficients are given. These are valid at small
Rayleigh numbers where curvature effects make boundary layer so-
lutions inaccurate. The resulting critical radius equation is cast into
dimensionless form in terms of a critical Biot number. An application
is the solidification of a vapor from a gas-vapor mixture including
frosting of refrigeration tubes.

Analysis

The rate of steady heat conduction per unit length through a cy-
lindrical annulus with convection, radiation, and uniform surface heat
generation on the external surface can be expressed as

= 7Dh(T = Tw) + a#DeFo (T4 — T4
1D/ wDh( ) + wDeFo( )
o 7DR(X = Xo)hye

Lecp

o

The inner and outer boundaries of the annulus are each assumed to
be at a uniform temperature. The Lewis analogy is used to relate the
mass transfer of the phase change material to the convective heat
transfer. For many gases and vapors Pr ~ Sc so that Le =~ 1. The
concentration difference can be written in terms of the temperature
difference, (X — X.) = b(T' — T'.), when the phase change substance
is saturated at the solid surface and in the surrounding fluid. This is
a good approximation for enclosed spaces and small temperature
differences. Bottemanne [5] found that natural convection heat and
mass transfer coefficients are virtually independent providing the
body forces are aligned, Pr ~ Sc, and the rate of mass transfer is
small.

Considering the temperature difference (7; — T'») to be constant,
the critical radius equation describing the conditions of maximum
heat transfer can be written in dimensionless form. This becomes an
expression for the critical Biot number which is more general than
the relations for the dimensional critical radius used in the past.
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. 2[(1 —m)(1 + G) + R]
Bic = (2)
[(1+n)(1+G) +BJL+C +R]

This becomes equivalent to equation (7) of [4] when G = 0. When both
radiation and surface heat generation are zero this reduces to
2(1 — m)

Bi,, = = (3)
1+n

which can be easily obtained from the relation for the critical radius
given in [3].

The values for m and n in natural convection (m = 1 — 3n) depend
on the Rayleigh number, Prandtl number and in some cases dimen-
sionless geometry terms. The variation of n with Rayleigh number
and Prandtl number for natural convection about a horizontal cyl-
inder is shown in Fig. 1(a). The curves were obtained from the fol-
lowing correlation given in [6]:

Nu =

2

0.559\ 3/57-5/12\ 15 1/15
t<0.518Ra1/4[1+<—§-—-> ] ) + (0.1 Ral/3)15
T

inj 1+

4)

This correlation gives accurate heat transfer coefficients at low
Rayleigh numbers where curvature effects make boundary layer so-
lutions invalid. The value of n for laminar boundary layer flow, n =
1/, is asymptotically approached when the Prandtl number is large
and the Rayleigh number increases to 107. Curvature effects force n
to be lower than this until the transition to turbulence. At larger
Rayleigh numbers n becomes Y5 indicating turbulent flow.

The variation of n with Rayleigh number and D/H at Pr = 0.7 for
natural convection from the sides of a vertical cylinder is shown in Fig.
1(h). This is obtained from the following equation which approaches
the flat plate correlation as D/H — « (7):

L1
5 -4 -3-2-10 1 2 3 4 5 6 7

b1t
9 10 11 12 33

Fig. 1 Variation of n for natural convection from a) horizontal cylinder, b)
vertical cylinder
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Nu =

2

Inf 1+

D14 0.550 3/567-5/12x 15 /15
]<0,67<Ra—> {1+< ) ] ) +0A1(Ra1/3)15}
H Pr

(5)

The value for laminar boundary layer flow, n = Yy, is merely a limit
for laminar flow before the transition to turbulence.

Variation of the critical Biot number with Rayleigh number, R, B,
and G at Pr = 0.7 is shown in Fig. 2 for natural convection about a
horizontal cylinder. The critical Biot number varies the most with
Rayleigh number when convection dominates as the external heat
transfer mechanism. Increased radiation or surface heat generation
decreases the variation since the total heat transfer depends less on
the variable convective coefficient.

Application

An example of the discussion above is heat transfer to a horizontal
refrigeration tube under frosting conditions. Data used in the com-
putations are listed in Table 1. Heat transfer results are shown in Fig.
3 using various methods of determining the critical conditions. The
addition of radiation, curvature effects in the convective coefficient.
and surface heat generation all increase the maximum heat transfer
and decrease the critical radius. This example shows that frost buildup
can increase the heat transfer to a refrigeration tube until critical
conditions are reached.
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5.4 -3 -2-1 0 1 2 3 4 5 6 7
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b d
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Fig. 2 Variation of Bi,, for natural convection from a horizontal cylinder at
Pr = 0.7 under various external heat transfer conditions

Table 1 Values used to calculaie heat {ransfer {0 a horizontal tube during
{frost buildup.

D; =0.636 cm (0.25 in.)

T; = =10 °C

Tw=—5°C

€frost = 0.95
K =50
F=10

b =0.000282 °C™!
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A - REF [3], NO RADIATION OR GENERATION, BOUNDARY LAYER CONVECTION
B - REF [4], RADIATION, NO GEWERATION, BOUNDARY LAYER CONVECTION

-6 € - RADIATION, NO GENERATION, COMVECTION FROM EQN. (4)
D - RADIATION AND GEWERATION, CORVECTION FROM EQH. (4)
0.4 - .
L £ I i L t t 1 1
o 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0
B/D,
1
Fig. 3. Heat transfer o a horizontal tube during frost buildup; comparison

of various methods of obtaining critical conditions
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Nomenclature

« = wave number, Fig. 3

g = gravitational acceleration

¢ = depth of the liquid layers, Fig. 1
¢o = internal heat source, Fig. 1

Ra = Rayleigh number, 8gqof%/va?
Ty, = upper free surface temperature
T,, = phase-change temperature
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« = thermal diffusivity

8 = thermal expansion coefficient

¢ = Stefen number

0y, = stabilizing boundary temperature (T}, — T, )a/qof?

v = kinematic viscosity

¢ = dimensionless depth of the liquid layer with internal heat sources,
Fig. 1 )

Introduction

Much attention, both experimental and theoretical, has been given
to thermal convection in fluids between horizontal surfaces, resulting
from volumetric heating. This problem represents one of the funda.
mental phenomena in reactor accidents. Several recent reports [1-3]4
have been published on the prediction of heat fluxes from a fluid layer,
which contains internal heat sources.

After the onset of a hypothetical core disrupture accident (HCDA)
in a nuclear reactor, the molten fuel will form a pool. The fission
products trapped in the molten pool will continuously release heat.
The temperature distribution within the molten pool and the thermal
loads on the surrounding structures will be changed by thermal con-
vection, caused by the internal heat generation. These effects are
completely different from those resulting from heat conduction alone,
and must be known for the prediction of the development of the
molten fuel pool and for its interaction with the surrounding struc-
tures.

Under some circumstances, the accident will not be contained in
the core area of the nuclear reactor; therefore, post-accident heat
removal (PAHR) devices are required to isolate the hot, radioactive
materials from contaminating the environment. The prediction of
thermal loads is needed for the design of these PAHR devices. Fur-
thermore, this information is important in the planning of under-
ground storage for the radioactive wastes, because the surrounding
structure might collapse during a postulated accident. The effects of
phase change on the thermal instability in the molten pool are also
important in the understanding of the development of an accident.

Most of the early works were restricted to a fluid layer with fixed
thickness. Recently, Sparrow, et al. [4] studied convective instability
in a melt layer heated from below. Later, Seki, et al. [5] extended the
solution for a horizontal melted water layer with a free upper surface.
The onset of thermal instability with a downward phase change which
is caused by a uniformly distributed internal heat sources was studied
by Yao, et al. [6]. They assumed that a thin crust was formed on top
of the molten fuel; therefore, the no-slip boundary condition applied
to the top of the pool. Their results show that the critical Rayleigh
number decreases with increasing speed of the advancing phase-
change front; and that it greatly depends on the distribution of the
internal heat sources. Since the accidents are most likely to be con-
fined in a closed system, and the temperatures of the surrounding
environments are also high, a thin crust may not exist on top of the
molten pool, and its temperature could be much higher than the
melting temperature of the fuels.

The physical system considered (Fig. 1) is a layer of hot fluid,
containing heat sources, on top of a solid bed. The solid bed is con-
structed of the same material as the molten fluid, but is without heat
generation. Furthermore, we assume that the thickness of the fluid
layer is much smaller than the horizontal dimensions of the cavity.
The side-wall effects can then be neglected in the study of thermal
instability in the central region of the pool, and the pool can be as-
sumed to be of infinite horizontal extent. The temperature of the solid
bed is held at its melting point. It starts to melt as soon as it contacts
with the hot fluid, then, a second fluid layer forms between the top
hot fluid layer and the solid bed. Before the Rayleigh number grows
beyond its critical value, there is no convective motion in either of the
two fluid layers. Since the mass diffusion of the fission products is
small, it is reasonable to assume that the middle layer does not contain
any heat sources. As more solid becomes melted, the thickness of the
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« = thermal diffusivity

8 = thermal expansion coefficient

¢ = Stefen number

0y, = stabilizing boundary temperature (T}, — T, )a/qof?

v = kinematic viscosity

¢ = dimensionless depth of the liquid layer with internal heat sources,
Fig. 1 )

Introduction

Much attention, both experimental and theoretical, has been given
to thermal convection in fluids between horizontal surfaces, resulting
from volumetric heating. This problem represents one of the funda.
mental phenomena in reactor accidents. Several recent reports [1-3]4
have been published on the prediction of heat fluxes from a fluid layer,
which contains internal heat sources.

After the onset of a hypothetical core disrupture accident (HCDA)
in a nuclear reactor, the molten fuel will form a pool. The fission
products trapped in the molten pool will continuously release heat.
The temperature distribution within the molten pool and the thermal
loads on the surrounding structures will be changed by thermal con-
vection, caused by the internal heat generation. These effects are
completely different from those resulting from heat conduction alone,
and must be known for the prediction of the development of the
molten fuel pool and for its interaction with the surrounding struc-
tures.

Under some circumstances, the accident will not be contained in
the core area of the nuclear reactor; therefore, post-accident heat
removal (PAHR) devices are required to isolate the hot, radioactive
materials from contaminating the environment. The prediction of
thermal loads is needed for the design of these PAHR devices. Fur-
thermore, this information is important in the planning of under-
ground storage for the radioactive wastes, because the surrounding
structure might collapse during a postulated accident. The effects of
phase change on the thermal instability in the molten pool are also
important in the understanding of the development of an accident.

Most of the early works were restricted to a fluid layer with fixed
thickness. Recently, Sparrow, et al. [4] studied convective instability
in a melt layer heated from below. Later, Seki, et al. [5] extended the
solution for a horizontal melted water layer with a free upper surface.
The onset of thermal instability with a downward phase change which
is caused by a uniformly distributed internal heat sources was studied
by Yao, et al. [6]. They assumed that a thin crust was formed on top
of the molten fuel; therefore, the no-slip boundary condition applied
to the top of the pool. Their results show that the critical Rayleigh
number decreases with increasing speed of the advancing phase-
change front; and that it greatly depends on the distribution of the
internal heat sources. Since the accidents are most likely to be con-
fined in a closed system, and the temperatures of the surrounding
environments are also high, a thin crust may not exist on top of the
molten pool, and its temperature could be much higher than the
melting temperature of the fuels.

The physical system considered (Fig. 1) is a layer of hot fluid,
containing heat sources, on top of a solid bed. The solid bed is con-
structed of the same material as the molten fluid, but is without heat
generation. Furthermore, we assume that the thickness of the fluid
layer is much smaller than the horizontal dimensions of the cavity.
The side-wall effects can then be neglected in the study of thermal
instability in the central region of the pool, and the pool can be as-
sumed to be of infinite horizontal extent. The temperature of the solid
bed is held at its melting point. It starts to melt as soon as it contacts
with the hot fluid, then, a second fluid layer forms between the top
hot fluid layer and the solid bed. Before the Rayleigh number grows
beyond its critical value, there is no convective motion in either of the
two fluid layers. Since the mass diffusion of the fission products is
small, it is reasonable to assume that the middle layer does not contain
any heat sources. As more solid becomes melted, the thickness of the

4 Numbers in brackets designate References at end of Technical Note.
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middle layer grows, and so does the total depth of the fluid layers. The
restraint on the fluid motion is gradually decreased and thermal
convection occurs when the Rayleigh number reaches its critical
value.

This note reports the effect of the downward phase change on the
thermal instability, possible convection patterns, and temperature
redistribution of an internally-heated pool with a stabilizing tem-
perature gradient and a free top surface.

The mathematical formulation and the method of solution are
similar to those in [6]. One more parameter in this study is 8, which
is the dimensionless temperature of the upper free surface. The
mathematical detail is not repeated here, but can be found in [7].

Onset of Thermal Instability

The critical Rayleigh numbers and wave numbers are plotted in
Figs. 2 and 3 for € = 0. They increase with decreasing {, because the
unstable temperature region in the top layer shrinks as { decreases
(see equation (4¢)). However, it has been shown [6] that the originally
quiescent layers will become unstable when { is reduced by increasing
the total depth of the fluid layers. When the Stefen number increases,
i.e., the rate of melting increases, the fluid particles have more freedom
to move. Consequently, the critical Rayleigh number and the critical
wave number decrease. The decreasing amounts are too small to be
shown in the scale of Figs. 2 and 3. This agrees with the results given
by Sparrow, Lee, and Shamsunder [4] for a melted layer heated from
below. The temperature difference, 65, has a strong stabilizing effect
on the fluid layers. The fluid layers become unconditionally stable
when 8, = 0. The higher the value of 8y, the larger the critical Rayleigh
number decreases with increasing Stefen number. For { = 1, the
critical Rayleigh number is independent of the Stefen number, and
its value equals the critical Rayleigh number of an internally heated
pool without phase change at the boundary [1, 2].

Convection Pattern

The pattern of the thermal convection is shown in Fig. 4. For { =
0.1 (6, = ¢ = 0), there are five cells. The cell amplitudes vary as a
function of z and have a maximum near z = 0. The number of cells
decreases when {increases, and the location of the maximum ampli-
tude moves into the top layer. For { 2 0.6, there is only one cell. The
number of cells increases when the stabilizing boundary temperature,
Oy, rises (Fig. 4). It can be concluded that there are several cells for
the more stable layers, and only a single cell for the less stable ones.
A comparison of the convection patterns of the free top surface with
the one of the rigid top surface [6] indicates that the free top surface
imposes less restraint on the fluid motion; therefore it has a lower
critical Rayleigh number and a smaller number of convective cells.
The boundary of the convection cell is not at the same location as the
interface of the two liquid layers. This indicates that the melted layer
will be carried upward and be mixed with the top layer. The internal
heat sources, originally distributed in the top layer, will be redistri-
buted and will invalidate the assumption that they stay in the top
layer. Since the critical Rayleigh number decreases with increasing
¢, the redistribution of the internal heat sources enhances the con-
vective motion after the fluid layers become supercritical, and in-
creases the thermal load on the solid layer underneath the molten
pool. It is different from an internally heated pool without phase
change on the bottom [1-3], where the downward heat flux is reduced
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by the thermal convection. The redistribution of internal heat sources,
caused by mass convection, has to be coupled with the thermal con-
vection, in order to predict the temperature distribution inside the
molten pool and the heat fluxes out of the molten pool.

The temperature fluctuation, due to the convective motion, is
shown in Fig. 5. The pattern of the temperature disturbance is similar
to that of fluid velocity. However, the boundary of the temperature
cells does not coincide with the boundary of the fluid convection cells,
because the fluid is conducting and viscous.

Summary and Conclusions
The effect of phase change on the thermal instability of an inter-

nally heated layer with a free upper surface has been determined,
was found that the temperature boundary condition, 8, and the
molten layer thickness, ¢, had a stabilizing effect on the fluid layers,
whereas the melting rate, ¢, and the increase of £ by melting, had 4
destabilizing effect. These competing factors may lead to an unstable
layer. The redistribution of the internal heat source after the onget
of the thermal instability will enhance the thermal convection and
increase the heat transfer to the liquid-solid interface. It is estimateq
that the thermal load on the solid bed by heat conduction through g
quiescent melted layer will be too low for PAHR. On the other hand,
the top layer is cooled by mixing with the melted ldayer. This may
prevent the top layer from boiling up during HCDA. The heat fluxeg
out of the molten layer can only be evaluated by coupling the thermal
and mass convection.
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Heat Transfer by Natural
Convection Between a Vertical
Surface and a Stably Stratified
Fluid

G. D. Raithby," and K. G. T. Hollands"

Chen and Eichhorn [1]? recently reported measurements of the heat
transfer by natural convection from a vertical isothermal surface to
thermally-stratified water. They also reported an analysis, based on
the local nonsimilarity method (e.g., [2]), which predicted the heat
transfer for both water and air. Excellent agreement between pre-
dictions and the water measurements was found.

The first purpose of this note is to apply the approximate method
of Raithby, Hollands and Unny [3] (a generalization of the method
reported in [4], [5], etc.) to this problem and to compare these pre-
dictions with the results obtained by Chen and Eichhorn.

The approximate method of {3, 4, 5] has now been applied to many
problems in natural convection. Based on this experience, the authors
have gained some appreciation of both the strengths and limitations
of the method. The second purpose of this paper is to assist potential
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users by describing these limitations. A comparison of the predictions
of the approximate method with the family of similarity solutions
reported by Yang, et al. [6] is used for demonstration.

Approximate Solution for Chen-Eichhorn Problem

Fig. 1 describes the geometry and boundary conditions for this
problem. The notation of Chen and Eichhorn is used in this section
wherever possible, mostly without redefinition. The stratification of
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Fig. 1 Geometry and boundary conditions for heat transfer to a thermally
stratified fluid
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by the thermal convection. The redistribution of internal heat sources,
caused by mass convection, has to be coupled with the thermal con-
vection, in order to predict the temperature distribution inside the
molten pool and the heat fluxes out of the molten pool.

The temperature fluctuation, due to the convective motion, is
shown in Fig. 5. The pattern of the temperature disturbance is similar
to that of fluid velocity. However, the boundary of the temperature
cells does not coincide with the boundary of the fluid convection cells,
because the fluid is conducting and viscous.

Summary and Conclusions
The effect of phase change on the thermal instability of an inter-

nally heated layer with a free upper surface has been determined,
was found that the temperature boundary condition, 8, and the
molten layer thickness, ¢, had a stabilizing effect on the fluid layers,
whereas the melting rate, ¢, and the increase of £ by melting, had 4
destabilizing effect. These competing factors may lead to an unstable
layer. The redistribution of the internal heat source after the onget
of the thermal instability will enhance the thermal convection and
increase the heat transfer to the liquid-solid interface. It is estimateq
that the thermal load on the solid bed by heat conduction through g
quiescent melted layer will be too low for PAHR. On the other hand,
the top layer is cooled by mixing with the melted ldayer. This may
prevent the top layer from boiling up during HCDA. The heat fluxeg
out of the molten layer can only be evaluated by coupling the thermal
and mass convection.
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Chen and Eichhorn [1]? recently reported measurements of the heat
transfer by natural convection from a vertical isothermal surface to
thermally-stratified water. They also reported an analysis, based on
the local nonsimilarity method (e.g., [2]), which predicted the heat
transfer for both water and air. Excellent agreement between pre-
dictions and the water measurements was found.

The first purpose of this note is to apply the approximate method
of Raithby, Hollands and Unny [3] (a generalization of the method
reported in [4], [5], etc.) to this problem and to compare these pre-
dictions with the results obtained by Chen and Eichhorn.
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users by describing these limitations. A comparison of the predictions
of the approximate method with the family of similarity solutions
reported by Yang, et al. [6] is used for demonstration.

Approximate Solution for Chen-Eichhorn Problem

Fig. 1 describes the geometry and boundary conditions for this
problem. The notation of Chen and Eichhorn is used in this section
wherever possible, mostly without redefinition. The stratification of
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Table1 Values of F(b, §), defined by equation (7)

b~ Y Y % %3 1.0 Yy 5. 2.0 3.0 4.0
n— 1.25 1.75 2.0 2.125 2.5 3.0 3.5 4.0 5.5 7.0
Pr T —> 0 ~10 ~5 ~(.7
S
0.0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.256 0.980 0.988 0.992 0.994 1.000 1.008 1.015 1.623 1.045 1.067
0.50 0.965 0.979 0.986 0.990 1.000 1.013 1.027 1.040 1.077 1.112
0.75 0.954 0.973 0.982 0.987 1.000 1.018 1.035 1.051 1.098 1.140
1.00 0.946 0.968 0.979 0.984 1.000 1.020 1.040 1.059 1.111 1.158
1.25 0.940 0.965 0.977 0.983 1.000 1.022 1.044 1.064 1.119 1.168
1.50 0.936 0.963 0.975 0.982 1.000 1.023 1.046 1.067 1.124 1.173
1.75 0.934 0.961 0.974 0.981 1.000 1.024 1.047 1.068 1.126 1.176
2.00 0.933 0.961 0.974 0.981 1.000 1.024 1.047 1.069 1.127 1.178
the ambient fluid is defined in terms of the parameter S = La/AT,,, 8 P
where a = dT'w/dx and AT}, is the mean temperature difference be- - °
tween the plate and the fluid. For § < 2, the heat transfer flows from b7r
the plate at all locations. For .S > 2, the fluid temperature drops below
the wall temperature somewhere between the mid-height and top of rer
the plate, causing heat to flow to the plate over part of its area. The
analyses in the following two sections address these problems sepa- 5
rately. o
Approximate Analysis for § < 2, For the special case of a flat f’ kar
plate, the approximate solution [3] for the local heat transfer from a lf
surface of arbitrary temperature distribution, T\, to a fluid of arbi- 12 '3 { EQUATION FOR S<2
trary T'= becomes 7L EQUATION (9) FOR S22
o . " - CHEN a EICHHORN, ANALYSIS
q=Cek [ ] (T — To)P3G 14 / [ f (T, Tm)5/3de] o { DATA OF CHEN & EICHHORN
va 0 Il Pr=6
(1) 0 i 1 1 H ! |
where ' 2 s 3 4
* 4n+1) dT. Fig. 2 A comparison of present predictions with analysis and measurements
G =exp f WTw - T2) dx (2)  of Chen and Eichhorn
Ce = 0.50/[1 + (0.49/Pr)?/16]4/9 3)

where x is positive in the flow direction. For T'w > T\, (Tw—T<) is
replaced by (T« — T),) and the intergrand in (2) changes sign. Note
that T}, and T in [3] are rewritten here as T, and T'.. respectively. The
“ " : . [2-S/2+8)) de

constants” Cp and n are parameters which depend on the profile - f e | ()
distributions of velocity and temperature which, in the approxi- 0 ¢-b(L ~ )1/
mate-method approach, are taken to be functions of Prandtl number
only. The selection and universality of C, have been discussed pre-
viously [5]. Of the problems previously studied, only in [3] was G not
unity (i.e., dT=/dx s 0). In that paper, very crude estimates of n were
found to be sufficient since the heat transfer was virtually indepen-
dent of the value of n chosen. The present predictions require better
estimates of n. The values tabulated in equation (4) have been ob-
tained by utilizing the results of similarity solutions of Yang, et al. [6];
the procedure is described in the second section of this paper.

Here, Ra is based on the plate length and the mean temperature dif-
ference, AT,,. The gamma functions (I") are readily available [7] but
the second integral, an incomplete beta function, has not to the au-
thors’ knowledge been tabulated for the Ys-power on (1 — ¢). A nu-
merical integration yielded the values of F(b, S) in Table 1. For b =
1 (or n = 2, or, by interpolation between the values in equation (4),
Pr ~ 5), the integration is straightforward, yielding F(1, S) = 1.0. It
can be seen from the table that F does not depart greatly from unity

Pr—w n =125 b~ for other values of b in the range of interest.
Pr=10 n = 2.0 b~ (4) The value of Nu;,,, the average Nusselt number for heat transfer
Pr=10.72 n~35h b~y between T, and an isothermal medium with the same AT}, is Nu;;e

. . o — = (4C¢/3)Ra* (equation (1) with 7', and T« constant). Therefore,
IFor uniform T, and the linear distribution of T (shown in Fig. 1), forS <9

the local heat flux g is readily obtained from equations (1) and (2).

Integrating this local flux over the surface to obtain the total flux, and Nu/Nujso = [(8 + 2)/2]2 F(b, S) (8a)

converting this to a mean Nusselt number, yields — (S + 2/ (forb =1, Pr~5) @8b)

Nu = (4C,/3)Ral [(S + 2/2] 2 F(b, 5) ®) Good agreement between equation (8b) and both the data of Chen

where and Eichhorn for water (Pr =~ 6) and their analysis (Pr = 6.0) is
demonstrated in Fig. 2.

b=2n~-1/3 (6) Approximate Analysis for § 2 2, ForS =2 AT iszeroatL’ =

3 /1 3 L{2 + 8)/28. Following the procedure of Chen and Eichhorn, the

S + 9\ 372 Z I <E> r <Z) above analysis is applied for 0 £ x < L’ to determine the heat transfer

', 8) = < g ) 2657 from the plate to the surrounding fluid. Similarly, the same analysis

( ) r <l §> is applied to L’ < x < Lto find the heat transfer to the upper part of

b 4 the surface from the fluid. Summing these, converting the result to
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a Nusselt number, and taking the ratio of this to Nug,,, one obtains
Nu/Nugp = 2V4SVAF(b, 2) (9a)

= 91/4 G1/4 (for b = 1, Pr = 5) (9b)

Equation (9b) for Pr = 5 agrees in form with the equation obtained
by Chen and Eichhorn for Pr = 6.0. The coefficient, 21/4, is 1.2 percent
larger than their value of 1.179. Both equations are plotted along with
their data in Fig. 2.

Also shown in the figure is a comparison of the predictions of Chen
and Eichhorn for Pr = 0.7 with equation (8a) for S < 2 and (9a) for
S 2 2 using a value of b = % (Pr =~ 0.72 from equation (4)). The
functions F(b, S) are taken from Table 1. The trends of the approxi-
mate analysis are correct, and there is also reasonable quantitative
agreement for the value of b used.

The method of calculating the heat transfer from separate analyses
for x < L’ and x = L’ may be open to question because of inertial ef-
fects, as pointed out by Chen and Eichhorn. However, it is consistent
with the framework of the present analysis since it was assumed in
the derivation of equation (1) that the heat transfer is controlled
mainly by the “inner region” in the boundary layer where inertial
effects were neglected.

Discussion of Approximate Method

Tw, Tw Uniform. The application of the approximate method
to problems in this class has been discussed in {4] and [8]. Compared
to more exact solutions of the “thin-layer” equations (expressed in
terms of local Cartesian coordinates [5]), the local Nusselt numbers
usually agree to within about 1 percent for Pr > 1, while differences
of up to about 5 percent have been found on the rear portions of blunt
bodies. The average Nusselt numbers are in better agreement. Larger
differences are expected for Pr « 1. Accounting for turbulent heat
transfer and curvature effects is generally much more important than
these differences,

Uniform Heat Flux, Uniform T.. For these thermal boundary
conditions, the approximate method predicts average heat transfer
rates which are low by about 5 percent for plates and circular cylinders
for Pr 2 0.7 when compared to more precise solutions of the thin-layer
equations. Experience to date suggests that the approximate method
may be accurate to a few percent for a wide range of geometries for
this boundary condition if C is replaced by 1.05 C,. Again, turbulent
heat transfer and curvature effects will often be more important than
these differences.

Variable Tw and T. For a vertical plate with the following
distributions of wall and fluid temperature

Tw—Tr o« M+ 1)xN;, To—T, « MxN

where T, is a reference temperature and M and N are constants,
equations (1) and (2) give the following local Nusselt number

Nuy/Ra, 14 = Cp[l + 5N/8 + 4{n + 1)MN/3}1/* (10)

where Ra, is the Rayleigh number based on distance from the leading
edge and on the local temperature difference. Yang, et al. [6] obtained
similarity solutions to this problem, while Sparrow and Gregg [9]
earlier examined the special case, M = 0. These predictions of Nu,/
Ra, /4 are plotted together with equation (10) in Fig. 3 for the stable
stratification case (MIN = 0). The values of n used in this comparison
(equation (4)) were obtained by forcing equation (10) to agree with
the similarity results for M = —1.0 (uniform wall temperature) on the
average for values of IV in the range 0 < N < 1.0,

It is seen from the figure that for uniform T\, (M = ~1.0) a single
value of n is totally adequate for all T'w — T « —x& for Pr = 10, but
small errors occur for Pr = 0.72. The results in the previous section
verify that these same values of n are adequate also for the Chen-
Eichhorn problem. Previous experience suggests that the same values
of n should be adequate also for other geometries with the same
thermal boundary conditions.

For M # —1.0, the errors in the approximate method increase to
amaximum as M — 0 (uniform T, T, — T « xN). For N = 1.0, the
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figure shows discrepancies of 14 percent while errors of 20 percent
were found earlier for N = 3.0 [4]. The inaccuracy of the approximate
method under these conditions has already been discussed in {4], and
amounts to a failure of the parameter C, to be universally dependent
on Pr alone.

Again, the practical importance of curvature and turbulent heat
transfer should be kept clearly in mind, even for the flat plate geom-
etry.
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Effect of Flow Direction on
Calibration of Hot-Film
Anemometers at Low Velocities
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Nomenclature

d = diameter of sensor

E = anemometer output voltage

E, = anemometer output voltage at zero velocity
Gr = Grashof number = g (T — Tw)d3/v?
¢ = gravitational acceleration

Re = Reynolds number = Ud/v

T = sensor temperature

T. = ambient temperature

U = velocity of flow

# = coefficient of thermal expansion of water
» = kinematic viscosity of water

Introduction

It has been found that when a hot-wire/film anemometer is cali-
brated at low velocities with flow in the horizontal direction, the heat
transfer from the probe may be less than when the imposed velocity
is zero. This peculiar effect of flow direction on calibration of ane-
mometer probes seems to have been first observed by Ower and Jo-
hansen in 1931 and later confirmed by Cooper and Linton {1].2 Sub-
sequent investigators [2-11] also found this effect on heat transfer
from cylinders and anemometer probes when the imposed flow was
at angles of 90 deg or more, where the angle of flow is measured from
vertical and is zero when the flow is vertically up. Davis [12], however,
calibrated a hot-wire probe in air at flow inclinations of 0 deg, 90 deg,
and 180 deg, and found no difference between these calibrations.

The effect of inclination between 0 and 90 deg on calibration has
not been investigated. Calibration results are presented here for im-
posed flow angles of 0 deg, 15 deg, 30 deg, 45 deg, 60 deg, 75 deg and
90 deg.

Apparatus

A constant temperature anemometer (Disa type 55D01) with a
quartz coated cylindrical hot-film probe (Disa type 55F20) was used.
The sensor has approximately 2 um thick coating of quartz [13]. The
diameter and active length of the sensor, measured with a travelling
microscope, were 0.0711 and 1.13 mm, respectively. A sketch of the
probe is shown in Fig. 1. The probe was calibrated, with the sensor
horizontal, in water at a temperature of 19.5°C. The probe tempera-
ture was 46.9°C and corresponded to a resistance ratio of about 1.1.
Details of calibration apparatus and procedure are given in [14] and
[15]. Essentially, the probe was moved in a water tank at a constant
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velocity. The bridge output voltage corresponding to the velocity was
measured, and velocity was determined by measuring the time for the
probe to travel a known distance.

Calibration Results

The calibration curves for flow at 0 deg and 90 deg are shown in Fig.
2. Results are presented in terms of [(E/Eq)2 — 1], versus the imposed
velocity U. Here Eq is the anemometer output voltage at zero velocity,
and E is the output voltage at velocity U. For vertically upward flow,
0 deg, the curve is a single valued function of U and increases mono-
tonically. However, at 90 deg a minimum occurs at a nonzero value
of U. Between 0 and 0.22 cm/s two values of U result in the same
output voltage, and there would be an ambiguity in converting bridge
output voltage to velocity. The two calibration curves eventually
merge at about 1.6 cm/s.

The curves for all seven angles are shown on an enlarged scale in
Fig. 3. There is no appreciable difference hetween the calibration
points for the angles of 0 deg, 15 deg and 30 deg. Also the results at.
75 deg and 90 deg have the same form; i.e., each curve goes through
a minimum before again reaching the no-flow values.

Thus, at low velocities, the present study shows that a large error
arises if the actual direction of flow is not accounted for. Consider, as
a specific measurement, [(E/Ep)? — 1] equal to 0.05 in Fig. 3. The
calibration curve for flow at 0 deg gives a velocity of 0.15 em/s, whereas
that for flow at 90 deg gives 0.32 cm/s, an uncertainty of a factor of
about 2. This uncertainty decreases with increasing velocity, and in
the present study becomes negligible at 1.6 cm/s. In addition, for
imposed flow near horizontal, the results show that it is not possible
to determine velocities from measured output below a certain level
even if the direction of flow is known. This limit for the present case
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Fig. 1 Schematic of Disa 55F20 hot-film probe. Ali dimensions are in milli-
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Fig. 2 Calibration curves for hot-film probe. Operating resistance 5.63 ohm,
water temperature 19.5°C. Eg = 6.506 % 0.004 volts
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A constant temperature anemometer (Disa type 55D01) with a
quartz coated cylindrical hot-film probe (Disa type 55F20) was used.
The sensor has approximately 2 um thick coating of quartz [13]. The
diameter and active length of the sensor, measured with a travelling
microscope, were 0.0711 and 1.13 mm, respectively. A sketch of the
probe is shown in Fig. 1. The probe was calibrated, with the sensor
horizontal, in water at a temperature of 19.5°C. The probe tempera-
ture was 46.9°C and corresponded to a resistance ratio of about 1.1.
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velocity. The bridge output voltage corresponding to the velocity was
measured, and velocity was determined by measuring the time for the
probe to travel a known distance.

Calibration Results

The calibration curves for flow at 0 deg and 90 deg are shown in Fig.
2. Results are presented in terms of [(E/Eq)2 — 1], versus the imposed
velocity U. Here Eq is the anemometer output voltage at zero velocity,
and E is the output voltage at velocity U. For vertically upward flow,
0 deg, the curve is a single valued function of U and increases mono-
tonically. However, at 90 deg a minimum occurs at a nonzero value
of U. Between 0 and 0.22 cm/s two values of U result in the same
output voltage, and there would be an ambiguity in converting bridge
output voltage to velocity. The two calibration curves eventually
merge at about 1.6 cm/s.

The curves for all seven angles are shown on an enlarged scale in
Fig. 3. There is no appreciable difference hetween the calibration
points for the angles of 0 deg, 15 deg and 30 deg. Also the results at.
75 deg and 90 deg have the same form; i.e., each curve goes through
a minimum before again reaching the no-flow values.

Thus, at low velocities, the present study shows that a large error
arises if the actual direction of flow is not accounted for. Consider, as
a specific measurement, [(E/Ep)? — 1] equal to 0.05 in Fig. 3. The
calibration curve for flow at 0 deg gives a velocity of 0.15 em/s, whereas
that for flow at 90 deg gives 0.32 cm/s, an uncertainty of a factor of
about 2. This uncertainty decreases with increasing velocity, and in
the present study becomes negligible at 1.6 cm/s. In addition, for
imposed flow near horizontal, the results show that it is not possible
to determine velocities from measured output below a certain level
even if the direction of flow is known. This limit for the present case
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is 0.22 cm/s for flow at 90 deg and 0.17 em/s at 75 deg.

The conditions under which an imposed velocity may cause the
output of the anemometer to again become equal to the output at zero
velocity are of particular importance. Collis and Williams [5] showed
that, for flow at 90 deg, such limiting conditions are correlated by Re
= C Gr/3, where the value of C is taken as 1 and the Reynolds and
Grashof numbers are evaluated at ambient conditions. This relation
is shown in Fig. 4, along with data of Collis and Williams, a point from
the present study, a point from Fand and Keswani {10] and a point
from Coulbert {3]. For the data point from this study the properties
are evaluated at ambient temperature of 19.5°C. The total body of
data, which spans almost thirteen decades of Grashof number and
six decades of Reynolds number, agrees reasonably well with the
correlation. It is not possible to infer additional comparison points
from yet other material in the literature, since complete information
is not provided to calculate the pertinent nondimensional num-
bers.

Conclusions

A hot-film probe was calibrated at a resistance ratio of 1.1 in water,
at seven imposed flow angles from vertically up to horizontal. It was
found that there was no appreciable difference between calibrations
at flow angles between 0 deg (vertically up) and 30 deg. For angles
greater than 30 deg the effect was appreciable, and for flows in the
neighborhood of horizontal there was a lower limit of velocity below
which the output from a single sensor did not unambiguously deter-
mine velocity, even if the direction was otherwise known.
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Introduction

Accurate analysis of the thermal behavior of a hot surface during
rewetting (e.g. a nuclear fuel bundle during emergency core cooling)
requires a reliable transition boiling correlation. However, due to the
scarcity of relevant data, existing transition boiling correlations have
a very limited range of applicability and must be suspected because
of their unreliable data base.

In this investigation, forced convective transition boiling data were
obtained both during steady state and transient conditions. The test
section used was designed to have a high thermal capacity; this ex-
tended the transition boiling time during transient tests, thus per-
mitting frequent and accurate determination of transition boiling
temperatures and heat flux values. The measuring technique used
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is 0.22 cm/s for flow at 90 deg and 0.17 em/s at 75 deg.

The conditions under which an imposed velocity may cause the
output of the anemometer to again become equal to the output at zero
velocity are of particular importance. Collis and Williams [5] showed
that, for flow at 90 deg, such limiting conditions are correlated by Re
= C Gr/3, where the value of C is taken as 1 and the Reynolds and
Grashof numbers are evaluated at ambient conditions. This relation
is shown in Fig. 4, along with data of Collis and Williams, a point from
the present study, a point from Fand and Keswani {10] and a point
from Coulbert {3]. For the data point from this study the properties
are evaluated at ambient temperature of 19.5°C. The total body of
data, which spans almost thirteen decades of Grashof number and
six decades of Reynolds number, agrees reasonably well with the
correlation. It is not possible to infer additional comparison points
from yet other material in the literature, since complete information
is not provided to calculate the pertinent nondimensional num-
bers.

Conclusions

A hot-film probe was calibrated at a resistance ratio of 1.1 in water,
at seven imposed flow angles from vertically up to horizontal. It was
found that there was no appreciable difference between calibrations
at flow angles between 0 deg (vertically up) and 30 deg. For angles
greater than 30 deg the effect was appreciable, and for flows in the
neighborhood of horizontal there was a lower limit of velocity below
which the output from a single sensor did not unambiguously deter-
mine velocity, even if the direction was otherwise known.
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in this investigation permits the construction of complete boiling
curves under forced convective conditions over a wide range of mass
flows and subcoolings.

Experimental Apparatus

Distilled water was heated to the required inlet temperature in a
hot water tank and subsequently circulated through a pump and a
tlow meter to the test section. Provisions for bypassing the pump and
the test section were incorporated to stabilize the flow. Thermocouples
were installed to measure temperatures of the flow at the inlet and
exit of the test section.

The test section shown in Fig. 1, consists of a 5.72 cm long copper
cylinder with a 9.53 cm outside diameter and a 1.27 em diameter
central flow channel. The location of the seven test section thermo-
couples and the twelve cartridge heaters (250 W each) is also shown
in Fig. 1. Thermocouples A3, B3 and C3 were used for data thermo-
couples. The test section heat loss was minimized by using an asbestos
gasket at the inlet and outlet of the test section and by lagging the test
section with a 5 cm thick ceramic fiber insulation. A temperature
controller was used to control the test section temperature during the
steady-state operation. Further details of the experimental apparatus
and procedures may be found in {1, 2].3

Experimental Results

From typical temperature-time traces based on the three data
thermocouples for a mass flux of 136 kg/m2s, a subcooling of 13.9°C
and atmospheric pressure, it appears that axial conduction is insig-
nificant. Boiling curves based on these thermocouple traces were
constructed using the technique developed in [3, 4] and are presented
in Fig. 2. Basically, the technique allows one to calculate heat flux from
the test section to the fluid between time ¢ to ¢ + At by computing the
change in stored heat in the test section, minus heat losses through
outside wall during the time interval At. In the data reduction it was
assumed that the heater presence did not affect the temperature
transients. This is justified since (a) the volumetric heat capacity (pcp)

3 Numbers in brackets designate References at end of technical note.
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of the heaters is similar to that of copper, (b) the heaters only occupy
10 percent of the test section volume and (c) the heaters are distrib-
uted evenly around the periphery of the test section and do not in-
troduce a nonuniform circumferential temperature distribution at.
the inside heated surface. During the steady-state runs, the heat flux
to the fluid was obtained directly from the power input to the heaters
after correction for heat losses. Fig. 3 illustrates the effect of inlet
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Fig. 2 Boiling curves of distilled water for G = 136 kg/m®s and ATy, =
13.9°C
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Fig. 3 Effect of subcooling on boiling curves of distilled water for G = 136
kg/m?s
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subcooling on the boiling curves for a mass flux of 136 kg/m?2s, while
the effect of mass flux for a subcooling of 0°C is shown in Fig. 4.

Discussion

Newbold’s [5] and Fung’s [6] experimental data suggest that the
film boiling portion of the boiling curve is almost independent of wall
superheat. Figs. 2-4 show that our experimental results display a
similar trend. Some fluctuation in surface temperature and heat flux
was observed at lower subcooling runs, e.g., Run 506 in Fig. 3. This
is thought to be due to the presence of slug flow. A subsequent study
by Ragheb [7] using a transparent section near the test section showed
that slug formation occurred during transition boiling. The associated
variation in the heat transfer coefficient could have resulted in the
observed fluctuation in surface temperature.

During some of the runs, steady-state data were obtained in addi-
tion to the transient results. Fig. 2 shows that the difference between
the steady-state and transient results is negligible. This was expected
as the high thermal capacity of test section slowed down the
quenching process to make the system act in a pseudo-steady-state
manner.

Fig. 5 presents an example of our data and Fung’s transition boiling
results obtained in a similar test section. It was found that, for the
mass flux range and subcooling range studied, Berenson’s type
transition boiling correlation {8] having the form

& _< ATt >~1.zs
CHF \Tcur ~ Teat

agreed with our data. Other correlations, such as Hsu’s transition and
film boiling correlation {9] and Ellion’s transition boiling correlation
{10] are also shown for comparison. Both Hsu’s and Ellion’s correla-
tions only predict a general trend of the boiling curve and do not show
an effect of subcooling.

Conclusions

1 The boiling curves obtained via both transient and steady-state
methods, in general, are in good agreement. Transition boiling heat
flux increases with increasing subcooling and mass flux within the
range of the flow parameters investigated (mass flux range 68-203
kg/m? and subcooling range 0-28°C), Present transition boiling
correlations do not display such an effect and should, therefore, be
suspected.

2 The experimental data show no effect of subcooling and mass
flux on the nucleate boiling curves (Figs. 2-4). This is in agreement
with the data and correlations of Thom [11] and Jens and Lottes
[12].

3 Caution should be exercised when extrapolating the boiling
curves to heated surfaces other than copper. The high thermal dif-
fusivity of copper may affect the shape of the boiling curve in the
transition and nucleate boiling regimes. A further study on the effect
of heated surface properties is in progress.
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